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Abstract

I propose two simple variable addition test statistics for three tests of the speci-
fication of high-frequency predictors in a model to forecast a series observed at a
lower frequency. The first is similar to existing test statistics and I show that it is
robust to biased forecasts, integrated and cointegrated predictors, and determin-
istic trends, while it is feasible and consistent even if estimation is not feasible
under the alternative. It is not robust to biased forecasts with integrated pre-
dictors under the null of a fully aggregated predictor, and size distortion may be
severe in this case. The second test statistic proposed is an easily implemented
modification of the first that sacrifices some power in small samples but is also
robust to this case.
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1 Introduction

The possibility of deleterious effects from aggregation on the properties of time series and
forecasting models have long been known (Working, 1960; Lutkepohl, 1987; e.g.). In or-
der to circumvent such problems and exploit both higher frequency and real-time data in
forecasting, a large number of recent papers have used a mixed-frequency (MF') approach,
exploiting high-frequency (HF) data — usually financial data — to predict low-frequency (LF)
data — usually macroeconomic data. These papers include Tay (2007), Clements and Galvao
(2008, 2009), Hogrefe (2008), Schumacher and Breitung (2008), Armesto et al. (2010), An-
dreou et al. (2011, 2013), Marcellino and Schumacher (2010), Kuzin et al. (2011), Breitung
et al. (2013), Gotz et al. (2014), and Miller (2014).

Many of these papers employ a parsimonious distributed lag structure under the MIDAS
moniker (Ghysels et al., 2004, 2006). At one extreme, the most parsimonious distributed lag
structure reduces to temporal aggregation or systematic sampling of the HF data. With no
parameters to estimate in the distributed lag specification, a researcher must necessarily de-
cide between such specifications. At the other extreme, the least parsimonious, unrestricted
specification has at least as many parameters to estimate as the ratio m of frequencies in
the model. When this ratio is large — e.g., for daily predictors of an annual target — the
unrestricted specification is infeasible.

An important concern facing a researcher with a particular mixed-frequency data set
and particular forecasting model in mind is to test for the optimal mixed-frequency spec-
ification — i.e., to choose or estimate an appropriate aggregation weight vector w. With
three specifications in mind (7 completely known, 7 known up 6, and 7 unknown and un-
restricted), three tests may be conceptualized. Namely, let 71 denote a test of m known
(full aggregation) against = completely unknown (unrestricted), let 7o denote a test of =
known (full aggregation) against m partially known (parsimonious MIDAS specification),
and let 73 denote a test of 7w partially known (parsimonious MIDAS specification) against
7 completely unknown (unrestricted).

Out-of-sample testing of predictive accuracy along the lines of West (1996) and Clark
and McCracken (2001) provide one approach to this problem. Alternatively, Diebold (2012)
emphasizes the advantage of using in-sample tests to compare forecasting models in order
to exploit the full sample available to a researcher. Three sets of in-sample test statistics for
MF models have been proposed in the recent literature. Andreou et al. (2010) propose two
statistics for m» and Kvedaras and Zemlys (2012) and Miller (2014) propose test statistics
for 3.

One of the statistics proposed by Andreou et al. (2010) and that proposed by Miller



(2014) are variable addition test (VAT) statistics. I will hereafter refer to these statistics
as AGK (Andreou-Ghysels-Kourtellos) and M14, respectively. The use of VAT statistics
for specification testing is often attributed to Wu (1973) and is of course utilized a wide
variety of econometric settings, most commonly for testing instrumental variable and panel
data specifications (Hausman, 1978), but also for testing cointegration (Park, 1990), for
example.

A strong advantage of the VAT framework is its simplicity in implementation, requiring
only two steps involving least squares — or, in the case of 73, the first uses nonlinear least
squares (NLS). Another particularly useful aspect of the VAT approach in the context of
mixed-frequency data is that the test is implemented without having to estimate the model
under the alternative — an impossible task for 7 and 73 when the ratio of frequencies m is
large relative to the LF sample size T'. A disadvantage is the potential for power loss using
weak instruments.

Aside from the details of their construction and the fact that they are aimed at different
tests (72 vs. 73), the main difference between AGK and M14 is that the former uses HF
predictors as instruments while the latter uses a small number of linear combinations of
them. As m increases, AGK may be infeasible unless a smaller number of instruments
are employed, while degrees of freedom of M14 remains constant. Andreou et al. (2010)
acknowledge this problem and suggest that only a few predictors be retained as instruments
in this case.

In this paper, I introduce two simple VAT statistics, and demonstrate their robustness
using both large-sample analysis and small-sample analysis. First, broadening the scope of
the MF testing approaches mentioned above, they may be used for any of the tests: 71, 7o,
or T3.

Second, they are robust to deterministic trends and nonstationarity of the unit root type
in the HF predictor and/or the other predictors, as long as the model specification is such
that the forecast error remains 1(0). By robustness, I mean that the order of integration and
number and/or structure of cointegrating relationships do not need to be known. Pretesting
for unit roots and cointegration is not required, although a number of recent papers have
made advances in testing for these in MF and LF environments.!

I show that the first VAT statistic, similar to AGK and M14, is robust biased forecasts
for 73, but not for 7, and 7 when the HF predictor is 1(1).2 The second VAT statistic

'For example, Chambers (2013) analyzes tests for unit roots using LF data, Ghysels and Miller (2013)
analyze tests for cointegration using LF and MF data.

2Andreou et al. (2010) consider 72 but do not consider the possibilities of I(1) series or endogeneity of
the error term, which would bias forecasts. Miller (2014) considers the possibilities of I(1) regressors and
endogeneity for 73, but does not consider 7 or 7».



I propose is a two-sided VAT statistic in the sense that I augment the regressand as well
as the regressors. Specifically, I augment the regressand by a term that increases mildly
with the sample size. This strategy potentially lowers the power of the tests against local
alternatives, but the power loss may be small or even non-existent and the new test statistic
is robust to biased forecasts using possibly I(1) predictors for all three tests 71, 72, and 73.

The rest of the paper is organized as follows. In Section 2, I present a more detailed
look at a general MF forecasting model, in which (at least) one of the predictors is available
at a higher frequency than the target, and I present a VAT statistic that generalizes AGK
and M14. Analysis of the large-sample properties of this test statistic follows in Section 3.
The modified VAT statistic is proposed and its large-sample properties (limiting x-squared
distribution) are analyzed in Section 4. Section 5 contains an exploration of small-sample
size and power of the statistics under a range of assumptions, and Section 6 concludes with
some practical guidance on using the tests. A technical appendix contains proofs of a useful

lemma and the main theoretical results.

2 Forecasting Model and VAT Statistic

Consider a very general single-frequency forecasting model that uses data available at dif-

ferent frequencies given by

Yer1 = 7+ wyy + 441 (1)

where t = 1,..., T, and (2}) denotes a single series subject to aggregation or sampling from
p observations of a series (;_;/m,) with i = 0,...,m — 1 available m < oo times more often.?
For the purpose of the testing the specification of (), the remaining observable series in the
model (w;) are treated as nuisance terms, even though these series may also be observable
at a higher frequency.* To allow for the possibility of biased forecasts, E[e;41|F:] # 0 in
general — the forecast error does not need to be conditionally unbiased.

Denote by a:tl:p = (a4, T 1/ms e xt_(p_l)/m)' a vector of the p high-frequency observa-
tions aggregated to obtain z¥, and denote by m = (1,...,m)" the vector of aggregation
weights used, so that o} = x% P'7. Assume that the weights are non-negative and sum to
one. For example, suppose that (7,_;/,) is a stock. Stocks are commonly sampled by taking
the last observation in each LF period (end-of-period sampling), in which case 71 = 1 while

mj = 0 for j > 1. Alternatively, flat sampling (or average sampling), such that 7; = 1/m

31 assume that p is known. The case of p = m is often considered in the literature.

4If the model is based on an underlying HF data-generating process and not all series are subject to
aggregation consistent with that of (y:+1), the error term will reflect the difference in aggregation schemes.
Eliminating this difference by setting the aggregation schemes to be equal might not be optimal, since Miller
(2015) shows the possibility that 8 may be estimated more efficiently in come cases.



for j =1,...,m and 7; = 0 for j > m is often employed when (x;_;/y,) is a flow. However,
the LF series may result from an unknown or more complicated filter of the HF series, such

as seasonal adjustment, in which case it is sensible to estimate .

2.1 Mixed-Frequency Forecasting Model

Replacing 2¥ with z; ”'7 in (1) yields
Yer1 = 270wy + e (2)

where a = w3 and m may be known or unknown depending on the null hypothesis of the test.
So that the aggregation weight vector is identified, assume that 3, # 0, where o, = T fm
is the value of o that minimizes mean squared forecast error (MSFE) of the model.

When 7 is known, the model reduces to the single-frequency model in (1), and predic-
tions may be made using an ordinary least squares (LS) estimate of the scalar 5. When 7
is unknown, the model is a MF model. If nothing is known about 7, then predictions may
be made using a least squares estimate of the p-vector «, as long as p is small relative to
the LF sample size T'. Because p is often quite large compared to T, least squares may not
be feasible. These problems, unknown 7« and large m, motivate the MIDAS approach, in
which a parsimonious structure is imposed on « so that «(6) is a known function of a small
number of unknown reduced form parameters 8, estimated using NLS.

The VAT statistics below may be used for any of the three tests — 71, 72, or 73 — and do
not require w to be estimated under the alternative hypothesis. Thus, the possibility that
estimating the model is infeasible under the alternative hypotheses of tests 7 and 73 does
not pose any problem.

In implementing the VAT statistics, the order of integration of (,_;/m,) or (yi4+1) is
completely general, and (w;) may contain I(0) series, I(1) series, and deterministic trends.
Because of the allowance for an intercept, all other predictors are assumed to have zero
mean. In order to avoid spurious forecasts, (g¢41) must be I(0) and coefficients or linear
combinations of coefficients on I(1) series may be zero (and superconsistently estimated to

be zero). The order of integration will be discussed in more detail below.

2.2 Variable Addition Test Statistic

The main attraction of the variable addition strategy lies in its simplicity even while it
remains robust to a wide variety complications under both the null and the alternative.
The implementation of the basic VAT statistic proposed here for 71, 7o, and 73 follows that

proposed by Miller (2014) for 73. Specifically, the fitted residual from estimating (2) under



the null, denoted by £;41 is regressed on linear combinations of the elements of the vector
1:p

Ty
Tests 71 and 7. To illustrate the efficacy of this strategy, rewrite the model in (2)
equivalently as

1: 1: 1:

Ay = 2y V'm0 Bm + wiy + 141 — 2 T (M0 — ) B — 7 (i — @) (3)
where 7o is the null value of the weight vector under the common null of 7 and 7, ay, =
T Bm minimizes MSFE, and the last two terms augment the unobserved error in the model.

The fitted residuals from this model may be written as

1:pr

PP (0 = 7o) — 31 (0m — @) w5 = 1) (4)

Err1 = 1 — o mo(B — Bm) — 2
where B and 4 denote LS estimates. 7T0(B — B reflects the difference between the estimator
of § with the null imposed and its minimum MSFE value with the null imposed, but
minimized without the null imposed. (mg — my,) B reflects the difference between the null
and the weights 7, implied by the minimum MSFE parameter vector a,,. This difference
is zero under a true null, but non-zero under a false null, providing the basis to evaluate the
power of the subsequent test. (., — «) reflects the difference between the minimum MSFE
parameter vector and the parameter vector in the model. This difference is non-zero if
forecasts are biased, E[e;+1|F:] # 0 — e.g., from using a structural model with endogeneity
— but zero if E[e;41]|F:] = 0 and the model does not produce biased forecasts. Finally,

(% — ) reflects the difference between the nuisance parameters and their estimates.

Test 73. In the case of 73, the residual series from the model in (2) may be written as

v =1 — 2 () — am) — 2 (am — @) — wi(F — 7) (5)

in place of (4). The main difference between the two expressions in (4) and (5) is that the
null parameter values are imposed in the first, while they are estimated in the second.

The variable addition test statistic for all three tests 71, 7o, and 73 is implement as a Wald

P

test on an ancillary regression of the fitted residual ;41 onto mi P'% and ¢ additional variables

given by arbitrary combinations of z,”, where # = 7 for 71 and 7, and 7 = (L;a(é))_la(é)

for 73, where ¢, is a p-vector of ones. (L;a(é))_la(é) simply identifies estimates of 7 from

estimates of 7 by imposing the identifying restriction that the weights must sum to one:

L;ﬁ' = 1. Some nonlinear estimation schemes impose this anyway.



Let T be the p x (¢ + 1) matrix with columns given by 7 and the ¢ additional combina-

tions. The ancillary regression for the test is
én =2V To + e (6)

where ¢ is a (¢ + 1)-vector of coefficients on data given by z;7'Y. Retaining 2,77 controls
for estimation error under the null of 73 , but does not affect the rank of the limiting null
distribution.

The remaining regressors pick up correlations between (x,} P) and any additional terms
in the fitted residuals (é;41). Under the null of 7y and 73, m9 = 7, so that x% P10 — Tm) B
in (4) is correlated with (z;7) only under the alternatives of those tests. Miller (2014)
shows consistency and asymptotic normality of a(é) — ay, under the null of 73, regardless
of whether (z;_;/y,) is I(0) or I(1). However, inconsistency under the alternative leaves a
term in (5) that is correlated with (2;7).5

The VAT statistic is simply a standard regression-based test of the null that all coeffi-

cients but the first are zero. The least squares estimator of ¢ is given by
b= (Y'MILY) Y (T ( -1 th €t+1) (7)

where ML = 715 2/P2]? and the test may be implemented as a Wald statistic given
by

Vp = T, ¢, (8)
where ¢, denotes the last ¢ elements of ¢ (not including that corresponding to x% P'7) and
Qq is a consistent estimator of the asymptotic variance €2, of ¢4. In the absence of any
serial correlation or heteroskedasticity in the error term (g441) in (2), the Wald test reduces
to g times an F'-test statistic.

How should T be chosen? The linear combinations themselves must be linearly inde-
pendent and ¢ < p — 1, so that Y has full column rank of ¢ + 1. Moreover, the limit of
MY, is shown in the proofs below to have a rank of p (or p — 1 in the I(0) direction), so
g < p — 1 ensures that the inverse in (7) is well-defined in the limit. Further, since the
asymptotic variance of a(é) — a;, under 73 is degenerate by the number of reduced-form
parameters, I suggest setting ¢ < p — max(1,dim(0)) for 3. For example, if a second-order
exponential Almon lag, popular in the MIDAS literature, is used to estimate the weights,
then dim(6) = 3 — one for 8 and two for the lag order.

5The term z;? (am — a) in the residual in both (4) and (5) accounts for the correlation between the
predictors and error driving biased forecasts. It is exactly offset in the ancillary regression.



The instrumentation strategy for the three tests is similar to that proposed by Miller
(2014) for 73 and specializes to that proposed by Andreou et al. (2010) for 7» in the I(0)
case when ¢ = p — 1. Specifically, the latter propose a VAT statistic that amounts to using

. 1:
the unrestricted regressor vector z;”

as instruments, even though their VAT statistic is
constructed differently. Of course, as these authors noted, the unrestricted approach is not
feasible when p is large relative to 7T'. In that case, ¢ much smaller than p — 1 is desirable.

To summarize construction and emphasize the simplicity of the VAT statistic proposed

here, note the two steps:

1. Estimate the null model in (2) (using LS for 71 or 7o, using NLS for 73). Keep the
fitted residuals (£¢41).

2. Regress the fitted residuals on z;”'# and ¢ < p — max(1,dim(6)) additional linear
combinations of x} P asin (6). Test the null that all but the first regression coefficient

are zero using the Wald statistic Vz in (8).

3 Large-Sample Analysis of the VAT Statistic

The asymptotic distribution of the test statistic described above depends critically on the
order of integration of (xi 7). Before a careful discussion of the I(0) and I(1) cases, it will
be useful to introduce some assumptions and notation common to these cases.

Recall that (w;) may have I(0), I(1), and deterministic predictors, regardless of the
specification of the HF predictor of interest. Denote by (wq;) all of the I(0) series and linear
combinations of the I(1) series in the direction of their cointegrating relationships, if any,
denote by (wq;) linear combinations of the I(1) series in the direction of their stochastic
trends, and denote the deterministic trends by (wsg:) with individual trends — intercept or
linear trend, e.g. — given by (wg;t).

The linear combinations are partitions of an orthogonal matrix along the lines of Phillips
(1988) and that discussed below for the case in which (z;_;/,,) is I(1). The coefficients on
(w1;) are zeros, unless cointegrated with (y;,41), but these reflect linear combinations of
rather than - itself, unless they do not share any stochastic trends. Elements of ~,, that
must be zero to ensure that the error is I(0) are still estimated. The distinction between
the predictors and their linear combinations is purely for the theoretical analysis and does
not require any consideration in the setup of the model or implementation of the test.

Generically, let (&) denote all of the I(0) series in the model. The series (g¢41), (wor),
and (Awq;) will always belong to (&), but the remaining components will vary depending

on the specification of (z;_;/,,) as discussed in Sections 3.1 and 3.2 below.



A law of large numbers (LLN) and central limit theorem (CLT) for the sample variance
of (&), an invariance principle (IP) for (&), and a formal assumption about the asymptotic
order of the deterministic sequences (wa;¢) will be critical for the ensuing asymptotic analysis
of the test. Recall that (&) is assumed to have a mean of zero since an intercept may be

included, and I also assume that it has a negligible initial value for the purpose of the IP.

Assumption 1.
(a) T7'35&& —p B (LLN),
(b) T~Y23(&&) — %) —a N(0, im0 var(T~2 Y &&))) (CLT),
() T-V25 e, ) B(r) = BM(Q) for r € [0,1] (IP), and
(d) T%wajry — fi(r) for square integrable f; and &; > 0.

Of course, . denotes var(¢;) and the long-run variance is given by Q = limp_,, var(T~Y2 3 &).
Strictly speaking ¥ is not a “contemporaneous” variance, since it includes autocovariances
of the HF predictors. However, it is contemporaneous in the LF sense. The limit theory
in Assumption 1 may be derived under more primitive assumptions, but at the cost of
extraneous notation.

Because the components of (w;) are treated as nuisance predictors, it will be useful in
the subsequent discussion to define additional notation to condition these out of the model.
First, let

T T T -1 2 -1 L1:pr -1 /
Mss M&x Msw T Z €1 T Z Et4+174 T Z Et+1Wy

T T T _ -1 1:p -1 Lip L:p/ -1 Lp_ s
Ma:s Mma: Ma:w - T Z Ty €41 T Z Iy Iy T Zt Ty wy ’

T T T -1 -1 1:pr -1 /
M,. My, Mg, T > werr T ) wexy T ww,

and then let ML

zxlw

= M, — My, (M) ™ My, and M, = Mg — My, (My,,) ™' My,
Naturally, these reflect sample moments of the residuals from regressing (z;*) and (411)

on (wy).

Tests 7 and 75. By regressing out (wy), the LS estimator of §,, used for the nulls of 7

and 72 in (3) may be written as

B~ Bm = (WéMfmwﬂo)_l 7o(Pr + Ry (mp))

_ T _ T
where Pp = M__,  —M_ | .

(atm—a) and Ry(m) = MZ

rzrlw

(m—70)Bm.- Substituting B— B

into the residuals in (4), some algebra shows that the key moment in the LS estimator in



(7) of the ancillary regression in (6) may be written as
Y (T—l 3 x}pgtﬂ) = Y'(I — A7) (Pr + Rr(mm)). (9)

7r0)71 7y. Note that Rp(my,) = Rr(mp) = 0 when the null
is true, but Rp(my,,) # 0 when the null is falsely imposed.

_ AT 1 agT
where Ap = M, |, o (WOMMMJ

Test 3. In the case of 73, (9) is replaced by

zxlw zxlw

1/ (T’l Zx}%m) — (I — ML h(@) (W (G)ME h(é))*lh’(é)) Pr,  (10)
where h(0) = da(6) /0’ g—g 1s the matrix of derivatives of the coefficient vector a with respect
to the reduced form parameters 6 estimated by 0 (Miller, 2014, pg. 28). The difference
is that the aggregation weights are estimated rather than imposed under the null of 73, so

~

the term Ry () is lost and h/() ML

ol Lwh(é) is no longer a scalar, but a square matrix of

dimension and rank equal to the rows of 6.
Clearly, the rates of convergence and limiting distributions of the key moments in (9)
and (10) used to determine that of ¢ in (7) and thus of the VAT statistic in (8) critically

depend on the rates of convergence and limits of ML, and ML

e lw 22> Which in turn depend

on the order of integration of (z;_;/y,).

3.1 I(0) HF Predictor

First, suppose that the HF series (z;,_;/,) is I(0). The target (y:+1) may also be 1(0), or
it may be I(1) and cointegrated with (wi;). One such predictor in (wi;) might be (y;) or
another lag of the target. If both (x;_;/,) and (y;11) are I(0), then any I(1) series (wq;) must
have coefficients of zero, but recall that these coefficients are actually linear combinations
of v and are still estimated. Since we treat (wq;) as nuisance predictors for the purpose of
the test, such specification does not affect the VAT statistic’s limiting distribution, as long
the error (e441) is 1(0).

The I(0) case is relatively straightforward once some additional notation is defined. Let
(&) defined above as all 1(0) series in the model be such that & = (gp41, wh;, Aw),, 2,7,
so that its variance may be partitioned as

U? 00 Oegl  Oex
O0e Yoo 201 20z
Ol X0 %11 Xig
Oze 20 2gl gz
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It will be useful to define Xy 0 = Suw — L20Xg0 Loz and 0pe 0 = 0ze — Sw0Xog 00e to be
the variance of (z;*) and the covariance of (x;*) and (g,11) in the direction orthogonal to
(w[)t).

These notations allows an explicit expression of the minimum MSFE parameter vector

Oy, = T B defined above.

Lemma 1. The MSFE of the MF model in (2) with 1(0) series (z4_;/p,) is minimized by
m = o+ Zx_le_OO'IEJ_O +O(T™1).

The O(T~!) results from the rate-T' increasing variance of the I(1) regressors (w;) in a
matrix inverse in the proof and is expected.

With the minimum MSFE and the notations defined above, the following theorem gives
the limiting distribution and consistency of the VAT statistic for an I1(0) HF regressor.

Theorem 2. Consider the test statistic Vi of the hypotheses 11, T2, or 73 with I(0)
(Ty—i/m). Assume that oy, # 0 and that Assumption 1 holds.

[a] Under Hy of all tests, Vr —q XZ, while

[b] Under Ha of all tests, Vi = Op(T).
as T — oo.

The results support [a] the asymptotic validity of XZ critical values and [b] the consistency

of the test statistic against the respective alternatives.

3.2 I(1) HF Predictor

Suppose now that (z;_; /p,) is I(1). It is well known (Marcellino, 1999, e.g.) that aggregation
preserves the long-run properties, so (z%) and (z;") are also I(1). The p-vector (z;7) is
clearly mutually cointegrated by (p — 1) linearly independent cointegrating relationships
with a single stochastic trend. Let H = (Hy, H;) be an orthogonal matrix, such that
Hox,;? = 20, is a (p — 1)-vector and (zq;) is 1(0), while Hyz,” = z1, is a scalar and (21,) is
I(1), along the lines of Phillips (1988).

I make a simplifying assumption that (x,_;/,,) is not cointegrated with any other I(1)
predictors. Under the maintained assumption that «,, # 0, this predictor must be cointe-
grated with (y;11) in that case. Suppose instead that (z;_;/,) is cointegrated with another
predictor — e.g., (y;) or another lag of (y;11). In that case, Z, = (z; "', y;)’ would replace z;?

in the definition of H. The resulting random variable Z1; = H1Z; would remain a scalar,



11

while Zo; = HoZ; would be a p-vector. Otherwise, the subsequent results are expected to
hold.
To accommodate the I(1) case, redefine & = (e441, w),, Awhy, x4, Ax),) so that its

variance is now partitioned as

(o O0c0 Ocgl Oggx Ogz
00e 200 201 20z 00z
Y= 01 Zio X211 Xz 01z

Oge 20 2zl Yzz Ozz

Oze 020 O0z1 Ozx Oz

Note that the subscript 2 now corresponds to p — 1 I(0) combinations of (z;?) instead of
(iL'tl ) itself, and the subscript z corresponds to the stochastic trend of (.I‘tl Py Yel0s Ozelo,
etc., are defined as before but with (zo;) instead of (z;?).

Using the new notation, the minimum MSFE coefficient vector is given in the following

lemma.

Lemma 3. The MSFE of the MF model in (2) with 1(1) series (z4_;/y,) is minimized by
oy = o+ HOZI_;J_OO-CCEJ_O + O(Tﬁl)

Not surprisingly, the minimum MSFE parameter vector collapses to zero in the direction of
the stochastic trend.

The following theorem presents the limits for the test Vr in the I(1) case.

Theorem 4. Consider the test statistic Vi of the hypotheses Ti, T2, or 73 with I(1)
(T¢—ijm). Assume that oy # 0 and that Assumption 1 holds.

[a] Under Hy of

(i) 71 and 2, Vp = Oy(1), but

(ii) 73, VI =4 Xg; while
[b] Under Ha of all tests, Vi = O,(T).
as T — oo.

The difference in the limits in parts [a](i) and [a](ii) is surprising.
To glean some intuition about this result, note that Pr, which appears in both (9) and

(10) — i.e., under the null of all three tests, is asymptotically normal once inflated by T/,
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because the cointegrating combinations of (wtl ?) dominate. The limiting variance matrix
is degenerate, and estimating it in order to get a limiting x? for the test would require
both the knowledge that some predictors are I(1) in the first place and, more specifically,
knowledge of the cointegrating vectors of all of the I(1) predictors — not just of (xtl ).
Using the VAT statistic Vr to test 71 and 72 using I(1) (2,_;/y,) With Xz critical values
results in size distortion under the null. As shown in the simulations below, the distortion
may be quite severe. The modified test of the next section is aimed at correcting this size

distortion.

4 Modified VAT Statistic and Large-Sample Analysis

The proposed modified VAT statistic is a two-sided VAT statistic, in the sense that vari-
ables are added to both sides of the ancillary regression in (6). In addition to the linear
combinations of the HF predictors from the original model in (2) on the right-hand side of
the ancillary regression, the modified test simply adds randomly generated error scaled by a
nondecreasing function of the sample size to the regressand ;41 of the ancillary regression.
Specifically, replace (6) with

& =zPYo + e (11)

where &}, = &1 + T u; with u; ~ 1idN(0,02) and 0 < € < 1/2. The Wald statistic in (8)
may be replaced by V7, ¢ times an F-test statistic of the null that all but the first element
of ¢ are zero in the ancillary regression, because the added iid error term dominates. Note
that this statistic is also robust to stationary serial correlation and heteroskedasticity of the
error term in (2).

The two steps to implement the test become:

1. Estimate the null model in (2) (using LS for 71 or 7o, using NLS for 73). Keep the
fitted residuals (£¢41).

P'% and ¢ < p — max(1,dim(#)) additional

2. Regress the modified fitted residuals on x% :
linear combinations of (z;7), as in (11). Test the null that all but the first regression

coefficient are zero using the simplified Wald statistic V', ¢ times an F-test statistic.

Clearly the modification does not substantially complicate the implementation of the test
in any way.

The modification allows a more robust asymptotic result, given in the following theorem.
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Theorem 5. Consider the test statistic Vi of the hypotheses 11, T2, or T3 with I(0) or
I(1) (%4—i/m). Assume that am # 0 and that Assumption 1 holds.

[a] Under Hy of all tests, Vi —q x2, while

[b] Under Ha of all tests, Vi = Op(T).
as T' — oo.

The desirable result under the null holds regardless of whether the data are I(0) or I(1), as
long as a;, # 0. Unit root pretesting is therefore not required.

Choosing o2 and e is not obvious, except for the case in which (z;_; /m) 18 known to be
I(0), in which case there is no problem with the unmodified VAT statistic. Adding Tu;
generally decreases power. In the I(0) case, 02 = 0 (no modification) maximizes power.

More generally, if (z;_;/,) is known to be I(1) or if the order of integration is unknown,
setting € > 0 eliminates size distortion asymptotically. Note that while the test statistic
still converges at € = 1/2 under the null, the estimator ¢ is no longer consistent. The test is
still consistent, but not expected to have very much power in small samples at this marginal

value and should be considered over-modified.

5 Small-Sample Analysis of the VAT Statistics

I rely on Monte Carlo simulations in order to illustrate the size-power trade-off between the
test statistics and to show the robustness of the modified VAT statistic to size distortions.
The HF data-generating process (DGP) is essentially that of Miller (2014). I consider

Yir1—i/m = BTi—i/m + Et41—i/m, Where

0 0 . .. L op
Cit1—i/m = [ 0 d ] Ci1—(it1)/m + Uep1—ifms With wp i/, ~ IdN <0» [ )1 ])

and Gi1—i/m = (E¢41—i/m> Ti—i/m)’- In this DGP, d = 0,1 denotes the order of integration
of (¢—im), p=1/2 and B = 10. Because p # 0, the model produces biased forecasts and
Bm # B.°

Mixed frequencies are introduced by aggregating (y;;1_; /m) with p = m. The span is
fixed at T' = 200, but the frequency is varied by letting m = {4, 150,365}. Two are chosen
as representative of quarters (4) and days (365) per year. The third (150) is chosen as a

frequency that may require a large number of degrees of freedom, but that is still small

5Size distortions are generally ameliorated when p = 0, but I do not report these simulations.
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enough (compared to T') to be feasible under the alternatives of 7 and 73. Unreported
simulations for m = {12,52} (months, weeks) show qualitatively similar results.

For the modification of the VAT statistic, I consider ¢ = {0,1/5,1/2} with ¢2 = 1 for
71 and 7 and 03 = 0.01 for 3. With € = 0 the statistic is modified only by an iid error
term (essentially unmodified), while setting e = 1/2 is over-modification. Both modified
and unmodified VAT statistics are implemented as ¢ times an F-test statistic of the null

that all but the first element of ¢ are zero.

Tests 71 and 7. Since 71 and 79 have the same nulls, but 71 has an unrestricted al-
ternative, I generate power functions for 75 by varying only one reduced form parameter
0. Specifically, T use m2(0) = (2 — s/m)*?/S"™ (2 — s/m)* for s = 1,...,m. The power
function is generated on the interval 6 = [0, 2], where § = 0 corresponds to the null (flat
sampling) with increasing weight given to 71 up to # = 2, at which the weight given to 7 is
effectively one with all other weights effectively zero (end-of-period sampling). This speci-
fication is similar to the exponential Almon lag popular in the mixed-frequency literature,
but is numerically more stable for large m.

In order to implement an unrestricted VAT, I use the procedure described above, but
setting the dimension of T to be m. Since T includes 7y as its first column and the remain-
ing columns must be linearly independent with elements summing to one, the remaining
columns are set to be the last m — 1 columns of an m X m identity matrix. The limiting
x2 distribution has ¢ = m — 1 degrees of freedom. The restricted VAT statistic keeps the
columns of T to 3 by choosing only ¢ = 2 instruments regardless of m. These are given
by a geometrically decaying series 0.9°71/ P 0.9°~! and a linearly decreasing sequence
2(m+1—s)/(m(m+1)) for s=1,...,m.

Figure 1 shows plots of the power functions for the VAT and modified VAT statistics of
79 based on 1,000 simulations for each DGP and 5% nominal size. The power functions for
qg = m — 1 are labeled AGK, while those for ¢ = 2 are labeled M14.

Looking at the I(0) case with a small frequency ratio (m = 4), all test statistics appear
to be properly sized. The unmodified statistic is very powerful, and the modifications reduce
power as expected. However, even in the over-modified case of € = 1/2, the test statistics
are quite powerful. There is effectively no difference between AGK and M14, because ¢ = 3
in the former and ¢ = 2 in the latter.

Looking now at the I(1) case with m = 4, the unmodified test statistics have unaccept-
able sizes around 65%. The modification with e = 1/5 knocks this down to below 15%,
but over-modification seems to be required to obtain a size close to 5%. The over-modified

test statistic is less powerful against local alternatives but still extremely powerful against
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Figure 1: Power Functions for 5. Nominal size of 5%. Modified and unmodified VAT statistics
with intrumentation schemes similar to AGK and M14.

end-of-period sampling.

A frequency ratio of m = 150 is still feasible for AGK and modified AGK, but the statis-
tics use ¢ = 149 degrees of freedom in a LF sample size of T' = 200. Over-instrumentation
is evident from a size above 20% in every case: modified or unmodified, I1(0) or I(1). M14
and modified M14 with ¢ = 2 degrees of freedom are much more appropriately sized. The
modifications sacrifice power against local alternatives in the I(0) case, but there is virtually
no power loss in the I(1) case.

With a frequency ratio of m = 365 (combining, say, daily and annual data), AGK and
modified AGK are infeasible, since the degrees of freedom exceed the LF sample size. M14

and modified M14 are feasible with size and power about the same as the case of m = 150.
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Test 73. Implementing 73 differs from 7 and 75, in that the aggregation weights are
estimated rather than specified, requiring NLS in place of LS in the first step. To do this,
I use the exponential Almon lag popular in the MIDAS literature. Specifically, I use a
first-order lag given by 7 aimon(0) = exp(0s)/ > 2", exp(fs).

Power functions are m-dimensional for 73 with a truly unrestricted alternative. In order
to evaluate power, I use a null DGP with a flat weighting scheme, but note that 0 (6)
for any value of 6 corresponds to the null of 3. To evaluate alternatives, I cannot use
mo(0) above, because even a first-order exponential Almon lag 7 a;moen(0) estimates mo(6)
very well. Instead, I employ m3(0) = (1 + |s — (m+1)/2))?/ 37 (1 + |s — (m +1)/2])¢
over § = [—0.1,0.1], which generates weights with a U-shape or inverted U-shape. The flat
weighting scheme corresponds to 6 = 0, so the power functions are two-sided rather than
one-sided as above.

For the purpose of the simulations, m3(6) is chosen so that it cannot be approximated
by T Aimon(6) very well. However, an economic interpretation of such a weighting scheme
might be a seasonal series such as unemployment, where more (or less) weight should be
given to the summer months in forecasting an annual series. Or, perhaps the annual series
is seasonally adjusted unemployment and the weights of a daily predictor that generate the
best fit mimic the seasonal adjustment.

Figure 2 shows plots of the power functions for 73, using only the M14 instrumentation
with ¢ = 2 fixed. The inlaid panels show a subset of the alternative weighting schemes 73(6),
with the flat scheme (0 = 0) corresponding to the null. According to Theorems 4[a](ii) and
5[a], both modified and unmodified VAT statistics are correctly sized and consistent in
large samples, so from this point of view there is no disadvantage to either the modified or
unmodified approaches.

As the large-sample theory predicts, none of the tests exhibit much in the way of size
distortion in a LF sample of T' = 200 — if anything, a few are undersized. We can certainly
expect a power loss from the modification in small samples, and this is indeed borne out
by the simulations — especially for an I(0) series with large m (150 or 365). For m = 4,
there is little power loss for € = 1/5 for either an I(0) or an I(1) series and no power loss for
m = 150,365 for an I(1) series. Since all tests with 1(0) series appear to lose power as m
increases, the power loss is likely a function of the changing magnitude of m3(#) — although
the function looks less flat for m = 365 in the figure, the compression of the vertical axis
suggests that it is actually more flat and therefore closer to the null, which explains the

evident lower power.
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Figure 2: Power Functions for 73. Nominal size of 5%. Modified and unmodified VAT statistics
with intrumentation scheme similar to M14. Inlaid panels show a subset of the alternative weights
m3(6)used.

6 Some Conclusions and Empirical Guidance

The two VAT statistics Vi and (modified) V' are very easy to compute, and I have shown
their robustness to a wide range of conditions that have the potential to derail inference using
other tests. In particular, I have shown their robustness to biased forecasts, deterministic
trends, unit-root nonstationarity with unknown cointegrating relationships, and infeasibility
of the alternative hypothesis when m is large relative to the LF sample size.

For 71 and 7o, the modification ameliorates size distortion for relatively small m, but does
not appear to be necessary for relatively large m. The power loss for e = 1/5 is noticeable
against very local alternatives, but there does not appear to be any power loss against

alternatives that are substantially different from the null. Since the order of integration is
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generally not known, the modified VAT statistic V' with only a few instruments for 7 and
79 is recommended. For 73, there is little need for the modification, and it generally reduces
power. The unmodified VAT statistic Vp is preferable in this case.

A reasonable sequential testing scheme might be implemented as follows. First, use V
to test the common null of 71 and 7 for a small number of nulls of interest — perhaps just the
flat scheme, as was the concern of Andreou et al. (2010), or perhaps also the end-of-period
sampling scheme. A rejection of these supports the use of a parameterized distributed lag
structure, such as the exponential Almon lag.

Second, once such a structure is chosen, Vpr may be used to test it against a more general
alternative (73). Failing to reject the chosen lag structure supports its use. Rejecting it
would suggest either using an unrestricted distributed lag, if feasible, or else choosing a
different lag structure and then repeating 73 using Vp until a satisfactory lag structure is

found.

Technical Appendix

A Proofs of the Theoretical Results

For the reader’s convenience, seventeen preliminary results are presented in Lemma Al.
The proofs of many of these results follow from the asymptotics of Assumption 1, and I
present proofs of only the more complicated results. Proofs of the main results follow this
lemma.

First, I introduce some notation used in the proofs. Let =, denote an asymptotic
approximation when the right-hand side contains a mixture of a limit and expressions of
asymptotic order. Define the diagonal normalization matrix wp with the first set of diagonal
elements of T' corresponding to the dimension of wq:, the second set of diagonal elements
of T? corresponding to the dimension of wi;, and the last set of diagonal elements 7'11+2%
corresponding to each of the deterministic trends waj; in wo;.

I use the typical notation of Q = >"7 E[£€] ] for the long-run variance of (&), the
same ) = limz_,oo var(T~Y/23° &) as in Assumption 1, and A = Y32 (E[¢£) ] for the
one-sided long-run variance of (§;), and employ subscripts to denote partitions of these
identical to those of ¥ in Section 3.1 (in the proof of Lemma 1) and in Section 3.2 (in the

proof of Lemma 3).

Lemma Al.

_ _ )y T-1/2
o] Tle/Qquwal/Q . 00 Op( )
Op(T712) 0p(1)



b.d] T2, P ML, =, (o)., 0,(T2/2))

[bii] Tey2ME, = (P72 5 epyawor, Op(1))'

[ci] H)ML —, 04c
[c.ii] 7ML =0,(1)

[di] HYME o T2 =, (Sh0, 0,(T/2))

xzw T
[dii] 7' ME,@r' " = (0,(T71/?2),0,(1))

le.di] H ML Hy —p Sus

X
e.di] T71' ML 7 = O,(1)
[e.iii] 7ML Hy= 0,(1)
[£4) HYME | —p 0zelo

[fii] =ML

zelw

= Op(l)

lg-i] HyM;,

sz_wHO —>p Ex:vLO

[gii] T-1n'MT

zxlw

T =0p(1)

[g.iii] 7' MT

rxrlw

Hy = Op(l)
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[h.i] T1/2H6PT —d N (0, hmT—mo var(T’1/2 Z(.Z’()t — EmozaOIMOt)(€t+1 — 1’6t2;11L00'x5J_0))

h.ii] 7' Pp = O,(1)

Proof of Lemma A1l. I omit proofs of parts [a.i]-[e.iii], which are straightforward from

Assumption 1 and presented for easy reference in proofs of the subsequent parts. Parts

[f.i] and [g.i] follow directly from parts [a.i], [b.i], and [c.i] and parts [a.i], [d.i], and [e.i]

respectively.

The moment in part [f.ii] is 7/ ML — 7' ML, (ML)

from part [c.ii]. The second term may be written as

—-1/2

7 ME (ML) M, = TV |7 My 2] | Ty 2

— /2 Op(T~1/?)
O.

p(1)

Op(1)
Op(T~1/?)

71MT

we?

MT w—l/Q

ww T

Op(T~1172)

Op(1)

} -1 [Tl/Qw;l/Q Mwe}

Op(1)
Op(T~1/?)

where the first term is O,(1)

|



20

from parts [a.i], [b.i], and [d.ii]. The result follows from matrix multiplication.

The proofs of parts [g.ii] and [giii] are similar, using parts [a.i], [dii], and [e.ii] and parts
[a.i], [di], [dii], and [e.iii] respectively.

For parts [h.i] and [h.ii], note that Pr = MT

relw

—MT

zxlw

HOE;;J_OO-:&ELO +O0(T71) from
the minimum MSFE parameter vector in Lemma 3. Up to the negligible term, T1/2H6PT
may be written as

T1/2(H(/)M:Z;: - H(/JMmT HOE;mlLoUreLO) - Tl/ZHéMgw(Mgw)il(Mgs - MZ; HOZ;;LOUmaLO)

xT xT

by expanding M xTa 1 and M T and rearranging terms. This expression may be rewritten

zxlw
as
—1/2 /-1 1T _—1/2m1/2
T2 " aoi(eg1 — 20: D50 1 g0veL0) — (HYM b o 2 TY?)
=1/25 7 __—1/2\-1__—1/2 /=1
X (Twp "M@ ") @p Zwt(gtﬂ—%tzmm%sm)
which is

T7-1/2 Z(xot — ExoZaolet)(stH — xétE;J}LOULBELO) + OP(T—1/2)

from parts [a.i], [b.ii], [d.i]. The limiting normal result for part [h.i] follows from the CLT
for covariances in Assumption 1, because (zo; — EwOanlet) is uncorrelated with (g441 —
$6tZ;x1J_00'a:eL0)-

Finally, premultiplying Pr by 7’ and using parts [f.ii] and [g.ii] yields the result for part
[h.ii]. O

Proof of Lemma 1. The MSFE from a forecast using model (2) is given by

E(E(er41 — 277 (am — @) — wi(ym — 7)) Fr)*.

Expanding the square, taking the derivative with respect to the two parameter vectors «

and v, setting the derivative equal to zero, and solving for oy, yields o, = a+ B~'C where

B = E[x;p:r;p/] - E[l’;—ipw&"]E[wTw',T]_1E[waL';p/], and

C = Elzy’eria] — Eley"wi|Elwrwr]  Elwrer i),

Clearly, E[z; ;"] = £, and Elz} e, 1] = 0, since both series are 1(0).

Rewrite the second term of B as

) _ _ _ -1 _ .
E[x%ﬁpw'T]le/QTl/z (Tle/QE[wTw'T]le/2> Tl/szl/QE[wTwilr'p']
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using wrp defined prior to Lemma Al. Now, E[x;ipwlf]w;”le/Q = (Exo,T_l/QAxl,O),
where Az1 =Y 10, E[xtl:pAw’Lt_k]. Along the same lines, T1/2w;1/2E[wT€T+1] = (0.0, T71/25.1,0Y,
where 0.1 = 377 Eler1 Aw) ;]

The more complicated factor TW;I/ 2E[wTwép]w;1/ % is equal to
2200 T_1/2A01 0
T71/2A61 QH 0 s
0 0 T~ 2 wgwh,

where Ag1 = Y ;2 ElworAw) ;] and Q1 = 32 E[AwyAw), ] Some algebra shows

that its inverse is equal to

Yoo +O(T™h) ~T7 1280 A Q! + O(T—3/2) 0
—T71205 Ay B + 0T Q' + 0T 0 :
0 0 (T~ wapwh,) !
(A.1)
and the stated result follows from multiplying out the expressions for B and C. O

Proof of Theorem 2. Consider the common null of tests 71 and 75 that 7, is known. If
this null is true, then m,, = 7y so that Q7 (m) is identically zero and Y'(I — Ap) Py remains
in (9). The results of Lemma A1 used for the I(1) case in Section 3.2 may be employed by
letting Hy = I but maintaining the definition of ¥, etc. for the I(0) case from Section
3.1. Consequently,

A1 —p Yz 10m0 (Wézmmﬂo)_l Ty = A,

follows from parts [f.i] and [g.i] of the lemma, and TY?Pp —4 ngN (0, I,) follows from

part [h.i]. The limiting variance
QP = limT_>oo U(I’I"(T_l/2 Z($t — EIOanlwgt)(etH — x;E;;loo'er_O)

has full rank p unless the HF regressors are perfectly collinear and reflects the variance of
the sample covariance the part of (z;) orthogonal to the other I(0) regressor (wg:) with the
part of (e¢41) orthogonal to all of the I(0) regressors.

The limit of the expression in (9) inflated by T"/2 is therefore given by

TN "2y Péy —q Y (1 — A) QPN (0,1,),

the variance of which has a rank of ¢. The rank follows because I — A is an orthogonal
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projection of 23° onto a (p — 1)-dimensional space. T has ¢ + 1 columns, but since one of

1/2
P
them is 7y and 7(,(I — A) = 0, the rank is reduced to ¢ as long as ¢ <p — 1.

Looking now at the inverse in (7), the limit of Y ML Y is clearly Y'¥,, Y, which has a
full rank of ¢+ 1 and is therefore invertible. The whole expression for ¢ in (7) therefore has

a limiting distribution given by
TY23 =54 ('S0 Y)Y (I — A) QYN (0,1,),

the variance of which has rank ¢q. The limiting x3 distribution of the test statistic under the
null follows, because the test omits the first regressor, which corresponds to the direction
in which Y’ (I — A) is already column rank deficient.

If one of the alternatives of 7y and 75 is true, then Rp(w) —p Xgzi0(m — m0)Bm by

Lemma Al[g.i]. The limit of (9) is given by
T_1 Z T/l‘tl:pét+1 —>p T/(I - A)ﬂ-mﬁm 7& 0>

which implies that ¢ = O,(1) and the test statistic is therefore O, (T).

Miller (2014) proves the limiting null distribution of the test statistic under the null of
73 under the assumption of no deterministic trends in (w;). As long as the coefficients on
those trends are not functions of 5 and 7, they are estimated superconsistently in the first
step and do not change the limit in the second step. Consistency of the test follows from
TY2(a(6) — cum) = O,(T'/?) under the alternative, instead of asymptotic normality under
the null. 0

Proof of Lemma 3. The proof follows from B and C' defined in the proof of Lemma 1.
Using the notation H = (Hy, Hy) of Section 3.2,

Elz}72;?] = HoX; Hy + O(T ™)

where the O(T!) follows from the dependence of E[z%,] = Tw? on the sample size. Similar
logic shows that E[x;p ery1] = Hooge + H16:,. Moments involving (w;) are naturally more

complicated. Using w,. 12 Qefined previously,

Yoo T7Y2A, 0

1: -1/2
Elz;"w]wy 2pl/2 _ g 5 V20, 0
0z z
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1/2

and together with the expression for the inverse of T'w,. Y QE[wTw’T]w; in (A.1), some

algebra reveals that

2ach_O 0(1)
o) o(T)

B=H H+O0(T™)

-1
H and B = g | Perlo
0 0

which is equal to H(’)E;xl LoHo + O(T™1). Algebra along similar lines shows that
C = Hooge 1o+ Hi((dez — 8.3 00c) + w1y (0 — Mgy ¥ 00c)) + O(T ).

Finally, postmultiplying B~! by C and using the facts that H,Hy = I and H\H; = 0 yields
the stated result. O

Proof of Theorem 4. The limiting distribution of the test statistic under the common
null of 7 and 72 is more complicated when (z;_; /m) is I(1) and aci ? is a vector of cointegrated
predictors in the forecasting model. As introduced previously, the columns of Hy describe
p — 1 cointegrating relationships of xz P and Hj is a vector that describes the stochastic
trend direction, where H = (Hy, Hy) is an orthogonal matrix.

Of course, Y’ xi P is itself a (g + 1)-vector of cointegrated regressors with one stochastic
trend in the ancillary regression. Similarly, define the (¢ + 1) x (¢ + 1) orthogonal matrix
H? = (H{,H}). Because the series (:J:tl:p ) has only a single stochastic trend and unit
cointegrating coefficients and because the columns of T sum to one, Y H; = ¢4¢ where ¢4 is
a g-vector of ones and ¢, is a scalar that depends on p. Further, because (Y’ x% ) has only
a single stochastic trend and unit cointegrating coefficients, H{'Y'Hy = H{'t,c = 0. Thus,
HIY'x}? = (HYY' Ho)Hya; P, where Hjz,” = xq; is defined above.

Let vr be a (¢+1) x (¢+1) diagonal normalization matrix with 7" in the first ¢ diagonals

and T2 in the last. Some manipulations of the LS estimator in (7) allow

—1/2 177 L:pa
TYV2HY 2,81

o *HY = (Top PO ML TH ) O | Sz
1 t ct+1

] (A.2)

and
HYY' HyS HYYHS 0

Top PHIY MY HIv ' =y
0 Op(1)

holds for the expression in the inverse in (A.2) from parts [e.i]-[e.iii] of Lemma A1l. The top
block is a ¢ x ¢ matrix with full rank.

Suppose that the null common to 71 and 79 holds, so that Rp(m,,) = 0. The factor in
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square brackets in (A.2) may be expanded as

TY2H)(I — Ar)Pr
H/|(I — Ap)Pr

0PN (0,1, 1)
Op(1)

using (9), where
Qp = Th_r}rolo Uar(T_1/2 Z(a:()t — Ex02601w0t)(5t+1 — xgtE;leOamLo))

similarly to the proof of Theorem 2. To obtain the result in (A.3), first note that the limiting
distribution T2 H) Pr —4 Q}D/ZN (0,1,_1) is given in Lemma Al[h.i]. Write

Tl/zH(/)ATPT = Tﬁl/ZHOMa:szﬂ-O (Tﬁlﬂ-OM 2z Lw T ) ' 7T(/)PT7

and use parts [g.ii], [g.iii], and [h.ii] of Lemma A1 to see that the remainder in the top part
of (A.3) is O,(T~/?). Looking at the bottom part of (A.3), H{Pr = O,(1) by Lemma
Allh.ii], write

_ _ —1
HiATPT =T 1H1Mx:pj_w7r0 (T 17r0szJ_w ) 7T(/)PT

and then use parts [g.ii] (twice) and [g.iii] to see that this expression is also O,(1).
Since vy/2H?¢ = 0,(1), it follows that T'/2¢ = HY(TV/2HT $)+T~V2HI(THY ), the
second term of which has just been shown to be O, (T ~1/2). Thus, the limiting distribution

of the estimator is given by
TY2p —4 HI(HIY' HySpp HyY HE) " HI Y HoQ}*N (0, 1, 1),

the variance of which is (¢ + 1) x (¢ + 1) with a rank of ¢ as long as ¢ < p — 1.

A test that all but the first coefficient are zero does not have a x? limiting distribu-
tion, because, although omitting this coefficient remedies the rank deficiency, the variance
estimator in the test is inconsistent without knowing Hg/T’ Hy.

Now, suppose the alternative holds. Rp(m,,) is not zero, and the square bracketed factor
in (A.2) contains an additional term with Rr(m,,) in place of Pr. Because (I —Ar)Ry(my,) =
(I —Ap)M TmBm and By, # 0, it is sufficient to show that

zmj_w

O,(T/?)
Op(T)

)

T1/2H/(I AT)Mme B

x:rj_w

which follows by rewriting as above and repeatedly using parts [g.ii] and [g.iii] of Lemma
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Al. As aresult, ¢ = HIHY$ + H{H{'$ = O,(1) and the test is consistent.
Finally, since Miller (2014) proves the case of 73 with no deterministic trends in (wy), I

omit the proof here. O

Proof of Theorem 5. The LS estimator of ¢ in (11) may be rotated, rescaled, and

written as

1/2—e g/ Lip ax
T/ Hyy x;Pé

T=v*HY$ = (Tvy P HYY' ML Y HOvy ' *)  HYY' H B .
Hy Y oy Py

similarly to (A.2). Under any of the nulls,
TV2¢p = (Y'MT )17 [T—W mef’ut} +o0,(1)
in the purely I(0) case and
TV = H(HY T ME Y HE) T HY T H [T712HG S )" +0,(1)

in the I(1) case along the lines of the proof of Theorem 4. As long as € < 1/2, TY/?=<}
clearly converges to a normal in both cases, where the limiting variance is (Y'¥,,Y) 102
in the 1(0) case or HI(HJY' ML YHI)"'c2 in the I(1) case. The limiting Xz dlstrlbutlon
follows from cancellation of T~¢ in the respective variance estimators. The result under the

alternatives follows as in Theorems 2 and 4. O
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