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1 Introduction

The possibility of deleterious effects from aggregation on the properties of time series and

forecasting models have long been known (Working, 1960; Lütkepohl, 1987; e.g.). In or-

der to circumvent such problems and exploit both higher frequency and real-time data in

forecasting, a large number of recent papers have used a mixed-frequency (MF) approach,

exploiting high-frequency (HF) data – usually financial data – to predict low-frequency (LF)

data – usually macroeconomic data. These papers include Tay (2007), Clements and Galvão

(2008, 2009), Hogrefe (2008), Schumacher and Breitung (2008), Armesto et al. (2010), An-

dreou et al. (2011, 2013), Marcellino and Schumacher (2010), Kuzin et al. (2011), Breitung

et al. (2013), Götz et al. (2014), and Miller (2014).

Many of these papers employ a parsimonious distributed lag structure under the MIDAS

moniker (Ghysels et al., 2004, 2006). At one extreme, the most parsimonious distributed lag

structure reduces to temporal aggregation or systematic sampling of the HF data. With no

parameters to estimate in the distributed lag specification, a researcher must necessarily de-

cide between such specifications. At the other extreme, the least parsimonious, unrestricted

specification has at least as many parameters to estimate as the ratio m of frequencies in

the model. When this ratio is large – e.g., for daily predictors of an annual target – the

unrestricted specification is infeasible.

An important concern facing a researcher with a particular mixed-frequency data set

and particular forecasting model in mind is to test for the optimal mixed-frequency spec-

ification – i.e., to choose or estimate an appropriate aggregation weight vector π. With

three specifications in mind (π completely known, π known up θ, and π unknown and un-

restricted), three tests may be conceptualized. Namely, let τ1 denote a test of π known

(full aggregation) against π completely unknown (unrestricted), let τ2 denote a test of π

known (full aggregation) against π partially known (parsimonious MIDAS specification),

and let τ3 denote a test of π partially known (parsimonious MIDAS specification) against

π completely unknown (unrestricted).

Out-of-sample testing of predictive accuracy along the lines of West (1996) and Clark

and McCracken (2001) provide one approach to this problem. Alternatively, Diebold (2012)

emphasizes the advantage of using in-sample tests to compare forecasting models in order

to exploit the full sample available to a researcher. Three sets of in-sample test statistics for

MF models have been proposed in the recent literature. Andreou et al. (2010) propose two

statistics for τ2 and Kvedaras and Zemlys (2012) and Miller (2014) propose test statistics

for τ3.

One of the statistics proposed by Andreou et al. (2010) and that proposed by Miller
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(2014) are variable addition test (VAT) statistics. I will hereafter refer to these statistics

as AGK (Andreou-Ghysels-Kourtellos) and M14, respectively. The use of VAT statistics

for specification testing is often attributed to Wu (1973) and is of course utilized a wide

variety of econometric settings, most commonly for testing instrumental variable and panel

data specifications (Hausman, 1978), but also for testing cointegration (Park, 1990), for

example.

A strong advantage of the VAT framework is its simplicity in implementation, requiring

only two steps involving least squares – or, in the case of τ3, the first uses nonlinear least

squares (NLS). Another particularly useful aspect of the VAT approach in the context of

mixed-frequency data is that the test is implemented without having to estimate the model

under the alternative – an impossible task for τ1 and τ3 when the ratio of frequencies m is

large relative to the LF sample size T . A disadvantage is the potential for power loss using

weak instruments.

Aside from the details of their construction and the fact that they are aimed at different

tests (τ2 vs. τ3), the main difference between AGK and M14 is that the former uses HF

predictors as instruments while the latter uses a small number of linear combinations of

them. As m increases, AGK may be infeasible unless a smaller number of instruments

are employed, while degrees of freedom of M14 remains constant. Andreou et al. (2010)

acknowledge this problem and suggest that only a few predictors be retained as instruments

in this case.

In this paper, I introduce two simple VAT statistics, and demonstrate their robustness

using both large-sample analysis and small-sample analysis. First, broadening the scope of

the MF testing approaches mentioned above, they may be used for any of the tests: τ1, τ2,

or τ3.

Second, they are robust to deterministic trends and nonstationarity of the unit root type

in the HF predictor and/or the other predictors, as long as the model specification is such

that the forecast error remains I(0). By robustness, I mean that the order of integration and

number and/or structure of cointegrating relationships do not need to be known. Pretesting

for unit roots and cointegration is not required, although a number of recent papers have

made advances in testing for these in MF and LF environments.1

I show that the first VAT statistic, similar to AGK and M14, is robust biased forecasts

for τ3, but not for τ1 and τ2 when the HF predictor is I(1).2 The second VAT statistic

1For example, Chambers (2013) analyzes tests for unit roots using LF data, Ghysels and Miller (2013)
analyze tests for cointegration using LF and MF data.

2Andreou et al. (2010) consider τ2 but do not consider the possibilities of I(1) series or endogeneity of
the error term, which would bias forecasts. Miller (2014) considers the possibilities of I(1) regressors and
endogeneity for τ3, but does not consider τ1 or τ2.
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I propose is a two-sided VAT statistic in the sense that I augment the regressand as well

as the regressors. Specifically, I augment the regressand by a term that increases mildly

with the sample size. This strategy potentially lowers the power of the tests against local

alternatives, but the power loss may be small or even non-existent and the new test statistic

is robust to biased forecasts using possibly I(1) predictors for all three tests τ1, τ2, and τ3.

The rest of the paper is organized as follows. In Section 2, I present a more detailed

look at a general MF forecasting model, in which (at least) one of the predictors is available

at a higher frequency than the target, and I present a VAT statistic that generalizes AGK

and M14. Analysis of the large-sample properties of this test statistic follows in Section 3.

The modified VAT statistic is proposed and its large-sample properties (limiting χ-squared

distribution) are analyzed in Section 4. Section 5 contains an exploration of small-sample

size and power of the statistics under a range of assumptions, and Section 6 concludes with

some practical guidance on using the tests. A technical appendix contains proofs of a useful

lemma and the main theoretical results.

2 Forecasting Model and VAT Statistic

Consider a very general single-frequency forecasting model that uses data available at dif-

ferent frequencies given by

yt+1 = xptβ + w′

tγ + εt+1 (1)

where t = 1, ..., T , and (xpt ) denotes a single series subject to aggregation or sampling from

p observations of a series (xt−i/m) with i = 0, ...,m− 1 available m < ∞ times more often.3

For the purpose of the testing the specification of (xpt ), the remaining observable series in the

model (wt) are treated as nuisance terms, even though these series may also be observable

at a higher frequency.4 To allow for the possibility of biased forecasts, E[εt+1|Ft] 6= 0 in

general – the forecast error does not need to be conditionally unbiased.

Denote by x1:pt = (xt, xt−1/m, ..., xt−(p−1)/m)′ a vector of the p high-frequency observa-

tions aggregated to obtain xpt , and denote by π = (π1, ..., πp)
′ the vector of aggregation

weights used, so that xpt = x1:p′t π. Assume that the weights are non-negative and sum to

one. For example, suppose that (xt−i/m) is a stock. Stocks are commonly sampled by taking

the last observation in each LF period (end-of-period sampling), in which case π1 = 1 while

πj = 0 for j > 1. Alternatively, flat sampling (or average sampling), such that πj = 1/m

3I assume that p is known. The case of p = m is often considered in the literature.
4If the model is based on an underlying HF data-generating process and not all series are subject to

aggregation consistent with that of (yt+1), the error term will reflect the difference in aggregation schemes.
Eliminating this difference by setting the aggregation schemes to be equal might not be optimal, since Miller
(2015) shows the possibility that β may be estimated more efficiently in come cases.
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for j = 1, ...,m and πj = 0 for j > m is often employed when (xt−i/m) is a flow. However,

the LF series may result from an unknown or more complicated filter of the HF series, such

as seasonal adjustment, in which case it is sensible to estimate π.

2.1 Mixed-Frequency Forecasting Model

Replacing xpt with x1:p′t π in (1) yields

yt+1 = x1:p′t α+ w′

tγ + εt+1 (2)

where α = πβ and π may be known or unknown depending on the null hypothesis of the test.

So that the aggregation weight vector is identified, assume that βm 6= 0, where αm = πmβm

is the value of α that minimizes mean squared forecast error (MSFE) of the model.

When π is known, the model reduces to the single-frequency model in (1), and predic-

tions may be made using an ordinary least squares (LS) estimate of the scalar β. When π

is unknown, the model is a MF model. If nothing is known about π, then predictions may

be made using a least squares estimate of the p-vector α, as long as p is small relative to

the LF sample size T . Because p is often quite large compared to T , least squares may not

be feasible. These problems, unknown π and large m, motivate the MIDAS approach, in

which a parsimonious structure is imposed on α so that α(θ) is a known function of a small

number of unknown reduced form parameters θ, estimated using NLS.

The VAT statistics below may be used for any of the three tests – τ1, τ2, or τ3 – and do

not require π to be estimated under the alternative hypothesis. Thus, the possibility that

estimating the model is infeasible under the alternative hypotheses of tests τ1 and τ3 does

not pose any problem.

In implementing the VAT statistics, the order of integration of (xt−i/m) or (yt+1) is

completely general, and (wt) may contain I(0) series, I(1) series, and deterministic trends.

Because of the allowance for an intercept, all other predictors are assumed to have zero

mean. In order to avoid spurious forecasts, (εt+1) must be I(0) and coefficients or linear

combinations of coefficients on I(1) series may be zero (and superconsistently estimated to

be zero). The order of integration will be discussed in more detail below.

2.2 Variable Addition Test Statistic

The main attraction of the variable addition strategy lies in its simplicity even while it

remains robust to a wide variety complications under both the null and the alternative.

The implementation of the basic VAT statistic proposed here for τ1, τ2, and τ3 follows that

proposed by Miller (2014) for τ3. Specifically, the fitted residual from estimating (2) under
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the null, denoted by ε̂t+1 is regressed on linear combinations of the elements of the vector

x1:pt .

Tests τ1 and τ2. To illustrate the efficacy of this strategy, rewrite the model in (2)

equivalently as

△yt+1 = x1:p′t π0βm + w′

tγ + εt+1 − x1:p′t (π0 − πm)βm − x1:p′t (αm − α) (3)

where π0 is the null value of the weight vector under the common null of τ1 and τ2, αm =

πmβm minimizes MSFE, and the last two terms augment the unobserved error in the model.

The fitted residuals from this model may be written as

ε̂t+1 = εt+1 − x1:p′t π0(β̂ − βm)− x1:p′t (π0 − πm)βm − x1:p′t (αm − α)− w′

t(γ̂ − γ) (4)

where β̂ and γ̂ denote LS estimates. π0(β̂−βm) reflects the difference between the estimator

of β with the null imposed and its minimum MSFE value with the null imposed, but

minimized without the null imposed. (π0 − πm)βm reflects the difference between the null

and the weights πm implied by the minimum MSFE parameter vector αm. This difference

is zero under a true null, but non-zero under a false null, providing the basis to evaluate the

power of the subsequent test. (αm−α) reflects the difference between the minimum MSFE

parameter vector and the parameter vector in the model. This difference is non-zero if

forecasts are biased, E[εt+1|Ft] 6= 0 – e.g., from using a structural model with endogeneity

– but zero if E[εt+1|Ft] = 0 and the model does not produce biased forecasts. Finally,

(γ̂ − γ) reflects the difference between the nuisance parameters and their estimates.

Test τ3. In the case of τ3, the residual series from the model in (2) may be written as

ε̂t+1 = εt+1 − x1:p′t (α(θ̂)− αm)− x1:p′t (αm − α)− w′

t(γ̂ − γ) (5)

in place of (4). The main difference between the two expressions in (4) and (5) is that the

null parameter values are imposed in the first, while they are estimated in the second.

The variable addition test statistic for all three tests τ1, τ2, and τ3 is implement as a Wald

test on an ancillary regression of the fitted residual ε̂t+1 onto x
1:p′
t π̂ and q additional variables

given by arbitrary combinations of x1:pt , where π̂ = π0 for τ1 and τ2 and π̂ = (ι′pα(θ̂))
−1α(θ̂)

for τ3, where ιp is a p-vector of ones. (ι′pα(θ̂))
−1α(θ̂) simply identifies estimates of π from

estimates of πβ by imposing the identifying restriction that the weights must sum to one:

ι′pπ̂ = 1. Some nonlinear estimation schemes impose this anyway.
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Let Υ be the p× (q+1) matrix with columns given by π̂ and the q additional combina-

tions. The ancillary regression for the test is

ε̂t+1 = x1:p′t Υϕ+ et (6)

where ϕ is a (q+1)-vector of coefficients on data given by x1:p′t Υ. Retaining x1:p′t π controls

for estimation error under the null of τ3 , but does not affect the rank of the limiting null

distribution.

The remaining regressors pick up correlations between (x1:pt ) and any additional terms

in the fitted residuals (ε̂t+1). Under the null of τ1 and τ2, π0 = πm so that x1:p′t (π0−πm)βm

in (4) is correlated with (x1:pt ) only under the alternatives of those tests. Miller (2014)

shows consistency and asymptotic normality of α(θ̂) − αm under the null of τ3, regardless

of whether (xt−i/m) is I(0) or I(1). However, inconsistency under the alternative leaves a

term in (5) that is correlated with (x1:pt ).5

The VAT statistic is simply a standard regression-based test of the null that all coeffi-

cients but the first are zero. The least squares estimator of ϕ is given by

ϕ̂ = (Υ′MT
xxΥ)−1Υ′

(

T−1
∑

x1:pt ε̂t+1

)

, (7)

where MT
xx = T−1

∑

x1:pt x1:p′t , and the test may be implemented as a Wald statistic given

by

VT = T ϕ̂′

qΩ̂
−1
q ϕ̂q, (8)

where ϕ̂q denotes the last q elements of ϕ̂ (not including that corresponding to x1:p′t π̂) and

Ω̂q is a consistent estimator of the asymptotic variance Ωq of ϕ̂q. In the absence of any

serial correlation or heteroskedasticity in the error term (εt+1) in (2), the Wald test reduces

to q times an F -test statistic.

How should Υ be chosen? The linear combinations themselves must be linearly inde-

pendent and q ≤ p − 1, so that Υ has full column rank of q + 1. Moreover, the limit of

MT
xx is shown in the proofs below to have a rank of p (or p − 1 in the I(0) direction), so

q ≤ p − 1 ensures that the inverse in (7) is well-defined in the limit. Further, since the

asymptotic variance of α(θ̂) − αm under τ3 is degenerate by the number of reduced-form

parameters, I suggest setting q ≤ p−max(1, dim(θ)) for τ3. For example, if a second-order

exponential Almon lag, popular in the MIDAS literature, is used to estimate the weights,

then dim(θ) = 3 – one for β and two for the lag order.

5The term x
1:p′
t (αm − α) in the residual in both (4) and (5) accounts for the correlation between the

predictors and error driving biased forecasts. It is exactly offset in the ancillary regression.
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The instrumentation strategy for the three tests is similar to that proposed by Miller

(2014) for τ3 and specializes to that proposed by Andreou et al. (2010) for τ2 in the I(0)

case when q = p− 1. Specifically, the latter propose a VAT statistic that amounts to using

the unrestricted regressor vector x1:pt as instruments, even though their VAT statistic is

constructed differently. Of course, as these authors noted, the unrestricted approach is not

feasible when p is large relative to T . In that case, q much smaller than p− 1 is desirable.

To summarize construction and emphasize the simplicity of the VAT statistic proposed

here, note the two steps:

1. Estimate the null model in (2) (using LS for τ1 or τ2, using NLS for τ3). Keep the

fitted residuals (ε̂t+1).

2. Regress the fitted residuals on x1:p′t π̂ and q ≤ p − max(1, dim(θ)) additional linear

combinations of x1:pt , as in (6). Test the null that all but the first regression coefficient

are zero using the Wald statistic VT in (8).

3 Large-Sample Analysis of the VAT Statistic

The asymptotic distribution of the test statistic described above depends critically on the

order of integration of (x1:pt ). Before a careful discussion of the I(0) and I(1) cases, it will

be useful to introduce some assumptions and notation common to these cases.

Recall that (wt) may have I(0), I(1), and deterministic predictors, regardless of the

specification of the HF predictor of interest. Denote by (w0t) all of the I(0) series and linear

combinations of the I(1) series in the direction of their cointegrating relationships, if any,

denote by (w1t) linear combinations of the I(1) series in the direction of their stochastic

trends, and denote the deterministic trends by (w2t) with individual trends – intercept or

linear trend, e.g. – given by (w2jt).

The linear combinations are partitions of an orthogonal matrix along the lines of Phillips

(1988) and that discussed below for the case in which (xt−i/m) is I(1). The coefficients on

(w1t) are zeros, unless cointegrated with (yt+1), but these reflect linear combinations of γ

rather than γ itself, unless they do not share any stochastic trends. Elements of γm that

must be zero to ensure that the error is I(0) are still estimated. The distinction between

the predictors and their linear combinations is purely for the theoretical analysis and does

not require any consideration in the setup of the model or implementation of the test.

Generically, let (ξt) denote all of the I(0) series in the model. The series (εt+1), (w0t),

and (△w1t) will always belong to (ξt), but the remaining components will vary depending

on the specification of (xt−i/m) as discussed in Sections 3.1 and 3.2 below.
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A law of large numbers (LLN) and central limit theorem (CLT) for the sample variance

of (ξt), an invariance principle (IP) for (ξt), and a formal assumption about the asymptotic

order of the deterministic sequences (w2jt) will be critical for the ensuing asymptotic analysis

of the test. Recall that (ξt) is assumed to have a mean of zero since an intercept may be

included, and I also assume that it has a negligible initial value for the purpose of the IP.

Assumption 1.

(a) T−1
∑

ξtξ
′
t →p Σ (LLN),

(b) T−1/2
∑

(ξtξ
′
t − Σ) →d N(0, limT→∞ var(T−1/2

∑

ξtξ
′
t)) (CLT),

(c) T−1/2
∑[Tr]

t=1 ξt →d B(r) = BM(Ω) for r ∈ [0, 1] (IP), and

(d) T−δjw2j[Tr] → fj(r) for square integrable fj and δj ≥ 0.

Of course, Σ denotes var(ξt) and the long-run variance is given by Ω = limT→∞ var(T−1/2
∑

ξt).

Strictly speaking Σ is not a “contemporaneous” variance, since it includes autocovariances

of the HF predictors. However, it is contemporaneous in the LF sense. The limit theory

in Assumption 1 may be derived under more primitive assumptions, but at the cost of

extraneous notation.

Because the components of (wt) are treated as nuisance predictors, it will be useful in

the subsequent discussion to define additional notation to condition these out of the model.

First, let







MT
εε MT

εx MT
εw

MT
xε MT

xx MT
xw

MT
wε MT

wx MT
ww






=







T−1
∑

ε2t+1 T−1
∑

εt+1x
1:p′
t T−1

∑

εt+1w
′
t

T−1
∑

x1:pt εt+1 T−1
∑

x1:pt x1:p′t T−1
∑

t x
1:p
t w′

t

T−1
∑

wtεt+1 T−1
∑

wtx
1:p′
t T−1

∑

wtw
′
t






,

and then let MT
xx⊥w = MT

xx −MT
xw(M

T
ww)

−1MT
wz and MT

xε⊥w = MT
xε −MT

xw(M
T
ww)

−1MT
wε.

Naturally, these reflect sample moments of the residuals from regressing (x1:pt ) and (εt+1)

on (wt).

Tests τ1 and τ2. By regressing out (wt), the LS estimator of βm used for the nulls of τ1

and τ2 in (3) may be written as

β̂ − βm =
(

π′

0M
T
xx⊥wπ0

)−1
π′

0(PT +RT (πm))

where PT = MT
xε⊥w−MT

xx⊥w(αm−α) and RT (π) = MT
xx⊥w(π−π0)βm. Substituting β̂−βm

into the residuals in (4), some algebra shows that the key moment in the LS estimator in



9

(7) of the ancillary regression in (6) may be written as

Υ′

(

T−1
∑

x1:pt ε̂t+1

)

= Υ′(I −AT )(PT +RT (πm)). (9)

where AT = MT
xx⊥wπ0

(

π′
0M

T
xx⊥wπ0

)−1
π′
0. Note that RT (πm) = RT (π0) = 0 when the null

is true, but RT (πm) 6= 0 when the null is falsely imposed.

Test τ3. In the case of τ3, (9) is replaced by

Υ′

(

T−1
∑

x1:pt ε̂t+1

)

= Υ′

(

I −MT
xx⊥wh(θ̂)(h

′(θ̂)MT
xx⊥wh(θ̂))

−1h′(θ̂)
)

PT , (10)

where h(θ̂) = ∂α(θ)/θ′|θ=θ̂ is the matrix of derivatives of the coefficient vector α with respect

to the reduced form parameters θ estimated by θ̂ (Miller, 2014, pg. 28). The difference

is that the aggregation weights are estimated rather than imposed under the null of τ3, so

the term RT (πm) is lost and h′(θ̂)MT
xx⊥wh(θ̂) is no longer a scalar, but a square matrix of

dimension and rank equal to the rows of θ.

Clearly, the rates of convergence and limiting distributions of the key moments in (9)

and (10) used to determine that of ϕ̂ in (7) and thus of the VAT statistic in (8) critically

depend on the rates of convergence and limits of MT
xε⊥w and MT

xx⊥w, which in turn depend

on the order of integration of (xt−i/m).

3.1 I(0) HF Predictor

First, suppose that the HF series (xt−i/m) is I(0). The target (yt+1) may also be I(0), or

it may be I(1) and cointegrated with (w1t). One such predictor in (w1t) might be (yt) or

another lag of the target. If both (xt−i/m) and (yt+1) are I(0), then any I(1) series (w1t) must

have coefficients of zero, but recall that these coefficients are actually linear combinations

of γ and are still estimated. Since we treat (w1t) as nuisance predictors for the purpose of

the test, such specification does not affect the VAT statistic’s limiting distribution, as long

the error (εt+1) is I(0).

The I(0) case is relatively straightforward once some additional notation is defined. Let

(ξt) defined above as all I(0) series in the model be such that ξt = (εt+1, w
′
0t,△w′

1t, x
1:p′
t )′,

so that its variance may be partitioned as

Σ =













σ2
ε σε0 σε1 σεx

σ0ε Σ00 Σ01 Σ0x

σ1ε Σ10 Σ11 Σ1x

σxε Σx0 Σx1 Σxx













.



10

It will be useful to define Σxx⊥0 = Σxx − Σx0Σ
−1
00 Σ0x and σxε⊥0 = σxε − Σx0Σ

−1
00 σ0ε to be

the variance of (x1:pt ) and the covariance of (x1:pt ) and (εt+1) in the direction orthogonal to

(w0t).

These notations allows an explicit expression of the minimum MSFE parameter vector

αm = πmβm defined above.

Lemma 1. The MSFE of the MF model in (2) with I(0) series (xt−i/m) is minimized by

αm = α+Σ−1
xx⊥0σxε⊥0 +O(T−1).

The O(T−1) results from the rate-T increasing variance of the I(1) regressors (w1t) in a

matrix inverse in the proof and is expected.

With the minimum MSFE and the notations defined above, the following theorem gives

the limiting distribution and consistency of the VAT statistic for an I(0) HF regressor.

Theorem 2. Consider the test statistic VT of the hypotheses τ1, τ2, or τ3 with I(0)

(xt−i/m). Assume that αm 6= 0 and that Assumption 1 holds.

[a] Under H0 of all tests, VT →d χ2
q, while

[b] Under HA of all tests, VT = Op(T ).

as T → ∞.

The results support [a] the asymptotic validity of χ2
q critical values and [b] the consistency

of the test statistic against the respective alternatives.

3.2 I(1) HF Predictor

Suppose now that (xt−i/m) is I(1). It is well known (Marcellino, 1999, e.g.) that aggregation

preserves the long-run properties, so (xpt ) and (x1:pt ) are also I(1). The p-vector (x1:pt ) is

clearly mutually cointegrated by (p − 1) linearly independent cointegrating relationships

with a single stochastic trend. Let H = (H0, H1) be an orthogonal matrix, such that

H0x
1:p
t = x0t is a (p− 1)-vector and (x0t) is I(0), while H1x

1:p
t = x1t is a scalar and (x1t) is

I(1), along the lines of Phillips (1988).

I make a simplifying assumption that (xt−i/m) is not cointegrated with any other I(1)

predictors. Under the maintained assumption that αm 6= 0, this predictor must be cointe-

grated with (yt+1) in that case. Suppose instead that (xt−i/m) is cointegrated with another

predictor – e.g., (yt) or another lag of (yt+1). In that case, x̃t = (x1:p′t , yt)
′ would replace x1:pt

in the definition of H. The resulting random variable x̃1t = H1x̃t would remain a scalar,
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while x̃0t = H0x̃t would be a p-vector. Otherwise, the subsequent results are expected to

hold.

To accommodate the I(1) case, redefine ξt = (εt+1, w
′
0t,△w′

1t, x
′
0t,△x′1t)

′ so that its

variance is now partitioned as

Σ =

















σ2
ε σε0 σε1 σεx σεz

σ0ε Σ00 Σ01 Σ0x σ0z

σ1ε Σ10 Σ11 Σ1x σ1z

σxε Σx0 Σx1 Σxx σxz

σzε σz0 σz1 σzx σzz

















.

Note that the subscript x now corresponds to p − 1 I(0) combinations of (x1:pt ) instead of

(x1:pt ) itself, and the subscript z corresponds to the stochastic trend of (x1:pt ). Σxx⊥0, σxε⊥0,

etc., are defined as before but with (x0t) instead of (x1:pt ).

Using the new notation, the minimum MSFE coefficient vector is given in the following

lemma.

Lemma 3. The MSFE of the MF model in (2) with I(1) series (xt−i/m) is minimized by

αm = α+H0Σ
−1
xx⊥0σxε⊥0 +O(T−1).

Not surprisingly, the minimum MSFE parameter vector collapses to zero in the direction of

the stochastic trend.

The following theorem presents the limits for the test VT in the I(1) case.

Theorem 4. Consider the test statistic VT of the hypotheses τ1, τ2, or τ3 with I(1)

(xt−i/m). Assume that αm 6= 0 and that Assumption 1 holds.

[a] Under H0 of

(i) τ1 and τ2, VT = Op(1), but

(ii) τ3, VT →d χ2
q, while

[b] Under HA of all tests, VT = Op(T ).

as T → ∞.

The difference in the limits in parts [a](i) and [a](ii) is surprising.

To glean some intuition about this result, note that PT , which appears in both (9) and

(10) – i.e., under the null of all three tests, is asymptotically normal once inflated by T 1/2,
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because the cointegrating combinations of (x1:pt ) dominate. The limiting variance matrix

is degenerate, and estimating it in order to get a limiting χ2 for the test would require

both the knowledge that some predictors are I(1) in the first place and, more specifically,

knowledge of the cointegrating vectors of all of the I(1) predictors – not just of (x1:pt ).

Using the VAT statistic VT to test τ1 and τ2 using I(1) (xt−i/m) with χ2
q critical values

results in size distortion under the null. As shown in the simulations below, the distortion

may be quite severe. The modified test of the next section is aimed at correcting this size

distortion.

4 Modified VAT Statistic and Large-Sample Analysis

The proposed modified VAT statistic is a two-sided VAT statistic, in the sense that vari-

ables are added to both sides of the ancillary regression in (6). In addition to the linear

combinations of the HF predictors from the original model in (2) on the right-hand side of

the ancillary regression, the modified test simply adds randomly generated error scaled by a

nondecreasing function of the sample size to the regressand ε̂t+1 of the ancillary regression.

Specifically, replace (6) with

ε̂∗t = x1:p′t Υϕ+ et (11)

where ε̂∗t+1 = ε̂t+1 + T ǫut with ut ∼ iidN(0, σ2
u) and 0 < ǫ ≤ 1/2. The Wald statistic in (8)

may be replaced by V ∗

T , q times an F -test statistic of the null that all but the first element

of ϕ are zero in the ancillary regression, because the added iid error term dominates. Note

that this statistic is also robust to stationary serial correlation and heteroskedasticity of the

error term in (2).

The two steps to implement the test become:

1. Estimate the null model in (2) (using LS for τ1 or τ2, using NLS for τ3). Keep the

fitted residuals (ε̂t+1).

2. Regress the modified fitted residuals on x1:p′t π̂ and q ≤ p−max(1, dim(θ)) additional

linear combinations of (x1:pt ), as in (11). Test the null that all but the first regression

coefficient are zero using the simplified Wald statistic V ∗

T , q times an F -test statistic.

Clearly the modification does not substantially complicate the implementation of the test

in any way.

The modification allows a more robust asymptotic result, given in the following theorem.
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Theorem 5. Consider the test statistic V ∗

T of the hypotheses τ1, τ2, or τ3 with I(0) or

I(1) (xt−i/m). Assume that αm 6= 0 and that Assumption 1 holds.

[a] Under H0 of all tests, V ∗

T →d χ2
q, while

[b] Under HA of all tests, V ∗

T = Op(T ).

as T → ∞.

The desirable result under the null holds regardless of whether the data are I(0) or I(1), as

long as αm 6= 0. Unit root pretesting is therefore not required.

Choosing σ2
u and ǫ is not obvious, except for the case in which (xt−i/m) is known to be

I(0), in which case there is no problem with the unmodified VAT statistic. Adding T ǫut

generally decreases power. In the I(0) case, σ2
u = 0 (no modification) maximizes power.

More generally, if (xt−i/m) is known to be I(1) or if the order of integration is unknown,

setting ǫ > 0 eliminates size distortion asymptotically. Note that while the test statistic

still converges at ǫ = 1/2 under the null, the estimator ϕ̂ is no longer consistent. The test is

still consistent, but not expected to have very much power in small samples at this marginal

value and should be considered over-modified.

5 Small-Sample Analysis of the VAT Statistics

I rely on Monte Carlo simulations in order to illustrate the size-power trade-off between the

test statistics and to show the robustness of the modified VAT statistic to size distortions.

The HF data-generating process (DGP) is essentially that of Miller (2014). I consider

yt+1−i/m = βxt−i/m + εt+1−i/m, where

ζt+1−i/m =

[

0 0

0 d

]

ζt+1−(i+1)/m + ut+1−i/m, with ut−i/m ∼ iidN

(

0,

[

1 ρ

ρ 1

])

and ζt+1−i/m = (εt+1−i/m, xt−i/m)′. In this DGP, d = 0, 1 denotes the order of integration

of (xt−im), ρ = 1/2 and β = 10. Because ρ 6= 0, the model produces biased forecasts and

βm 6= β.6

Mixed frequencies are introduced by aggregating (yt+1−i/m) with p = m. The span is

fixed at T = 200, but the frequency is varied by letting m = {4, 150, 365}. Two are chosen

as representative of quarters (4) and days (365) per year. The third (150) is chosen as a

frequency that may require a large number of degrees of freedom, but that is still small

6Size distortions are generally ameliorated when ρ = 0, but I do not report these simulations.
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enough (compared to T ) to be feasible under the alternatives of τ1 and τ3. Unreported

simulations for m = {12, 52} (months, weeks) show qualitatively similar results.

For the modification of the VAT statistic, I consider ǫ = {0, 1/5, 1/2} with σ2
u = 1 for

τ1 and τ2 and σ2
u = 0.01 for τ3. With ǫ = 0 the statistic is modified only by an iid error

term (essentially unmodified), while setting ǫ = 1/2 is over-modification. Both modified

and unmodified VAT statistics are implemented as q times an F -test statistic of the null

that all but the first element of ϕ are zero.

Tests τ1 and τ2. Since τ1 and τ2 have the same nulls, but τ1 has an unrestricted al-

ternative, I generate power functions for τ2 by varying only one reduced form parameter

θ. Specifically, I use π2(θ) = (2 − s/m)4θ/
∑m

s=1(2 − s/m)4θ for s = 1, ...,m. The power

function is generated on the interval θ = [0, 2], where θ = 0 corresponds to the null (flat

sampling) with increasing weight given to π1 up to θ = 2, at which the weight given to π1 is

effectively one with all other weights effectively zero (end-of-period sampling). This speci-

fication is similar to the exponential Almon lag popular in the mixed-frequency literature,

but is numerically more stable for large m.

In order to implement an unrestricted VAT, I use the procedure described above, but

setting the dimension of Υ to be m. Since Υ includes π0 as its first column and the remain-

ing columns must be linearly independent with elements summing to one, the remaining

columns are set to be the last m − 1 columns of an m × m identity matrix. The limiting

χ2
q distribution has q = m − 1 degrees of freedom. The restricted VAT statistic keeps the

columns of Υ to 3 by choosing only q = 2 instruments regardless of m. These are given

by a geometrically decaying series 0.9s−1/
∑m

s=1 0.9
s−1 and a linearly decreasing sequence

2(m+ 1− s)/(m(m+ 1)) for s = 1, ...,m.

Figure 1 shows plots of the power functions for the VAT and modified VAT statistics of

τ2 based on 1, 000 simulations for each DGP and 5% nominal size. The power functions for

q = m− 1 are labeled AGK, while those for q = 2 are labeled M14.

Looking at the I(0) case with a small frequency ratio (m = 4), all test statistics appear

to be properly sized. The unmodified statistic is very powerful, and the modifications reduce

power as expected. However, even in the over-modified case of ǫ = 1/2, the test statistics

are quite powerful. There is effectively no difference between AGK and M14, because q = 3

in the former and q = 2 in the latter.

Looking now at the I(1) case with m = 4, the unmodified test statistics have unaccept-

able sizes around 65%. The modification with ǫ = 1/5 knocks this down to below 15%,

but over-modification seems to be required to obtain a size close to 5%. The over-modified

test statistic is less powerful against local alternatives but still extremely powerful against
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Figure 1: Power Functions for τ2. Nominal size of 5%. Modified and unmodified VAT statistics

with intrumentation schemes similar to AGK and M14.

end-of-period sampling.

A frequency ratio of m = 150 is still feasible for AGK and modified AGK, but the statis-

tics use q = 149 degrees of freedom in a LF sample size of T = 200. Over-instrumentation

is evident from a size above 20% in every case: modified or unmodified, I(0) or I(1). M14

and modified M14 with q = 2 degrees of freedom are much more appropriately sized. The

modifications sacrifice power against local alternatives in the I(0) case, but there is virtually

no power loss in the I(1) case.

With a frequency ratio of m = 365 (combining, say, daily and annual data), AGK and

modified AGK are infeasible, since the degrees of freedom exceed the LF sample size. M14

and modified M14 are feasible with size and power about the same as the case of m = 150.
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Test τ3. Implementing τ3 differs from τ1 and τ2, in that the aggregation weights are

estimated rather than specified, requiring NLS in place of LS in the first step. To do this,

I use the exponential Almon lag popular in the MIDAS literature. Specifically, I use a

first-order lag given by πAlmon(θ) = exp(θs)/
∑m

s=1 exp(θs).

Power functions are m-dimensional for τ3 with a truly unrestricted alternative. In order

to evaluate power, I use a null DGP with a flat weighting scheme, but note that πAlmon(θ)

for any value of θ corresponds to the null of τ3. To evaluate alternatives, I cannot use

π2(θ) above, because even a first-order exponential Almon lag πAlmon(θ) estimates π2(θ)

very well. Instead, I employ π3(θ) = (1 + |s− (m+ 1)/2|)θ/
∑m

s=1(1 + |s− (m+ 1)/2|)θ

over θ = [−0.1, 0.1], which generates weights with a U-shape or inverted U-shape. The flat

weighting scheme corresponds to θ = 0, so the power functions are two-sided rather than

one-sided as above.

For the purpose of the simulations, π3(θ) is chosen so that it cannot be approximated

by πAlmon(θ) very well. However, an economic interpretation of such a weighting scheme

might be a seasonal series such as unemployment, where more (or less) weight should be

given to the summer months in forecasting an annual series. Or, perhaps the annual series

is seasonally adjusted unemployment and the weights of a daily predictor that generate the

best fit mimic the seasonal adjustment.

Figure 2 shows plots of the power functions for τ3, using only the M14 instrumentation

with q = 2 fixed. The inlaid panels show a subset of the alternative weighting schemes π3(θ),

with the flat scheme (θ = 0) corresponding to the null. According to Theorems 4[a](ii) and

5[a], both modified and unmodified VAT statistics are correctly sized and consistent in

large samples, so from this point of view there is no disadvantage to either the modified or

unmodified approaches.

As the large-sample theory predicts, none of the tests exhibit much in the way of size

distortion in a LF sample of T = 200 – if anything, a few are undersized. We can certainly

expect a power loss from the modification in small samples, and this is indeed borne out

by the simulations – especially for an I(0) series with large m (150 or 365). For m = 4,

there is little power loss for ǫ = 1/5 for either an I(0) or an I(1) series and no power loss for

m = 150, 365 for an I(1) series. Since all tests with I(0) series appear to lose power as m

increases, the power loss is likely a function of the changing magnitude of π3(θ) – although

the function looks less flat for m = 365 in the figure, the compression of the vertical axis

suggests that it is actually more flat and therefore closer to the null, which explains the

evident lower power.
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Figure 2: Power Functions for τ3. Nominal size of 5%. Modified and unmodified VAT statistics

with intrumentation scheme similar to M14. Inlaid panels show a subset of the alternative weights

π3(θ)used.

6 Some Conclusions and Empirical Guidance

The two VAT statistics VT and (modified) V ∗

T are very easy to compute, and I have shown

their robustness to a wide range of conditions that have the potential to derail inference using

other tests. In particular, I have shown their robustness to biased forecasts, deterministic

trends, unit-root nonstationarity with unknown cointegrating relationships, and infeasibility

of the alternative hypothesis when m is large relative to the LF sample size.

For τ1 and τ2, the modification ameliorates size distortion for relatively smallm, but does

not appear to be necessary for relatively large m. The power loss for ǫ = 1/5 is noticeable

against very local alternatives, but there does not appear to be any power loss against

alternatives that are substantially different from the null. Since the order of integration is
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generally not known, the modified VAT statistic V ∗

T with only a few instruments for τ1 and

τ2 is recommended. For τ3, there is little need for the modification, and it generally reduces

power. The unmodified VAT statistic VT is preferable in this case.

A reasonable sequential testing scheme might be implemented as follows. First, use V ∗

T

to test the common null of τ1 and τ2 for a small number of nulls of interest – perhaps just the

flat scheme, as was the concern of Andreou et al. (2010), or perhaps also the end-of-period

sampling scheme. A rejection of these supports the use of a parameterized distributed lag

structure, such as the exponential Almon lag.

Second, once such a structure is chosen, VT may be used to test it against a more general

alternative (τ3). Failing to reject the chosen lag structure supports its use. Rejecting it

would suggest either using an unrestricted distributed lag, if feasible, or else choosing a

different lag structure and then repeating τ3 using VT until a satisfactory lag structure is

found.

Technical Appendix

A Proofs of the Theoretical Results

For the reader’s convenience, seventeen preliminary results are presented in Lemma A1.

The proofs of many of these results follow from the asymptotics of Assumption 1, and I

present proofs of only the more complicated results. Proofs of the main results follow this

lemma.

First, I introduce some notation used in the proofs. Let =a denote an asymptotic

approximation when the right-hand side contains a mixture of a limit and expressions of

asymptotic order. Define the diagonal normalization matrix̟T with the first set of diagonal

elements of T corresponding to the dimension of w0t, the second set of diagonal elements

of T 2 corresponding to the dimension of w1t, and the last set of diagonal elements T 1+2δj

corresponding to each of the deterministic trends w2jt in w2t.

I use the typical notation of Ω =
∑

∞

k=∞
E[ξtξ

′

t−k] for the long-run variance of (ξt), the

same Ω = limT→∞ var(T−1/2
∑

ξt) as in Assumption 1, and ∆ =
∑

∞

k=0E[ξtξ
′

t−k] for the

one-sided long-run variance of (ξt), and employ subscripts to denote partitions of these

identical to those of Σ in Section 3.1 (in the proof of Lemma 1) and in Section 3.2 (in the

proof of Lemma 3).

Lemma A1.

[a.i] T̟
−1/2
T MT

ww̟
−1/2
T =a

[

Σ00 Op(T
−1/2)

Op(T
−1/2) Op(1)

]
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[b.i] T 1/2̟
−1/2
T MT

wε =a (σ′
0ε, Op(T

−1/2))′

[b.ii] T̟
−1/2
T MT

wε = (T−1/2
∑

εt+1w0t, Op(1))
′

[c.i] H ′
0M

T
xε →p σxε

[c.ii] π′MT
xε = Op(1)

[d.i] H ′
0M

T
xw̟

−1/2
T T 1/2 =a (Σx0, Op(T

−1/2))′

[d.ii] π′MT
xw̟

−1/2
T = (Op(T

−1/2), Op(1))
′

[e.i] H ′
0M

T
xxH0 →p Σxx

[e.ii] T−1π′MT
xxπ̃ = Op(1)

[e.iii] π′MT
xxH0 = Op(1)

[f.i] H ′
0M

T
xε⊥w →p σxε⊥0

[f.ii] π′MT
xε⊥w = Op(1)

[g.i] H ′
0M

T
xx⊥wH0 →p Σxx⊥0

[g.ii] T−1π′MT
xx⊥wπ̃ = Op(1)

[g.iii] π′MT
xx⊥wH0 = Op(1)

[h.i] T 1/2H ′
0PT →d N

(

0, limT→∞ var(T−1/2
∑

(x0t − Σx0Σ
−1
00 w0t)(εt+1 − x′0tΣ

−1
xx⊥0σxε⊥0)

)

[h.ii] π′PT = Op(1)

Proof of Lemma A1. I omit proofs of parts [a.i]-[e.iii], which are straightforward from

Assumption 1 and presented for easy reference in proofs of the subsequent parts. Parts

[f.i] and [g.i] follow directly from parts [a.i], [b.i], and [c.i] and parts [a.i], [d.i], and [e.i]

respectively.

The moment in part [f.ii] is π′MT
xε − π′MT

xw(M
T
ww)

−1MT
wε, where the first term is Op(1)

from part [c.ii]. The second term may be written as

π′MT
xw(M

T
ww)

−1MT
wε = T 1/2

[

π′Mxw̟
−1/2
T

] [

T̟
−1/2
T MT

ww̟
−1/2
T

]−1 [

T 1/2̟
−1/2
T Mwε

]

= T 1/2

[

Op(T
−1/2)

Op(1)

]′ [

Op(1) Op(T
−1/2)

Op(T
−1/2) Op(1)

][

Op(1)

Op(T
−1/2)

]
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from parts [a.i], [b.i], and [d.ii]. The result follows from matrix multiplication.

The proofs of parts [g.ii] and [giii] are similar, using parts [a.i], [dii], and [e.ii] and parts

[a.i], [di], [dii], and [e.iii] respectively.

For parts [h.i] and [h.ii], note that PT = MT
xε⊥w −MT

xx⊥wH0Σ
−1
xx⊥0σxε⊥0 +O(T−1) from

the minimum MSFE parameter vector in Lemma 3. Up to the negligible term, T 1/2H ′
0PT

may be written as

T 1/2(H ′

0M
T
xε −H ′

0M
T
xxH0Σ

−1
xx⊥0σxε⊥0)− T 1/2H ′

0M
T
xw(M

T
ww)

−1(MT
wε −MT

wxH0Σ
−1
xx⊥0σxε⊥0)

by expanding MT
xε⊥w and MT

xx⊥w and rearranging terms. This expression may be rewritten

as

T−1/2
∑

x0t(εt+1 − x′0tΣ
−1
xx⊥0σxε⊥0)− (H ′

0M
T
xw̟

−1/2
T T 1/2)

× (T̟
−1/2
T MT

ww̟
−1/2
T )−1̟

−1/2
T

∑

wt(εt+1 − x′0tΣ
−1
xx⊥0σxε⊥0)

which is

T−1/2
∑

(x0t − Σx0Σ
−1
00 w0t)(εt+1 − x′0tΣ

−1
xx⊥0σxε⊥0) +Op(T

−1/2)

from parts [a.i], [b.ii], [d.i]. The limiting normal result for part [h.i] follows from the CLT

for covariances in Assumption 1, because (x0t − Σx0Σ
−1
00 w0t) is uncorrelated with (εt+1 −

x′0tΣ
−1
xx⊥0σxε⊥0).

Finally, premultiplying PT by π′ and using parts [f.ii] and [g.ii] yields the result for part

[h.ii]. �

Proof of Lemma 1. The MSFE from a forecast using model (2) is given by

E(E(εT+1 − x1:p′T (αm − α)− w′

T (γm − γ))|FT )
2.

Expanding the square, taking the derivative with respect to the two parameter vectors α

and γ, setting the derivative equal to zero, and solving for αm yields αm = α+B−1C where

B = E[x1:pT x1:p′T ]−E[x1:pT w′

T ]E[wTw
′

T ]
−1E[wTx

1:p′
T ], and

C = E[x1:pT εT+1]−E[x1:pT w′

T ]E[wTw
′

T ]
−1E[wT εT+1].

Clearly, E[x1:pT x1:p′T ] = Σxx and E[x1:pT εT+1] = σxε since both series are I(0).

Rewrite the second term of B as

E[x1:pT w′

T ]̟
−1/2
T T 1/2

(

T̟
−1/2
T E[wTw

′

T ]̟
−1/2
T

)−1
T 1/2̟

−1/2
T E[wTx

1:p′
T ]
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using ̟T defined prior to Lemma A1. Now, E[x1:pT w′

T ]̟
−1/2
T T 1/2 = (Σx0, T

−1/2∆x1, 0),

where ∆x1 =
∑

∞

k=0E[x1:pt △w′

1,t−k]. Along the same lines, T 1/2̟
−1/2
T E[wT εT+1] = (σε0, T

−1/2δε1, 0)
′,

where δε1 =
∑

∞

k=0E[εt+1△w′

1,t−k].

The more complicated factor T̟
−1/2
T E[wTw

′

T ]̟
−1/2
T is equal to







Σ00 T−1/2∆01 0

T−1/2∆′
01 Ω11 0

0 0 T−2δw2tw
′
2t






,

where ∆01 =
∑

∞

k=0E[w0t△w′

1,t−k] and Ω11 =
∑

∞

k=∞
E[△w1t△w′

1,t−k]. Some algebra shows

that its inverse is equal to







Σ−1
00 +O(T−1) −T−1/2Σ−1

00 ∆01Ω
−1
11 +O(T−3/2) 0

−T−1/2Ω−1
11 ∆

′
01Σ

−1
00 +O(T−3/2) Ω−1

11 +O(T−1) 0

0 0 (T−2δw2tw
′
2t)

−1






,

(A.1)

and the stated result follows from multiplying out the expressions for B and C. �

Proof of Theorem 2. Consider the common null of tests τ1 and τ2 that πm is known. If

this null is true, then πm = π0 so that QT (π0) is identically zero and Υ′(I−AT )PT remains

in (9). The results of Lemma A1 used for the I(1) case in Section 3.2 may be employed by

letting H0 = I but maintaining the definition of Σxx, etc. for the I(0) case from Section

3.1. Consequently,

AT →p Σxx⊥0π0
(

π′

0Σxx⊥0π0
)−1

π′

0 = A,

follows from parts [f.i] and [g.i] of the lemma, and T 1/2PT →d Ω
1/2
P N (0, Ip) follows from

part [h.i]. The limiting variance

ΩP = limT→∞ var(T−1/2
∑

(xt − Σx0Σ
−1
00 w0t)(εt+1 − x′tΣ

−1
xx⊥0σxε⊥0)

has full rank p unless the HF regressors are perfectly collinear and reflects the variance of

the sample covariance the part of (xt) orthogonal to the other I(0) regressor (w0t) with the

part of (εt+1) orthogonal to all of the I(0) regressors.

The limit of the expression in (9) inflated by T 1/2 is therefore given by

T−1/2
∑

Υ′x1:pt ε̂t+1 →d Υ′ (I −A) Ω
1/2
P N (0, Ip) ,

the variance of which has a rank of q. The rank follows because I − A is an orthogonal
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projection of Ω
1/2
P onto a (p− 1)-dimensional space. Υ has q + 1 columns, but since one of

them is π0 and π′
0(I −A) = 0, the rank is reduced to q as long as q ≤ p− 1.

Looking now at the inverse in (7), the limit of Υ′MT
xxΥ is clearly Υ′ΣxxΥ, which has a

full rank of q+1 and is therefore invertible. The whole expression for ϕ̂ in (7) therefore has

a limiting distribution given by

T 1/2ϕ̂ →d (Υ′ΣxxΥ)−1Υ′ (I −A) Ω
1/2
P N (0, Ip) ,

the variance of which has rank q. The limiting χ2
q distribution of the test statistic under the

null follows, because the test omits the first regressor, which corresponds to the direction

in which Υ′ (I −A) is already column rank deficient.

If one of the alternatives of τ1 and τ2 is true, then RT (π) →p Σxx⊥0(π − π0)βm by

Lemma A1[g.i]. The limit of (9) is given by

T−1
∑

Υ′x1:pt ε̂t+1 →p Υ
′(I −A)πmβm 6= 0,

which implies that ϕ̂ = Op(1) and the test statistic is therefore Op(T ).

Miller (2014) proves the limiting null distribution of the test statistic under the null of

τ3 under the assumption of no deterministic trends in (wt). As long as the coefficients on

those trends are not functions of β and π, they are estimated superconsistently in the first

step and do not change the limit in the second step. Consistency of the test follows from

T 1/2(α(θ̂)− αm) = Op(T
1/2) under the alternative, instead of asymptotic normality under

the null. �

Proof of Lemma 3. The proof follows from B and C defined in the proof of Lemma 1.

Using the notation H = (H0, H1) of Section 3.2,

E[x1:pT x1:p′T ] = H0Σ
−1
xxH

′

0 +O(T−1)

where the O(T−1) follows from the dependence of E[x21T ] = Tω2
z on the sample size. Similar

logic shows that E[x1:pT εT+1] = H0σxε +H1δεz. Moments involving (wt) are naturally more

complicated. Using ̟
−1/2
T defined previously,

E[x1:pT w′

T ]̟
−1/2
T T 1/2 = H

[

Σx0 T−1/2∆x1 0

δ′0z T 1/2ωz1 0

]
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and together with the expression for the inverse of T̟
−1/2
T E[wTw

′

T ]̟
−1/2
T in (A.1), some

algebra reveals that

B = H

[

Σxx⊥0 O(1)

O(1) O(T )

]

H ′ and B−1 = H ′

[

Σ−1
xx⊥0 0

0 0

]

H +O(T−1)

which is equal to H ′
0Σ

−1
xx⊥0H0 +O(T−1). Algebra along similar lines shows that

C = H0σxε⊥0 +H1((δεz − δ′0zΣ
−1
00 σ0ε) + ωz1Ω

−1
11 (δ

′

ε1 −∆′

01Σ
−1
00 σ0ε)) +O(T−1).

Finally, postmultiplying B−1 by C and using the facts that H ′
0H0 = I and H ′

0H1 = 0 yields

the stated result. �

Proof of Theorem 4. The limiting distribution of the test statistic under the common

null of τ1 and τ2 is more complicated when (xt−i/m) is I(1) and x1:pt is a vector of cointegrated

predictors in the forecasting model. As introduced previously, the columns of H0 describe

p − 1 cointegrating relationships of x1:pt and H1 is a vector that describes the stochastic

trend direction, where H = (H0, H1) is an orthogonal matrix.

Of course, Υ′x1:pt is itself a (q + 1)-vector of cointegrated regressors with one stochastic

trend in the ancillary regression. Similarly, define the (q + 1) × (q + 1) orthogonal matrix

Hq = (Hq
0 , H

q
1). Because the series (x1:pt ) has only a single stochastic trend and unit

cointegrating coefficients and because the columns of Υ sum to one, Υ′H1 = ιqc where ιq is

a q-vector of ones and cp is a scalar that depends on p. Further, because (Υ′x1:pt ) has only

a single stochastic trend and unit cointegrating coefficients, Hq′
0 Υ

′H1 = Hq′
0 ιqc = 0. Thus,

Hq′
0 Υ

′x1:pt = (Hq′
0 Υ

′H0)H
′
0x

1:p
t , where H ′

0x
1:p
t = x0t is defined above.

Let υT be a (q+1)×(q+1) diagonal normalization matrix with T in the first q diagonals

and T 2 in the last. Some manipulations of the LS estimator in (7) allow

υ
1/2
T Hq′ϕ̂ = (Tυ

−1/2
T Hq′Υ′MT

xxΥHqυ
−1/2
T )−1Hq′Υ′H

[

T−1/2H ′
0

∑

x1:pt ε̂t+1

T−1H ′
1

∑

x1:pt ε̂t+1

]

(A.2)

and

Tυ
−1/2
T Hq′Υ′MT

xxΥHqυ
−1/2
T →d

[

Hq′
0 Υ

′H0ΣxxH
′
0ΥHq

0 0

0 Op(1)

]

holds for the expression in the inverse in (A.2) from parts [e.i]-[e.iii] of Lemma A1. The top

block is a q × q matrix with full rank.

Suppose that the null common to τ1 and τ2 holds, so that RT (πm) = 0. The factor in
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square brackets in (A.2) may be expanded as

[

T 1/2H ′
0(I −AT )PT

H ′
1(I −AT )PT

]

→d

[

Ω
1/2
P N (0, Ip−1)

Op(1)

]

(A.3)

using (9), where

ΩP = lim
T→∞

var(T−1/2
∑

(x0t − Σx0Σ
−1
00 w0t)(εt+1 − x′0tΣ

−1
xx⊥0σxε⊥0))

similarly to the proof of Theorem 2. To obtain the result in (A.3), first note that the limiting

distribution T 1/2H ′
0PT →d Ω

1/2
P N (0, Ip−1) is given in Lemma A1[h.i]. Write

T 1/2H ′

0ATPT = T−1/2H ′

0M
T
xx⊥wπ0

(

T−1π′

0M
T
xx⊥wπ0

)−1
π′

0PT ,

and use parts [g.ii], [g.iii], and [h.ii] of Lemma A1 to see that the remainder in the top part

of (A.3) is Op(T
−1/2). Looking at the bottom part of (A.3), H ′

1PT = Op(1) by Lemma

A1[h.ii], write

H ′

1ATPT = T−1H ′

1M
T
xx⊥wπ0

(

T−1π′

0M
T
xx⊥wπ0

)−1
π′

0PT

and then use parts [g.ii] (twice) and [g.iii] to see that this expression is also Op(1).

Since υ
1/2
T Hq′ϕ̂ = Op(1), it follows that T

1/2ϕ̂ = Hq
0(T

1/2Hq′
0 ϕ̂)+T−1/2Hq

1(TH
q′
1 ϕ̂), the

second term of which has just been shown to be Op(T
−1/2). Thus, the limiting distribution

of the estimator is given by

T 1/2ϕ̂ →d Hq
0(H

q′
0 Υ

′H0ΣxxH
′

0ΥHq
0)

−1Hq′
0 Υ

′H0Ω
1/2
P N (0, Ip−1) ,

the variance of which is (q + 1)× (q + 1) with a rank of q as long as q ≤ p− 1.

A test that all but the first coefficient are zero does not have a χ2 limiting distribu-

tion, because, although omitting this coefficient remedies the rank deficiency, the variance

estimator in the test is inconsistent without knowing Hq′
0 Υ

′H0.

Now, suppose the alternative holds. RT (πm) is not zero, and the square bracketed factor

in (A.2) contains an additional term with RT (πm) in place of PT . Because (I−AT )RT (πm) =

(I −AT )M
T
xx⊥wπmβm and βm 6= 0, it is sufficient to show that

[

T 1/2H ′
0(I −AT )M

T
xx⊥wπm

H ′
1(I −AT )M

T
xx⊥wπm

]

=

[

Op(T
1/2)

Op(T )

]

,

which follows by rewriting as above and repeatedly using parts [g.ii] and [g.iii] of Lemma
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A1. As a result, ϕ̂ = Hq
0H

q′
0 ϕ̂+Hq

1H
q′
1 ϕ̂ = Op(1) and the test is consistent.

Finally, since Miller (2014) proves the case of τ3 with no deterministic trends in (wt), I

omit the proof here. �

Proof of Theorem 5. The LS estimator of ϕ in (11) may be rotated, rescaled, and

written as

T−ǫυ
1/2
T Hq′ϕ̂ = (Tυ

−1/2
T Hq′Υ′MT

xxΥHqυ
−1/2
T )−1Hq′Υ′H

[

T 1/2−ǫH ′
0

∑

x1:pt ε̂∗t+1

T−ǫH ′
1

∑

x1:pt ε̂∗t+1

]

similarly to (A.2). Under any of the nulls,

T 1/2−ǫϕ̂ = (Υ′MT
xxΥ)−1Υ′

[

T−1/2
∑

x1:pt ut

]

+ op(1)

in the purely I(0) case and

T 1/2−ǫϕ̂ = Hq
0(H

q′
0 Υ

′MT
xxΥHq

0)
−1Hq′

0 Υ
′H0

[

T−1/2H ′

0

∑

x1:pt ut

]

+ op(1)

in the I(1) case along the lines of the proof of Theorem 4. As long as ǫ ≤ 1/2, T 1/2−ǫϕ̂

clearly converges to a normal in both cases, where the limiting variance is (Υ′ΣxxΥ)−1σ2
u

in the I(0) case or Hq
0(H

q′
0 Υ

′MT
xxΥHq

0)
−1σ2

u in the I(1) case. The limiting χ2
q distribution

follows from cancellation of T−ǫ in the respective variance estimators. The result under the

alternatives follows as in Theorems 2 and 4. �
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