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Abstract

In this paper we analyze the effect of the proportional profit-sharing rule on
mvestment and consumption decisions in a two-period economy. We provide a
particular example of an intertemporal consumption model with k > 2 agents in
which they have the opportunity to invest in a project, the profit from which is
shared by all the agents according to their percentage participation. We show that
the equilibrium investment is unique and in pure strategies but not Pareto

efficient.
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1. Introduction

The proportional profit-sharing rule, according to which the participants in
a particular project share its profits in proportion to their individual contribu-
tion, is commonly used in practice in different contexts such as financial and
productive investments (not only investments where participants sign an equity
partnership contract, but also strategic alliances between firms, proportional-
prize contests or contests between groups in which the winning group split the
prize among its members?!).

Under this proportional profit-sharing rule, not only does each participant’s
profitability from the project depend on their own contribution, but also on
the contribution of the other participants. Note that given the total profit
of the project and the contribution of a particular participant, the higher the
contribution of another participant, the smaller the percentage contribution
of the former and the smaller his profitability. This makes the contribution
behavior strategic.

Some papers have analyzed the effects of this proportional profit-sharing rule
in contest situations (see Dechenaux et al., 2015) and in the context of strategic
alliances between firms (see for example Amaldoss et al., 2000, Huang et al.,
2015 and Gallini, 2014). However, to the best of our knowledge, it has not been
analyzed by the consumption-investment literature. In this sense, the present
note modestly starts to close this gap by theoretically analyzing the strategic
aspect of the proportional profit-sharing rule in an intertemporal consumption
model a la Fisher (1930)? applying a game-theoretic approach.

In particular, in the example considered, k > 2 agents have to decide how
much to consume in a two-period economy, where they have the opportunity to
invest in a project which will obtain a profit R in the last period. This profit will
be shared by all the investors according to their contribution (in accordance with

the proportional profit-sharing rule). Each agent decides non-cooperatively how

1See Dechenaux et al. (2015).
2Recently shown to be consistent with experimental data by Stahl (2013).
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much to invest in the project taking into account the fact that the other agents
may also invest in the project but without knowing their investment decisions.

Under some assumptions (in particular, the project’s profit, R, is given ex-
ogenously and commonly known among all the agents?) it is shown that the
model has a unique Nash equilibrium investment in pure strategies which is
Pareto inefficient. That is to say, all the agents would be better off choosing
their investments cooperatively because they all know the exogenous project’s

profit; their incentives to deviate from such a situation, however, are very strong.

2. The Model

Consider a finite number k of agents, where k > 2, living in a two-period
(t = 0,1) economy who have to decide how much to spend on present and future
consumption (c? and c} respectively, where ¢ = 1, ..., k), and how much to invest
in a project which will obtain a profit R (given exogenously and commonly
known among all the agents) in period 1. The amount invested by each agent
is denoted by n; and the project’s profit R will be shared by all the agents
according to their percentage participation p;, where p; = n;/ (Zle n;). The
financial system in the economy allows the agents to lend and borrow money at
t = 0 at an interest rate r4.

Each agent’s preferences regarding present and future consumption are rep-
resented by the utility function u; (2, c}) = 2¢} and the (exogenous) incomes
of each agent in periods 0 and 1 are represented by m{ and m} respectively.

Hence the model is as follows: (1) at ¢ = 0 each agent ¢ decides how much to

consume, ¢Y, and chooses (non-cooperatively and without observing the invest-

ment of the other agents) how much money, n;, to invest in the project; and

3More research is needed relaxing these assumptions, although this example provides the
deterministic equilibrium solution for different scenarios when the project’s profit, R, is com-
monly known and, therefore, is a small step towards richer theoretical consumption-investment

models (in particular including uncertainty).
4Borrowing money to invest in the project at t = 0 is allowed
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(2) at t = 1 the project pays p; R to each agent ¢ and they decide how much to

consume in this period, c}.

3. Equilibrium

Let n* denote the formula:

R(k —1)
fE

n* =

The following theorem summarizes the main result of the model.

Theorem 1. There is a unique and symmetric Nash equilibrium in pure strate-

gies in which each agent decides to invest n* in the project.

Proof. Since the project’s profit at ¢ = 1, R, is commonly known by all the
agents, they first make their present and future consumption decisions antic-
ipating their payoffs from the investment at ¢ = 1, and decide how much to

invest in the project according to these optimum consumption decisions.

The consumption decisions are made by each agent ¢ maximizing their utility
function

0 1 01
ui(ci,ci):cici 1=1,...,k

subject to their intertemporal budget constraint, given by

(c?+ni)(1+r)+c}:m?(1+r)+(m%+piR)

Hence, it is straightforward to obtain the equilibrium consumptions. The equi-

librium consumption at ¢ = 0 is given by

(&) = (m§ —ni) (L47)+ (mj + piR)
¢ 2(1+r)

and the equilibrium consumption at t = 1,

m? —n; r m} 4 p;
(C%)*:( : )(1+2)+( 1 +piR) @




The equilibrium utilities for each agent are obtained by substituting (1) and

(2) in the utility functions u; (CQ cl) = ¢!, fori=1,...,k Let us define the

17 7 71)?

following family of functions, which we call equilibrium utility functions:

vi(ny, .. ong) = u((E)* (e)*) i=1,...,k
Hence,
m?—ni 1+7r)+ m%—l—piR 2
(N1, ..., ) = ( ) )+ ) (3)
4(1+r)
where n; > 0 for all : = 1,...,k and the point of origin is excluded.

70

Next, each agent chooses their investment n; in the project non-cooperatively,

trying to maximize their equilibrium utility function v; without observing the
investment of the other agents.

Before obtaining the reaction function for each agent 4, note that in equilib-

7 rium, given that R is commonly known, no agent is going to invest an amount

higher than or equal to the payoff they will obtain from this investment in

present value®. That is, in equilibrium

Pi
. R 4
nl<1—|—r (4)

The reaction function for agent ¢ is obtained by making the first derivative

of v; with respect to n; equal to zero, dv;(ni,...,ng)/0n; = 0, equivalently:

Zf#j i

2((mY —n)(1+7r) + (m! + pR)) (W

4(1+7r)

80 and solving for n;.

First consider the following lemma.

Lemma 2. The following expression

(md —n;)(1 +7) + (m; + p;R)

5This is straightforward to see from (3).



18 strictly positive.

Proof. Note that (4) is equivalent to n;(1+7) < p;R. Assume that n; (1 +r) =
p;R. Then,

(mj —=n)(1+7) + (mj +p:R) >
m?(l +7) —piR—i-m} +pR=
mY(1+7)+m} >0

85 D

Due to the above lemma, the reaction function for agent i (the value of n;

which solves (5)) is obtained by solving for n; in the following expression.

R—(1+7)=0

In particular,

: i i
n;— Y n (6)
1+Tj7éi ’ JFi ’

First let us show that the equilibrium is symmetric. Let n; be the reaction

o function of the f-agent. Then

R k k
n; = 11 ne—i—an —ng—an
J#i,Ll J#i,e

R R k k k
N RO ENFLORIED SUED i
1+7r “— 1474 , —
Jj#il J#L J#L Jj#il
k
147 ”Z+Z”J B
J#il
n; =ny

foreachi=1,...,0—1,4+1,...,k



95

100

105

Thus, due to

R & k
= D
J#L J#L
* R * *
Ny = 1+T(k— Dnj — (k= 1)ng
Therefore, the equilibrium investment for each £ = 1,. .., k is the solution of
the following equation:
R
kE*(n})? — ——(k—1)n} =0
(ng) 1+7‘( ng
which actually has two solutions, n; =0 and n; =n* forall { =1,...,k .

O

On the one hand, the fact that the equilibrium is symmetric among all the
agents makes sense, since they share the same utility function and the same
information. On the other hand, note that the net effect (in future value) of
investing n; in the project on each agent’s (present and future) equilibrium

consumption (see (1) and (2)) is

piR—(1+r)n; (7)

where the positive effect is given by the gross payoff obtained by each agent
from the investment project and the negative effect is due to the amount invested
in the project.

Since the agents know the profit of the investment project, R, and their
utilities are increasing in both present and future consumption, each agent will
choose to invest an amount that maximizes this investment’s net effect on his

consumption, given the amount invested by the other agents®. This is why the

6This ensures that (7) is greater than zero, that is to say, that the amount invested by each
agent in future value is covered by the gross payoff obtained from the project (or, equivalently,
that (4) is satisfied). Otherwise they would be better off reducing the amount invested in the

project.
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amount invested by each agent in equilibrium does not depend on (present and
future) exogenous incomes.

Nevertheless, consider a particular agent ¢. Note that the amount invested by
the other agents, > i > has a negative effect on agent i’s net payoff obtained
from the investment given by (7). For a relatively low investment by the other
agents, a particular agent tries to compensate for this negative effect by investing
an amount that is higher than the sum of the other investments and investing
more the higher this sum is in an attempt to increase his percentage contribution
in the project. However, for a relatively high investment of the other agents,
trying to compensate for this negative effect in this way is too costly in direct
consumption terms and the agent will invert his behavior and invest an amount
that is smaller than the sum of the other investments, and less the higher this
sum is. More precisely, for each agent i the relevant threshold to assess the
investment of the other agents and therefore each agent’s decision to invest
more or less is R* = R/(4(1 +1))".

When there are two agents (k = 2), this threshold considered by an agent
assessing his best response to the other agent’s investment is determined only
by the other agent’s investment (z:;C 2y = Ny = R*). Consequently, since
both agents consider the same threshold, the only stable situation is when both
agents invest exactly the amount defined by the threshold.

However, when there are three or more agents (k > 3), the threshold con-
sidered by a particular agent is the same, R*, but it represents the sum of
the other agents’ investments. Hence, a situation in which a particular agent
1 invests an amount n; = R* and the sum of the investments of all the other
agents is Zf# nj = R* is not stable® because Z;;i n; = R* implies that some
agent is investing a relatively small amount (in particular far smaller than R*)

and will have incentives to increase their investment in order to increase their

“Which is when each agent’s reaction function given by (6), concave relative to the sum of
the other investments Zf# nj, reaches a critical point.

8 Although n; = R* is the best response of agent i when E;;Z n; = R*.
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percentage participation in the project, thereby decreasing agent ¢’s percentage
participation and making his level of investment n; = R* too costly in direct
consumption terms. In consequence, agent 7 will reduce his investment and in
the only stable situation each agent will invest less than when there are two
agents interacting®.

Finally note that this equilibrium is not Pareto efficient. Given that the
profit of the investment project, R, is commonly known and it does not depend
on individual contributions, all agents would be better off if they cooperatively
decided to invest the same strictly positive amount but smaller than in equilib-
rium (the smaller the better) because they would have the same percentage par-
ticipation in the investment project as in equilibrium and, consequently, would
get the same payoff from it but they would have more money to consume (or
lend) at ¢ = 0 and obtain a higher utility. However, as explained above, when
each agent’s investment is that small, all agents have an incentive to deviate
and increase their investment in an attempt to increase their percentage contri-
bution in the project and obtain more from it. Although this “over-investment”
in equilibrium is inefficient with respect to the agents’ social welfare, it may
be beneficial for the project and/or the economy in general, generating a social

dilemma of the prisoners’ dilemma type.
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91n fact, it is easy to see that the individual investment in equilibrium is decreasing with

the number of agents k.
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