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/'%2):( (.$( .!<;%.! 2 ;$&)-" ;.!< 2 )-:'%$;% )- '%;/!-;% (! %I!"%-!<; B *$-2$(%2 '%2<:()!-; )-

1$*) B ;)K% =%:$<;% 1%#%' *!<(.; (! 1%%2 1'%%; </ '%;!<':%; (.$( :$- =% ;$&%2+ C.% .!<;%.! 2

;$&)-" '$(% $ ;! ;.!< 2 2%/%-2 !- (.% /'!/!'()!- !1 (.% #!'H)-" $"% /!/< $()!- ;)*/ B (.'!<".

:.$-"%; )- (.% :!*/!;)()!- 9!' ;.$'%@ !1  )1%0:B: % ;$&%';+ L!!H)-" $.%$23 1%#%' :.) 2'%- (!2$B

*%$-; (.%'% #)  =% 1%#%' #!'H%'; )- (.% 1<(<'% (! /'!&)2% ! 2 $"% ;<//!'(3 ;! (.% :<''%-( #!'H)-"

$"% :!.!'( -%%2; (! ;$&% *!'% 1!' '%()'%*%-( -!#+ D)-$  B3 #% %I/%:( .)".%' #$"% "'!#(. (!  !#%'

(.% ;$&)-" '$(%+ M% <;% (.%;% !=;%'&$()!-; (! )-1!'* (.% ;/%:)N:$()!- !1 (.% OLP *!2% 3 (! #.):.

#% -!# (<'-+

 !"#$%&''()* +#)#$&,(-). /-0#%

C.); ;%:()!- /'%;%-(; (.% *!2% <;%2 )- (.% Q<$-()($()&% $-$ B;);+ ,( ); $ /$'()$ %Q<) )=')<* OLP

*!2% #)(. GG "%-%'$()!-; !1 2%:);)!- *$H)-" $"%-(;+ R '%/'%;%-($()&% N'* %*/ !B; $  #!'H)-"

$"% $"%-(; $-2 /$B; (.%* (.% *$'H%( #$"%3 #.):. ); ")&%- =B (.% *$'")-$ /'!2<:( !1  $=!'+ R

-$()!-$ N-$-:)$ )-(%'*%2)$'B =$-H : %$'; %I:%;; ;<// B !' 2%*$-2 1!' :$/)($ !- $- 9<-*!2% %2@

)-(%'-$()!-$ *$'H%(+ S%'1%:( 1!'%;)".( $"%-(; !=;%'&% $-2 ($H% :<''%-( $-2 1<(<'% !=;%'&$()!-;

!- (.% $"% 2);(')=<()!-3 #$"%;3 $-2 )-(%'%;( '$(%; $; ")&%-+ R 2);()-"<);.)-" 1%$(<'% !1 (.% *!2% 

); (.$( 2%/%-2%-( :.) 2'%-T; :!-;<*/()!- %-(%'; ;%/$'$(% B )-(! .!<;%.! 2 <() )(B $; )- U$''! $-2

U%:H%' 94585@+

 !" #$%&'()*&

S%!/ %  )&% 86 /%')!2; !' B%$';+ R( $-B /!)-( )- ()*%3 86 "%-%'$()!-; $'% /'%;%-( =<( !- B (.!;%

$"%2 EF (! 86 *$H% 2%:);)!-;+ R  $"%-(; !1 (.% ;$*% $"% $'% )2%-():$ + M% : $;;)1B (.% /!/< $()!-

)-(! V -!( -%:%;;$') B 2);W!)-( "'!</;X :.) 2'%- 9$"% F (! 45@Y #!'H%'; 9$"% EF (! GA@Y /$'%-(; !1

2%/%-2%-( :.) 2'%- 9$"% EF (! V5@Y $-2 '%()'%%; 9$"% GV (! 86@+ L%( N c
t ,N

w
t , Np

t , $-2 Nr
t =% (.%

-<*=%' !1 /%!/ % )- (.%;% '%;/%:()&% "'!</; $( ()*% t+ D!' (.% N';( 45 B%$';3 /%!/ %  )&% $; :.) 2'%-

$-2 $'% 2%/%-2%-( </!- (.%)' /$'%-(;+ C.%B 2! -!( ;$&% $-2 :!-;<*% #.$( (.%)' /$'%-(; :.!!;%

1!' (.%*+ S$'%-($ $-2 :.) 2'%-T; :!-;<*/()!- %-(%' ;%/$'$(% B )-(! .!<;%.! 2 <() )(B+

S%!/ % #!'H $-2 %$'-  $=!' )-:!*% 1'!* $"%; EF (! GA+ D'!* $"% 6F (! GA :!-;<*%'; :!-()-<%

(! #!'H3 =<( 2! -!( .$&% :.) 2'%-  )&)-" $( .!*%+ ?<')-" '%()'%*%-(3 /%!/ %  )&% !J !1 (.%)'

$::<*< $(%2 $;;%(; $-2 ('$-;1%'; '%:%)&%2 1'!* (.%)' #!'H)-" $2< ( :.) 2'%- 9*!2% %2 $ /$B0$;0

8



 !"#$! %&'()!' (*+&,&-. /&!%0& 1)& 2)3+ *&435)'3 53 5$& 67. 8' 3+& 05(3  &54 !9 0)9&: "3)0)3 1&%&'1(

!'0 !' *!'(",%3)!' )' 3+53  &54.

 

 !"!" #$%&'( )*+,(-./+(,

;&3 ct,j <& 3+&  &54 t *!'(",%3)!' !9 5' )'1)=)1"50 2)3+ 1&*)()!'#,5>)'$ 5$& j ∈ [0, 65]: 2+&4&

1&*)()!'#,5>)'$ 5$& j = 0 *!44&(%!'1( 3! 4&50#0)9& 5$& ?@. A+&' j ∈ [0, 29]: 3+& +!"(&+!01 )'*0"1&(

nt = N c
t /N

p
t 1&%&'1&'3 *+)014&': &5*+ !9 2+!, *!'(",& cct,j .

!"

B"4)'$ 3+& %54&'3)'$  &54(: 5$&'3(

*+!!(& 3+&)4 !2' *!'(",%3)!' ct,j : 3+&)4 1&%&'1&'3 *+)014&'C( *!'(",%3)!' cct,j : 5'1 5((&3( at+1,j+1

3! 35>& )'3! 3+& '&D3 %&4)!1. A& 4&E")4& 5((&3 +!01)'$( 3! <& '!' '&$53)=& F*!'(",&4( 54& '!3

500!2&1 3! <!44!2-. G$&'3( 35>& 3+& $4!(( 4&3"4' !' (5=)'$( 1+ rt 5( $)=&'. A!4>)'$ 5$&'3( $)=& 5

945*3)!' τ !9 3+&)4 05<!4 )'*!,& wt 3! ("%%!43 *"44&'3 4&3)4&&(. H+& I!2 F%&4)!1#< #%&4)!1- <"1$&3

*!'(345)'3( 9!4 +!"(&+!01( 2)3+ *+)014&' )(

ct,j = (1− τ)wt + (1 + rt) at,j − at+1,j+1 − ntc
c
t,j , j ∈ [0, 29]. FJ-

K+)014&' 0&5=& 3+& +!,& 2+&' %54&'3( 3"4' 7@ Fj = 30-. G$&'3( *!'3)'"& 2!4>)'$ "'3)0 5$& LM

Fj = 42-. H+& <"1$&3 *!'(345)'3( 9!4 3+&(& N&,%3 '&(3&4C 2!4>)'$ 5$&'3( 54&

ct,j = (1− τ)wt + (1 + rt) at,j − at+1,j+1, j ∈ [30, 42]. F?-

O&3)4&&( *!'(",& 94!, 3+&)4 5**","053&1 5((&3( 5'1 ("%%!43 94!, *"44&'3 2!4>&4(. H+& %&4 4&3)4&&

F%&'()!'- 345'(9&4 4&*&)=&1 )'  &54 t &E"50( Pt =
Nw

t

Nr
t

τwt. H+&(& 5$&'3( *!'(",& 500 4&,5)')'$ 5((&3(

5'1 1)& 53 5$& 67 Fj = 65-. H+& <"1$&3 *!'(345)'3( 9!4 4&3)4&&( 54&

ct,j = Pt + (1 + rt) at,j − at+1,j+1, j ∈ [43, 65]. FM-

A& *5' <&$)' 3! (&& +!2 3+& 1&,!$45%+)*( *!''&*3 3! (5=)'$ 3+4!"$+ 3+&(& <"1$&3 *!'(345)'3(.

P)4(3: 5 1&*0)'& )' 3+& '",<&4 !9 1&%&'1&'3( Fnt- 94&&( "% 4&(!"4*&( 9!4 (5=)'$ Fat+1,j+1- )' QE"53)!'

FJ-. R&*!'1: 5 054$& *!+!43 2)3+ 5$&( j ∈ [0, 42] )'*4&5(&( 3+& (5=)'$ 453& <&*5"(& *!'(",&4( &54'

)'*!,& 3! (5=& 1"4)'$ 3+&)4 2!4>)'$  &54(. P)'500 : 5 1&*0)')'$ ("%%!43 453)! F

Nw
t

Nr
t

- ,&5'( 3+&4& 2)00

<& 5 4&053)=&0 (,500 %&'()!' FPt =
Nw

t

Nr
t

τwt- 9!4 3+& *"44&'3 2!4>)'$ 5$& *!+!43 2+&' 3+& 4&3)4&.

8' QE"53)!' FM-: 3+& *!'(",&4( *5' !=&4*!,& 3+)( (+!439500 )' 4&3)4&,&'3 ("%%!43 < 5**","053)'$

5((&3(.

 

 ! !"#!$%&!'(!) *%(+ ,-$%-(%.'/ .0 (+! &.)!1 %'213)%'4 !%(+!$ -' !"#1%2%( 5!63!/( &.(%,! .$ -22%)!'(-1 5!63!/(/

)3! (. !-$17 )!-(+8 9+! /%&31-(%.' $!/31(/ *!$! /%&%1-$ (. (+! &.)!1 *%(+.3( 5!63!/(/ 5!2-3/! (+! /%:! .0 5!63!/(/

-$! 63-'(%(-(%,!17 /&-11 2.&#-$!) (. *.$;!$/ *-4! %'2.&!8 9. &-%'(-%' /%&#1%2%(7 %' (+! &.)!1< *! #$.2!!) *%(+.3(

5!63!/(/8

!"

=,!' (+.34+ #-$!'(/ /3##.$( -') +-,! 2+%1)$!' %' (+!%$ 3(%1%(7 03'2(%.' 0.$ >? 7!-$/< 2+%1)$!' 1!-,! (+! +.3/!+.1)

-0(!$ -4! @A< '. 1.'4!$ $!2!%,! 2.'/3&#(%.' 0$.& (+!%$ #-$!'(/< -') /3##.$( (+!%$ .*' 2+%1)$!' 0.$ (+! '!"( >? 7!-$/8

S



 !"!# $%&'&%&()&*

 !" #!$%&#!'()% *+,# (&-&.(&., /#+'("&.0 *& $%& 1 21"+1,+!. !3 41""! 1.( 4&/5&" 67898: -"&3&"&./&%

+. *#+/# /!.%$;-,+!. !3 -1"&.,% 1.( /#+'("&. &.,&" %&-1"1,&'< +.,! #!$%&#!'( $,+'+,<= >#& -&"?

-&"+!( $,+'+,< 3$./,+!. 3!" 1 #!$%&#!'( #&1( !3 (&/+%+!.?;15+.@ 1@& j ∈ [0, 29] +. <&1" t +% @+2&.

A<

ut,j = µnη
t
(cct,j)

1−σ

1−σ +
c1−σ

t,j

1−σ , j ∈ [0, 29] .

B1"1;&,&" σ (&,&";+.&% ,#& &'1%,+/+,< !3 +.,&",&;-!"1' %$A%,+,$,+!.0 1.( -1"1;&,&"% µ < 1 1.(

η < 1 (&,&";+.& ,#& *&+@#, -1"&.,% -$, !. ,#&+" /#+'("&.)% /!.%$;-,+!.= >#& .$;A&" !3 /#+'("&.

nt +% &C-"&%%&( !. 1 -&"?-&"%!. A1%+%D #!$%&#!'(% /1. A& +.,&"-"&,&( 1% %+.@'&?-1"&., 31;+'+&%=

4&@+..+.@ 1, 1@& EF0 +.(+2+($1'% .! '!.@&" %$--!", /#+'("&. 1.( #12& ,#& G!* $,+'+,< 3$./,+!.

ut,j =
c1−σ

t,j

1−σ , j ∈ [30, 65] .

H IF <&1" !'( 1@&., +. <&1" t /#!!%&% 1 %&J$&./& !3 /!.%$;-,+!.0 /!.%$;-,+!. 3!" /#+'("&.0 1.(

1%%&, #!'(+.@% %$AK&/, ,! ,#& A$(@&, /!.%,"1+.,% @+2&. +. LJ$1,+!.% 67: ? 6M: +. !"(&" ,! ;1C+;+N&

'+3&,+;& $,+'+,<0

Ut =

29∑

j=0

βj

(

µ (nt+j)
η

((
cct+j,j

)1−σ

1− σ

)

+

(

c1−σ
t+j,j

1− σ

))

6O:

+

65∑

j=30

βj

(

c1−σ
t+j,j

1− σ

)

,

*#&"& β ∈ (0, 1) +% ,#& %$AK&/,+2& (+%/!$., 31/,!"= H@&.,% ;15& (&/+%+!.% ,15+.@ ,#& ,+;& %&"+&%

!3 +.,&"&%, "1,&% 6rt:0 *1@&% 6wt:0 1.( -&.%+!. %$--!", 6Pt: 1% @+2&.=
  

H@&.,% 1'%! ,15& ,#&

-1"1;&,&"% 6β0 η, µ, σ, τ: 1.( ,#& /$""&., 1.( 3$,$"& (&;!@"1-#+/ %,"$/,$"& 1.( 31;+'< %+N& 6nt:

1% 5.!*. 1.( &C!@&.!$%'< @+2&.= >#& %,"!.@ 3&",+'+,< "&%-!.%& ,! ,#& !.&?/#+'( -!'+/< -"!2+(&%

K$%,+P/1,+!. 3!" ,#+% 1%%$;-,+!.=

Q& 1"& -"+;1"+'< +.,&"&%,&( +. $.(&"%,1.(+.@ ,#& "&'1,+!.%#+- A&,*&&. ,#& (&;!@"1-#+/ %,"$/?

,$"& 1.( #!$%&#!'( %12+.@ A&#12+!"= >#& 3!''!*+.@ -"!-!%+,+!. #&'-% ,! %#!* *#< 31;+'< %+N&

1R&/,% %12+.@ ,#"!$@# ,#& 41""! 1.( 4&/5&" -"&3&"&./&%=

BSTBTUV>VTW 7  !"#$%&'# (&)$*+,% -.%#/0 1#% c̄t,j 2#,*%# %*%.3 4*+)#4*32 $*,)+56%&*, 78 6.9:

#,%) .,2 %4#&9 $4&329#,; c̄t,j = ntc
c
t,j + ct,j< =4#,; %4# 3&>#%&5# +%&3&%8 >+,$%&*, >*9 ., &,2&'&2+.3 .%

.?# @A $., 7# 9#B9&%%#, .)

Ut =

29∑

j=0

β̂t+j,j

c̄1−σ
t+j,j

1− σ
+

65∑

j=30

βj
c1−σ
t+j,j

1− σ
,

B4#9# %4# #"#$%&'# 2&)$*+,% 9.%#

  

 !"#" $%&'%()"# %&" *%&+'%)), -"+"&.'/"- (, "01')'(&'1. 23/-'+'3/# '/ 23/41/2+'3/ 5'+! +!" *&3-12+'3/ #'-" 36

+!" "23/3., -"#2&'("- (")357

7F



β̂t,j = βj

(

1 +
[

µnη+σ−1

t

]1/σ
)σ

,  !"

 !  "#$%&! "'  " nt  ( η + σ > 1.

#$%&%'()(%* + ,-&.%()' )/, 01.,$ ,213)(%* 4%$ )/, &3$,*) 5 6/(.7 6%*'18&)(%* 6/%(6, )% $,9$(),

)/, /%1',/%.7:' .(4,)(8, 1)(.(); 41*6)(%* )% .%%< 8%$, .(<, )/, ')3*73$7 8%7,. 9()/ *% 6/(.7$,*= >/,

7(?,$,*6, (' )/3) )/, ,?,6)(@, 7('6%1*) $3),  β̂" 7,&,*7' %* )/, *18A,$ %4 7,&,*7,*) 6/(.7$,* &,$

9%$<,$  n"= B%),C (4 nt = 0 %$ µ = 0C )/,* β̂t,j = βj
= D* %1$ A,*6/83$< '(81.3)(%* A,.%9C /%9,@,$C

3E,*)' 3E,7 FGHIJ /3@, 3*7 '1&&%$) 6/(.7$,* 9()/ η + σ ,-6,,7(*E %*,= >/,$,4%$,C 366%$7(*E )%

#$%&%'()(%* +C )/, ,?,6)(@, 7('6%1*) $3), (*6$,3',' 9()/ 438(.; '(K, 9/(6/ 83<,' )/, /%1',/%.7

9()/ 8%$, 6/(.7$,* 36) 3' (4 () (' .,'' &3)(,*)= L%*'(7,$ )9% /%1',/%.7 /,37'C A 3*7 BC %4 )/, '38,

3E,M A /3' 83*; 6/(.7$,* 3*7 7('6%1*)' 61$$,*) 1)(.(); 9()/ β̂A
t 9/(., B /3' 4,9,$ 6/(.7$,* 3*7

)/,$,4%$, 7('6%1*)' 9()/ β̂B
t < ˆβA

t . N(*6, A &.36,' 8%$, 9,(E/) %* 6%*'18&)(%*  1)(.();" (* )/,

&3$,*)(*E ;,3$' )/3* B  B &.36,' $,.3)(@,.; 8%$, 9,(E/) %* $,)($,8,*) 6%*'18&)(%*"C A 9(.. '3@,

.,'' 4%$ $,)($,8,*) )/3* B=

 !

>/1'C 438(.; '(K, 3?,6)' '3@(*E A; 3.),$(*E )/, /%1',/%.7' ,?,6)(@,

7('6%1*) $3),=

 "

B,-)C 9, 6%8&.,), )/, 8%7,. A; &$,',*)(*E 7,)3(.' %* )/, O$8 3*7 )/, *3)(%*3.

A3*<=

 !" #$% &'()* +, -,.%()%/'+(0 1+,2* +,/ 345'6'7('5)

P, &$%@(7, 7,)3(.' %* )/, O$8 3*7 )/, A3*< /,$, 4%$ )/, '3<, %4 6%8&.,),*,''= P, 1', 3 '(8&.,

8%7,. %4 &$%716)(%* )% 63.61.3), )/, )(8, ',$(,' %4 (*),$,') $3),'  r"C 93E,'  w"C 3*7 &,*'(%*

'1&&%$)  P " 436,7 A; /%1',/%.7'= Q $,&$,',*)3)(@, O$8 9()/ L%AAHR%1E.3' ),6/*%.%E; (* 63&()3.

K 3*7 .3A%$ N &$%716,' %1)&1) Y C

Yt = AtK
α
t N

1−α
t ,  S"

9/,$, A (' )%)3. 436)%$ &$%716)(@();C 3*7 α (' )/, 63&()3. '/3$,= >/, O$8 83-(8(K,' &$%O)' A;

/($(*E 9%$<,$' 3) 93E, w 3*7 $,*)(*E 63&()3. 3) &$(6, r ,36/ &,$(%7= >/, O$8 )3<,' &$(6,' 3' E(@,*

3*7 $,)3(*' 3.. ,3$*(*E'=

Q *3)(%*3. (*),$8,7(3$; A3*< O*3*6,' )/, 63&()3. ')%6< )/$%1E/ 7%8,')(6 3*7 4%$,(E* A%$$%9H

(*E= T,) Ft A, )/, *18A,$ %4 (*),$*3)(%*3..; )$37,7 A%*7' /,.7 A; )/, A3*< 3*7 Nt,j A, )/,

*18A,$ %4 &,%&., %4 7,6('(%*H83<(*E 3E, j (* ;,3$ t= >/, *,) 4%$,(E* 3'',) &%'()(%* 7,&,*7' %*

)/, 7(?,$,*6, A,)9,,* 7,&%'()'  3'',)' '1&&.(,7 A; 6%*'18,$'" 3*7 .%3*'  63&()3. 7,83*7,7 A;

 !

 !"# #!$ %&'()*$+, B, -.#! #!$ /&-$+ $0$%#.1$ 2.(%&)'# +"#$ +"#$ ("1$( *&+$ *"3 ($$* %&)'#$+4.'#).#.1$5 6&#$,

#!&)7!, !&)($!&/2 !$"2 B 8)#( +$/"#.1$/3 *&+$ -$.7!# &' 9)#)+$ %&'()*8#.&' #!"' A 2&$( :$%")($ :&#! A "'2 B

!"1$ 2.(%&)'# +"#$ β )8&' #)+'.'7 ;<5
 "

=!&. $# "/5 >?<<@A (!&- #!"# 1"+."#.&' .' #!$ #.*$ 2.(%&)'# +"#$ >βA "%+&(( %&)'#+.$( %"' $B8/".' #!$ #+$'2.'7

%)++$'# "%%&)'#( .' C"8"' "'2 #!$ DE5 F)+ *&2$/ .( %&'(.(#$'# -.#! #!$ =!&. $# "/5 !38&#!$(.(, .' #!"# 2.0$+$'#

"7$ (#+)%#)+$( 7$'$+"#$ 2.0$+$'# #.*$ 2.(%&)'# 9"%#&+(5

++



 !" #$%&'

Ft =

65∑

j=0

(Nt,jat,j)

︸ ︷︷ ︸

 !"#$%&$

− Kt
︸︷︷︸

.

'#()$

()&

*!+,-".  /  !" 0, "$%"10+$23. 4/$"0-, +.." 5/.0 0/, 1/ ,/ 6/$$".5/,1  /  !" +6 7+8 67$$", +66/7, 

9"6+7."  !" %/1"8 /,82 6/,.01"$. !/7."!/81 .+:0,-;

<=70809$07% 6/,.0. . /4  !" #$% !0$0,- 8+9/$ +,1 $", 0,- 6+50 +8  / %+>0%0?" 5$/# . +,1 "+6!

6/,.7%"$ ."8"6 0,- 6/,.7%5 0/, +,1 +.." .  / %+>0%0?" 7 080 2; @/$A0,- +-" 6/,.7%"$. (Nw
&

.75582 8+9/$ 0,"8+. 06+882; B!"$"4/$"'  !" +-" 10. $097 0/, ">/-",/7.82 1" "$%0,".  !" 8+9/$ .75582

Nt = Nw
t ; B!" C+-" (w& "=7+8.  !" %+$-0,+8 5$/176 /4 8+9/$'

wt = (1− α)
Yt

Nw
t

, (D&

+,1  !" $", +8 $+ " (r& "=7+8.  !" %+$-0,+8 5$/176 /4 6+50 +8 8"..  !" 1"5$"60+ 0/, $+ " (δ&'

rt = α

(
Yt

Kt

)

− δ. (E&

B!" #$% +1F7. . 0 . 6+50 +8 . /6A  / .+ 0.42 <=7+ 0/, (E&  / "=7+80 2; B!" ,+ 0/,+8 1"%+,1 +,1

.75582 /4 +.." . ,""1 ,/ 9" "=7+8 .0,6"  !" 9+,A 68"+$. +,2 ">6".. /,  !" 0, "$,+ 0/,+8 6+50 +8

%+$A" ;

 !"#"$%&%#'("&')*

*!0,+ 0. +, "6/,/%2 0,  $+,.0 0/,; G7$ 5+$+%" "$0?+ 0/, +66/7, . 4/$  !"  $+,.0 0/,+8 ,+ 7$" /4

8+9/$3. 0,6/%" .!+$" (1− α); H0$. '  !" .!+$" !+. 1"680,"1 /:"$  0%"' +,1 ."6/,1' 0, $"6", 2"+$.

0 !+. 9"", 6/%5+$+ 0:"82 8/C; I7 +,1 J+!,3. (KEE)& ". 0%+ " /4 8+9/$3. .!+$" 17$0,-  !" 5/. L

$"4/$% "$+ (5/. KE)D& 0. M;N' .79. +, 0+882 8/C"$  !+,  !" M;OO .!+$" 0,  !" PQ; I.0"! +,1 J8",/C
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