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Abstract

The English auction is susceptible to tacit collusion when post-
auction inter-bidder resale is allowed. We show this by constructing
a continuum of equilibria where, with positive probability, one bid-
der wins the auction without any competition and divides the spoils
by optimally reselling the good to the other bidders. Such equilib-
ria support a collusive bidding pattern without requiring the colluders
to make any commitment on bidding behavior or post-bidding spoil-
division. The equilibria are valid for any number of asymmetric or
symmetric bidders, arbitrary reserve prices, and various resale mar-
ket rules. In symmetric environments, these equilibria interim Pareto
dominate (among bidders) the standard value-bidding equilibrium.

Preliminary Version.

1 Introduction

In private-value English auctions without resale it is a dominant strategy
for each participant to bid up to her use value. With resale, value-bidding
remains an equilibrium outcome, but there is no dominant strategy. Resale
opens the possibility that some bidders will optimally drop out at a price
below their use values. They prefer to let a competitor win and buy from
her in the resale market. The existence of non-value-bidding equilibria is
important because the celebrated advantages of the English auction, in par-
ticular efficiency, are based on value-bidding, and because resale is possible
in most applications.
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In this paper we construct a family of non-value-bidding equilibria for
the English auction with resale that exist in any independent private value
environment (symmetric or asymmetric) for any number of bidders. Each
equilibrium in this family is identified by the choice of a speculating bidder
and a cutoff type, below which all bidders, except the speculating bidder, bid
zero. All bidders with types above the cutoff value-bid. In cases where the
speculating bidder wins the initial auction and has sufficiently low type, she
will offer the item for resale instead of consuming it. Because the bidders in
the resale market retain private information about their types the outcome
of the resale auction may be inefficient.

Equilibria with a speculating bidder exist for any cutoff between 0 and
highest type that is possible for all non-speculating bidders.! The speculat-
ing bidder is strictly better off than under value-bidding, for any cutoff and
for all of her types. Thus any individual bidder would like to play the role
of the speculating bidder in one of these equilibria. Moreover, in symmet-
ric environments the equilibria we describe provide bidders with a higher
aggregate payoff than under value-bidding. This sets up an opportunity
for a form of tacit collusion. By using a publicly observed random device
(or sunspot) to select the speculating bidder the bidders can distribute the
aggregate payoff in a way that makes everyone better off than under value-
bidding, regardless of their use-values. The resale market combined with
the sunspot is a collusive device. Hence, resale facilitates noncooperative
collusive equilibria that Pareto dominate the standard value-bidding equi-
librium.?

In the collusive equilibria we describe no binding agreement among the
colluding bidders is required. The recommendation made by the sunspot
device is not binding. Rather, the sunspot plays the role of a correlating
device in a correlated equilibrium (however private recommendations are
not required). Once the sunspot identifies the speculating bidder it is in the
interest of each bidder to bid accordingly in the initial auction based on the
belief that others will follow their assigned roles. After the initial auction,

IThere also exist equilibria with an “extreme cutoff” where the highest possible type
of at least one non-speculating bidder strictly prefers to bid zero. However, there are
reasons, having to do with robustness, why intermediate cutoffs are more plausible than
extreme cutoffs. These are explained in remark number 5 following Proposition 1.

2Readers who are familiar with U.S. litigation history might draw some parallels to
the famous phases-of-the-moon bidding ring that was operated by electrical equipment
suppliers in the 1950s. While this sounds similar, it is important to note that this scheme
earned the phases-of-the-moon designation because it involved an explicit 2-week rotation
to determine the low bidder. While it perhaps could have been, bidding was not actually
determined by the phase of the moon. See Smith (1961).



the colluding bidders optimally carry out their final allocation through the
resale market, without relying on any form of enforcement.

Like standard collusive arrangements the proposed equilibria allow the
bidders to extract much or all of the surplus from the seller. However, with
the proposed equilibria, many of the obstacles to successful collusion in-
herent in standard mechanisms are avoided. McAfee and McMillan (1992)
identify four obstacles to successful collusion. They point out that the most
significant factor in the downfall of many cartels is the issue of “dividing
the spoils.” Here this is resolved fairly, in a way that is acceptable to all, by
the sunspot device.? The second obstacle, enforcement, is also avoided here
since the participants obtain collusive payoffs through fully rational, nonco-
operative equilibrium behavior.* The fact that formal agreements and en-
forcement are not required mitigates the destructive impact of new entrants,
which is the third obstacle described by McAfee and McMillan. Finally, the
equilibria are robust to the introduction of positive reserve prices. Hence,
actions taken by the seller to destabilize collusion, the final obstacle raised
by McAfee and McMillan, do not eliminate collusive equilibria.

The absence of any sort of preliminary “knock-out” auctions, side pay-
ments or enforcement measures in our collusive equilibria suggests that, like
other forms of tacit collusion, it is unlikely that participants in the collusive
equilibria would be subject to legal prosecution.® As such, evidence of such
arrangements cannot be found in court records. However, instances of re-
sale among auction participants are not uncommon and these instances have
features in common with our construction. For example, Pagnozzi (2007)
reports that in the UK 3.4 GHz spectrum auction, one company dropped out
of the two auctions at a low price and then later obtained the licenses from
the winners (since resale was prohibited this was done via take-overs). Like-
wise, in procurement auctions horizontal subcontracting to initial auction
participants is common and this is a form of inter-bidder resale.’

3Dividing the spoils is in fact the main issue addressed by McAfee and McMillan (1992),
whose solution also involves randomization. They describe an equilibrium for a first-price
auction in which bidders submit identical bids and allow the auctioneer to randomly
determine the winner.

4The simplest collusive mechanisms (eg. Robinson, 1985) require some type of enforce-
ment or punishment to prevent bidders from cheating on the collusive agreement. More
elaborate schemes, cf. Graham and Marshall (1987), McAfee and McMillan (1992), and
Mailath and Zemsky (1991), are incentive compatible however they require that bidders
participate in some type of external auction and adhere to its payment recommendations.

5Prosecution under Section 1 of the Sherman Act seems to require some proof of illegal
communication, transfer payments, or evidence of enforcement activity.

6See Gale, Hausch and Stegeman (2000) for a theoretical treatment of sequential pro-



Our equilibrium construction builds on earlier results by Garratt and
Troger (2006). Garratt and Troger (2006) construct a continuum of equilib-
ria similar to those constructed here, that apply to second-price or English
auctions where the aggressive bidder is commonly known to have zero value
for the good on sale, i.e., this bidder acts as a pure speculator. Apart from
the speculator, an arbitrary number of “regular” bidders with symmetric
independent private values participate in the market. The equilibrium con-
structions provided in Garratt and Troger (2006) do not utilize dynamic
features of the English auction format. In contrast, the current construc-
tion utilizes information revealed at each stage of bidding. In particular,
the drop-out price of the speculating bidder depends on revealed aspects of
her last surviving competitor’s value distribution. This is the key feature of
our construction that allows us to consider environments with an arbitrary
number of asymmetric bidders.

Our equilibrium construction for the English auction carries over to the
second-price auction provided all bidders, except possibly the speculating
bidder, have the same value distribution. This is because in this environment
the speculating bidder’s equilibrium bid does not change as bidders drop out
of the English auction. Hence, in the case of the second-price auction, the
current construction is a generalization of Garratt and Troger (2006) that
allows the speculator to have a private value.

Recent work by Lebrun (2007) and Hafalir and Krishna (2007) compare
revenue in first- and second-price auctions with resale. Hafalir and Krishna
show that in 2-bidder, asymmetric auctions there exists a “general revenue
ranking” in favor of first-price auctions, provided bidders play the value-
bidding equilibrium in the second price auction. Lebrun shows that this
ranking does not necessarily hold when behavior (mixed) strategies are al-
lowed.” The existence of the additional equilibria described in this paper
does not change the revenue ranking established by Hafalir and Krishna,
since the revenue in a collusive equilibrium is smaller than the revenue re-
ceived by the seller in the value-bidding equilibrium.

Collusive equilibria have been constructed for multi-unit auctions by
Milgrom (2000), Brusco and Lopomo (2002) and Engelbrecht-Wiggans and
Kahn (2005), however resale does not play a role.® In these multi-unit envi-

curement auctions with subcontracting.

"For the case where two bidders have different value distributions Lebrun (2007) shows
that either auction format can have higher expected revenue; it depends on equilibrium
selection in second-price auction.

$Pagnozzi (2007) analyzes collusion in multi-unit auctions with resale in environments
with commonly known use values.



ronments bidders signal their preferences in early rounds and then optimally
abstain from bidding on other bidders’ preferred items. Interestingly, the
open aspect of the ascending English auction is essential in their construc-
tion, as it is here in the case of ex-ante asymmetric bidders.

In Section 2 we outline the model. In Section 3 we construct the fam-
ily of equilibria for the English auction, which are described in Proposition
1. In Section 4 we show how a sunspot device can be used to coordinate
equilibrium expectations and allow all bidders, regardless of their type, to
obtain a higher expected payoff than in the standard value-bidding equilib-
rium. These collusive equilibria are outlined in Proposition 2. Some proofs
are relegated to the Appendix.

2 Model

We consider environments with n > 2 risk-neutral bidders who are interested
in consuming a single indivisible private good. Bidder i € N = {1,...,n}
has the privately known type use value, or type, t; € T; = [0, ;] (¢; > 0) for
the good. From the viewpoint of the other bidders, ¢; is distributed according
to a probability distribution with cumulative distribution function (c.d.f.)
F;.° We assume that F; has a density f; that is positive and continuous on
T; and identically 0 elsewhere. We add the standard assumption that the
hazard rates are weakly increasing; i.e., for all ¢ € N, the mapping

t— fi(t)/(1 — Fy(t)) is weakly increasing on [0,%;).
The type space is denoted'”
T = Ty x...T,.

We consider a 2-period interaction, which begins after each bidder ¢ € N
has privately observed her use value t; € T;.

In period 1, the good is offered via an English auction. The auctioneer
continuously raises the price beginning at price p = 0 (the impact of a reserve
price will be discussed below). Initially, all bidders are “in.” As the price
p rises, each bidder can irrevocably “drop out” at any point. The drop-out

events divide the auction into stages. At each stage x = 0,1,..., the set of

9Throughout the paper, any c.d.f. is to be understood as a function defined on R, even
if the support of the underlying distribution is a proper subset of R.

O Throughout the paper, we will use boldface letters to denote multidimensional quan-
tities.



bidders who are in is denoted S, C N (where Sy = N) and the current price
is denoted p. Each bidder in S, has a planned drop-out price in [p, 00). The
auctioneer raises the price to the minimum among the planned drop-out
prices, px+1, and the set Si41 of bidders that had planned drop-out prices
strictly greater than p.y1 stay in. The auction ends at a stage x where Sy is
a singleton or empty, that is, when only one bidder is in or all bidders have
dropped out.!! Accordingly, the set of auction histories where bidder i € N
moves (because she is in and the auction is not over) is denoted!? '3

Hi = {(507p11517"'7pﬂ7sl£7p) | ’%207 0§p1§§pn§p7
N=5yD>51D...08.31, |Sk| > 2},

where xk = 0 yields the initial history (NN, 0). The set of terminal histories is
denoted

Hterm — {(3071)15513"'7[)&58/{7[)) | 'V”'Z ]-7 OSpl S Sp,‘{:pa
N=5>258D>...05,, |Sn|§1}.

If the auction ends with one bidder staying in, then this bidder is the auction
winner; otherwise all bidders have dropped out, there is a tie, and the auction
winner is selected from S,_1 by any deterministic rule.!* For any h € Hierm,
let win(h) denote the auction winner. Observe that the price at which the
winner was planning to drop out remains her private information, unless
there is a tie. The drop-out prices of the losing bidders are called the losing
bids. The winner pays the seller the final current price p; this price equals
the maximum losing bid p, and is called the auction price. The set of all
auction histories is denoted

H:Hlu--.UHn/UHterm.

The auction winner either consumes the good or becomes the period-2
seller, who offers the good in period 2 for resale to the losing bidders, which
are called the period-2 buyers. Below we will be more specific about the
resale market.

" Observe that there are at most n stages, because at each stage at least one bidder
drops out.

12We write X DY if Y is a strict subset of X.

13 A simpler notation for histories, recording only which bidder has dropped out at which
price, would not be satisfactory. Observe that the “clock stops” when a bidder drops out,
so that other bidders may follow by dropping out at the same price.

1A probabilistic tieing rule, such that, for instance, each bidder in S._; is selected
with probability 1/|S.x—1], could also be used, but would unnecessarily complicate the
definitions (2) and (3), and the payoff formula (4).



2.1 Strategies and beliefs

At each non-terminal history, the bidders who are in consider when to drop
out. Accordingly, a bidding profile

(Bih)ieN, heH,

determines, for each ¢ € Tj, 4, and h, the price (3;(t) at which type t of
bidder ¢ plans to drop out given the history h. We assume that the planned
drop-out point does not change as long as no drop-out event occurs,

Vie N, h={(...,p) € Hi, p' € [p,Bin(t), t € Ti: Bipp(t) = Bin(t), (1)

where h|p’ = denotes the history that is identical to h except for a possibly
higher current price p’. The justification for condition (1) is that instead of
changing her mind along the way, bidder ¢ can implement her eventual plan
right away when the current price is p. We also assume that f; ;, is weakly
increasing (i.e., we will focus on equilibria where every type of a given bidder
will find it optimal to bid at least as high as all smaller types).

A resale-decision profile is a vector

(/Yh)htherm ’ (2)

where y,(t) = 1 if type ¢ of the winning bidder offers the good for resale
at the terminal history h, and ~;,(t) = 0 if the winner consumes the good
in period 1. We assume that v is weakly decreasing (i.e., we will focus on
equilibria where, if some type t consumes the good in period 1, all higher
types will find it optimal to do the same.)

We restrict attention to equilibria where posterior beliefs remain stochas-
tically independent across all players. Hence we model a belief profile as a
vector

(Gh)nen (3)
with the following properties. For all h, Gy is the product of stochastically
independent probability distributions on T7i,...,7,. If h is a non-terminal

history, then Gy, represents the belief about the bidders’ types at history h;
if h is a terminal history, then Gy, represents the belief about the bidders’
types at the beginning of period 2; that is, if h is a terminal history, then Gy,
incorporates both the information revealed at history h and the information
revealed by the fact that the winner decides to offer the good for resale. The
belief that prevails at the terminal history is called the post-auction belief.



Given a commonly known post-auction belief, the period-2 environment
features independent private values and no resale.!®> Hence, the outcome of
the period-2 interaction can be derived using standard methods. The period-
2 outcome depends on the identity of the period-2 seller, on the post-auction
belief, and on the bidders’ types. A period-2 outcome is a vector of functions

(Pij, Qij)ieN, jeN\{i}

where, for every type profile t = (t1,...,t,) = (t;,t—;) € T and every
product measure J on T, the number P;;(t,J) denotes the net expected
period-2 payment made by bidder ¢, given that bidder j is the period-2
seller and that J represents the post-auction belief about the bidders’ types;
Qi;(t,J) denotes the probability that bidder i obtains the good in period 2.

2.2 Payoffs

Given a period-2 outcome as denoted above, the probability that period-2
buyer ¢ € N, given her type t; € T;, obtains the good from the period-2
seller j € N \ {3}, given the post-auction beliefs J, is denoted

qij(ti,J) = /T_inj(t,J)dJ_,»(t_i),

where T_; = Hk# T;, and J_; denotes the marginal distribution induced by
J on T_;. Bidder i’s period-2 payoff is denoted

lij(tiﬂJ) = tzng ti,J / Pz] t J)dJ_Z( —z)

The probability that the period-2 seller j, given her type t; € T}, keeps the
good is denoted

¢t;;d) = 1- / Qrj (£, J)dI_; (t—j).
keN\{j}
The period-2 payoff of the period-2 seller j is denoted
witpd) = bt D)+ S [ P 6)
keN\{j}

We are now in a position to spell out the expected payoff of bidder ¢ € N
at any history h € H;. Suppose that the type profile is given by t € T.

15 An extension that allows for repeated resale will be discussed below.



Moreover, beginning at h until the end of the auction, every bidder k €
N\ {i} behaves according to i, and bidder i behaves according to 3; except
that at h she plans to drop out at price b.16 Using the shortcut = = (i, h, b),
let

e(r,t) = (...,9(x,t),p(x,t))

denote the resulting terminal history of the auction. Bidder ¢’s expected
payoff is

uin(b, t;) :/T ' <_p(x7t)+max{ti75wi(ti>Ge(a:,t))}) Lyin(e(a,t))—i

+0 ) lij(ti, Gea) Lwine(at)=i, 7o t)=1 | AGn)=i(t=), (4)
i

where ¢ € (0, 1] denotes the discount factor, the max term reflects bidder i’s
optimal decision whether to offer the good for resale, and (Gy)—; denotes
the marginal distribution induced by Gy, on T_;.

2.3 Perfect Bayesian equilibrium conditions

The equilibrium condition for the bidding profile is that drop-out prices are
chosen optimally,'”

Vie N, h={(...,p) € Hi, teT;: p[in(t) € argl})l;ixum(b, t). (5)
>p

The equilibrium condition for the resale-decision profile is

0 ift> 6wwin(h) (t, Gh),

vh/ S Hterm? t € TWIn(h) : ')/h(t) = {

In order to state the equilibrium conditions for the belief profile, additional
notation is needed. Bidders update their beliefs about other bidders’ types
based on the information revealed during the auction. A typical piece of
information is that a bidder’s type lies in an interval. For all : € N and all
bounded (open, half-open, or closed) intervals I C suppF;, let Fl 1 denote

6\More precisely, for all p’ € [p,b), she plans to drop out at price b at all histories h|p’,
where h|p’ is identical to h except for the current price p'.
"We rely on a version of the one-stage-deviation principle.



the updated c.d.f. that results from the information that bidder i’s type
belongs to the interval I. Defining s = inf I and s’ = sup I,

) FOBEL it e s, s),
Fir(t)=1 1 ift> ¢,
0 if t <s.

For any h = (So,p1,S51,.--,Pk, Sk, p) € H, let the histories preceding h
where drop-out events occurred be denoted by'®

hl - (S()y p17517 pl)?
h2 - (S()y plaShpQ?S?u p2>7

h% = (SO> plysl’-"vpl-ﬁasﬁv pfi)7

and let hg = (Sp,0) = (NN,0) denote the initial history. If bidder ¢ has
dropped out at stage [, that is, if i € S; \ Sj11, then it is also known that,
for all £ < [, at the history h; bidder ¢ was not willing to drop out at any
price up to pg. Hence, the following interval of types is deemed possible for
bidder ¢ at the history h:

U, — Mo Bin (Pry1,00)) N B (piv1)  if i€ 5\ S,
’ NiZs B (Prer1,00)) ) N Bt ([p,00)) if i € S

The equilibrium condition for the beliefs is that Bayes rule is applied when-
ever possible. At non-terminal histories, the condition is as follows:'?

(7)

Vi€ N, h € H\ Hiw : if Uip #0 then (Gp)i=Fyy,,. (8)
The same condition applies to losing bidders at terminal histories,
Vh € Hiem, i € N\ {win(h)}: if Uip #0 then (Gp)i=Fyy,,. (9)

The post-auction belief about the auction winner takes into account the
information that the winner decides to offer the good for resale:

Vh € Herm, @ = win(h) : if Ui Ny, (1) # 0 then (Gp); = E,

Ui nMyy, H(1)°

(10)

8By condition (1), including the other histories does not change the Bayesian inference
analysis below.

9For any distribution J on T, we denote by (J)i the marginal distribution induced on
T;.

10



Whenever the “if” in (8), (9), or (10) is satisfied, then the respective c.d.f.
G = (Gy); is either a point distribution or inherits the following properties
from F;: (i) the support supp(G) is a bounded interval, (ii) G has a positive
continuous density g throughout its support, and (iii) the virtual valuation
function
1-G(t)
g(t)
is strictly increasing. We call any c.d.f. G with the properties (i), (ii), and
(iii) regular. If G is a point distribution, define Vg (t) = ¢ for {t} = suppG.
In the equilibria that we will construct, beliefs will always be regular or
point distributions, whether or not the “if” in (8), (9), and (10) is satisfied.
Let G denote the set of product measures J on T such that, for all i € N,
the marginal (J); is regular or is a point distribution.
The last condition for equilibrium is that the period-2 outcome is induced
by a period-2 continuation equilibrium given the post-auction belief. The
condition may take various forms depending on the resale market rules.

Vat) = t— (t € supp(G)).

2.4 The resale market

Rather than modelling the period-2 interaction explicitly, we describe gen-
eral properties that are satisfied by the period-2 continuation equilibria for
a range of resale market rules. Several possible resale market rules are de-
scribed at the end of the section.

Two groups of properties can be derived from incentive compatibility
and participation constraints. The third refers to comparative statics with
respect to beliefs. The fourth property considers role switching between a
period-2 seller and a period-2 buyer. The fifth property refers to the period-2
seller’s share of the gains from trade.

The first group of period-2-continuation-equilibrium properties can be
derived from incentive compatibility. The properties relate payoff differences
to allocation probabilities:?® for alli € N, j € N\ {i}, t,v € T}, and J € G,

t
if v <t then l;;(t,J) —li(v,J) :/ ¢ij(z,J)dx; (11)
forall j € N, t,v €T}, and J €3,

t
if v <t then w;(t,J) —w;(v,J) = / gj(z,J)dx. (12)

20For a derivation of properties of the type (11) or (12), see the derivation of the revenue
equivalence principle in Myerson (1981). The underlying mathematical principle is the
envelope theorem in integral form; see Milgrom and Segal (2002) for a general treatment.

11



The second group of properties can be derived from voluntary participation
in the resale market. The period-2 seller would not obtain less than what
she gets by consuming the good, and cannot obtain more than the available
surplus: for all j € N, t € Tj, and J € G,

t<w;i(t,J) < max{t, max t5}tdJ_;(t_;); 13)
jE) < [ maxtr, mas 0l te) (
any period-2 buyer cannot lose in expectation, and cannot obtain more than

the surplus that remains if the period-2 seller keeps the good: for all 7 € IV,
jeN\{i},teT;,and J € g,

0 < lij(t,J) < /I‘Z max{t, ker?\%}{(z} tk}dei(tfi) — /1‘]. tdej(tj). (14)
The third group of properties is more novel; it refers to shifts in beliefs.
For any ¢« € N and J,H € G, we say that the belief about bidder ¢ shifts
upwards (H >; J), if (H); dominates (J); in terms of the hazard rate?' and
(H)p = (J) for all k € N\ {i}. If the belief about a period-2 buyer shifts
upwards, then her period-2 payoff is reduced: for all i € N, j € N\ {i},
teT;,and J,H € G,

if H>; J then lij(t, H) < lz‘j(t,J). (15)

Similarly, if the belief about the period-2 seller shifts upwards, then her
period-2 payoff is increased: for any j € N, t € T}, and J,H € G,

if FL>; J then w;(t, H) > w;(t, J). (16)

The intuition behind properties (15) and (16) is that the period-2 seller will
aim at a higher price if any bidder is more likely to have a high use value.

The fourth property states that, for each type of each bidder, the prob-
ability that the bidder ends up with the good is higher when she is the
period-2 seller than when she is a period-2 buyer: for alli: € N, j € N\ {i},
J € G, and t € supp(J);,

(t,J) > qj(t,J). (17)

'Hazard rate dominance is defined by the following conditions: min supp(H); >
minsupp(J);, maxsupp(H); > maxsupp(J), and Vig), (t) < V(g),(t) for all t € supp(J);N
supp(H);. Hazard rate dominance implies first-order stochastic dominance. See, e.g., Kr-
ishna (2002, Appendix B) for details.

12



The fifth period-2-continuation-equilibrium property states that, if there are
expected gains from trade with every period-2 buyer, then the period-2 seller
captures a non-zero share of the gains: for all j € N, J € G, and t € T},

if maxsuppG; >t for all i € N\ {j}, then w;(¢,J) > t. (18)

Properties (11) to (18) are satisfied if the period-2 seller uses an opti-
mal mechanism (i.e., period-2 payoff maximizing mechanism), as derived in
Myerson (1981).22 Myerson shows that the seller allocates the good to the
bidder with the highest virtual valuation, unless her own use value is higher
than every bidder’s virtual valuation, in which case she keeps the good. Us-
ing the shortcuts Ji, = (J); and Vi, = Vj, for all k € N, we obtain the
allocation probabilities: for alli € N, j € N\ {i}, t € T;, and J € G, %

g, d) E nvi) T TV i) (19)
keN\{i,j}

To verify (15), observe from (19) that

qi‘\‘/][‘yerson (t, H) S q?;yerson (t, J)
and use (11) together with the fact that in an optimal mechanism the be-
lieved lowest type of bidder i obtains a period-2 payoff of 0. Property (16)
holds with equality. Property (17) holds because

R UEINE N | R ARO)
keN\{i}

R/ I V RAARG)

keN\{i,j}

(19) Myerson
> 4;; (t,J),

22In contrast to Myerson’s assumptions, we allow for the possibility that the period-2
seller is privately informed about her type. As shown in Milovanov and Troger (2006), the
resulting informed-principal game has an equilibrium such that the period-2 seller offers
the same resale mechanism as when her type is publicly known, as assumed by Myerson.

Z3Concerning the virtual valuation function V for any c.d.f. G, we use the convention

max suppG  if ¢ > maxsuppG,
Vi) = . .
—00 if ¢ < minsuppG.
Concerning the inverse virtual valuation function V!, we use the convention

Vﬁl(t) _ o0 if ¢ > max suppG,
minsuppG  if ¢ < min(V (suppQG)).

Recall that G(o0) = 1 and G(—o00) = 0.
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where the inequality follows from the fact that any type’s virtual valuation
is at most as large as her use value (ijl(t) >t > Vi(t)).

Properties (11) to (18) are also satisfied if the period-2 seller is restricted
to use an English auction with no reserve price, and with the option to reject
all bids, provided that n > 3. As observed by Haile (2000), such a mechanism
is common in practice and may serve as a model of a resale market where the
bargaining power is shifted to the period-2 buyers. Because further resale
after period-2 is not possible, we may assume that the period-2 seller rejects
all bids unless the highest bid exceeds her use value; every period-2 buyer
plans to stay in until the current price reaches her use value and, once she
is the only bidder left in the auction, has a final chance to increase her bid
(the purpose of the final bid is to reduce the probability of rejection by
the period-2 seller). Property (15) holds with equality because the beliefs
about any period-2 buyer have no impact on behavior. Property (16) holds
because the final bid of the period-2 buyer with the highest use value weakly
increases if her belief about the period-2 seller shifts upwards.

To verify (17), observe that a period-2 buyer ends up with the good only
if she has the highest use value in the market, and in this event she will keep
the good if she is the period-2 seller. Hence,

qiEnglish reject (t, J) Z H e]]g (t) Z qungliSh reject (t, J) .
keN\{i}

Property (18) is satisfied because n > 3.

A yet different resale market structure is obtained if we assume that
bargaining power is bidder-specific, as, e.g., in Calzolari and Pavan (2006).
Suppose that n = 2, and bidder 1 always has the power to make a posted-
price offer (that is, if bidder 1 is the period-2 seller, then she sells if bidder
2 is willing to buy at the posted price, and if she is a period-2 buyer, then
she obtains the good if bidder 2 is willing to sell at the posted price). One
readily checks that properties (15) and (16) are satisfied. To verify (17),
observe that as a period-2 buyer, bidder 1 will ask a price below her use
value, while she will ask a price above her use value if she is the period-2
seller, implying gi2(¢,J) < Ja(t) < qi(¢,J) and g21(¢,J) < Ji(t) < g2(¢,J).
Property (18) does in general not hold for j = 2. However, if we change the
resale market rule such that each bidder makes a posted-price offer with a
strictly positive probability, then all properties are satisfied.

Generally, for any finite collection of resale market rules satisfying the
properties (11) to (18), any combination where each rule is applied with a
fixed probability also satisfies the properties.2*

24The resale markets considered above are assumed to be single-period. We suspect
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3 Equilibria for English auctions with resale

In this section, we construct a family of equilibria for the English auction
with active resale markets. The equilibrium outcomes differ from the well-
known value-bidding equilibrium outcome.?® The basic structure of the
equilibria is similar to the structure of the equilibria constructed in Garratt
and Troger (2006) for English and second-price auctions with resale where all
bidders up to one are ex-ante symmetric, and where the bidder who becomes
the period-2 seller has no private information, but is known to have the
use value 0. Here, bidders are asymmetric, every bidder has some private
information, and we consider a bigger range of resale market structures,
so that computing payoffs is more complicated. Hence, while the basic
structure of the equilibria is similar to Garratt and Troger (2006), it is
more difficult now to establish that the proposed strategy profiles are in
fact equilibria. Moreover, as will be explained below, while the equilibrium
construction always works for the English auction, it works for the second-
price auction only under additional assumptions.

Some notation is needed to describe the equilibria. Each equilibrium is
parameterized by some number t* € (0,1), where

t = mint;

i>2
denotes the largest type that is possible for all bidders except bidder 1. For
any type t € 17, the belief resulting from the information that bidder 1’s
type is at most ¢ and the other bidders’ types are below ¢* is denoted

n
Jo = Frjon < ] Fios)-
1=2

Let 7(t*) € T} denote the smallest?® type of bidder 1 that, if she is the
auction winner and the post-auction beliefs are J (), weakly prefers (i)
consuming the good to (ii) offering the good for resale. By construction,
every type below 7(t*) prefers (ii). The following lemma shows that moreover

that the properties (11) to (18) hold for a range of rules that allow for multiple periods
and repeated resale. In any case, the equilibrium outcomes constructed in Proposition 1
survive repeated resale under certain conditions; see remark number 2 below Proposition
1.

#5See Haile (1999) for the proof that the value-bidding equilibrium remains valid when
a resale opportunity exists.

26More precisely, smallest here means “infimum”, where the infimum of the empty set
is defined as ;.
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every type above 7(t*) prefers (i). Also, there are always some types which
prefer (ii), and with vanishing discounting almost all types below ¢* prefer
(ii). The proof can be found in the Appendix.

Lemma 1 Lett* € (0,%). Forallt € (7(t*), 1], we havet > dw1(t, I 7+ 4+ ).
Also, 0 < 7(t*) < t*, and if 6 — 1 then 7(t*) — t*.

For all bidders ¢ € N \ {1}, let b;(t*) denote the price that makes type t*
of bidder 7 indifferent between (i) winning the auction at price b;(t*) and
consuming the good, and (ii) participating in a resale market where bidder
1 is the period-2 seller and the post-auction beliefs are J () s

bi (t*) - t* - 6l21(t*7 JT(t*),t*)' (20)

The following lemma provides bounds for b;(t*) and shows that types above
t* prefer (i) while types below t* prefer (ii).

Lemma 2 Let t* € (0,f). For all i € N \ {1}, we have 0 < b;(t*) < t*.
Moreover, for allt € T;,

if t<t* then t—b;(t")
>

< 6l11 (ta JT(t*),t*)‘
>

Proposition 1 describes our equilibria. Bidder 1 takes the role of the “specu-
lating bidder.” In (21), we describe bidder 1’s drop-out points at any history
with current price 0 where bidder 1 moves and where only one other bidder
i is in. If bidder 1’s use value is below 7(t*), then she plans to drop out at
bi(t*); if her use value is between 7(¢*) and ¢*, then she plans to drop out at
price t*; if her use value is above t*, then she plans to drop out if the price
equals her use value. In (22) we describe the drop-out points of any bidder
7 > 2 at the initial history. She drops out at the beginning of the auction
if her use value is below t*, and otherwise drops out if the price equals her
use value. In (23) we describe the post-auction beliefs if all bidders except
bidder 1 drop out at the beginning of the auction; bidder 1 then offers the
good for resale if and only if her type is below 7(¢*). In (24) we describe
off-equilibrium-path beliefs. The belief about any bidder ¢ > 2 who does
not drop out at the beginning of the auction, but drops out at a price below
b;i(t*) and loses to bidder 1, is shifted upwards relative to the belief that
would prevail had she dropped out at the beginning.
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Proposition 1 Let t* € (0,t). Then there exists an equilibrium with the
following properties. For alli>2 and h = (...,{1,i},0),

bi(t*) ift < T(t%),
VieTi: Bip(t) = t* if t € (7(t%),t%), (21)
t ift > t*.

For alli > 2 and h = (N, 0),

VEET: Bilt) = { AR (22)
For h = (N,0,{1},0),
G =Ty VEETI: m(t) = { (1) ZZ; i :g; (23)
For alli > 2 and p € [0,b;(t")),
ifh=C(..,{1,i},p,{1},p) (and p >0 if n = 2), then
Grn > ooy (24)

The properties of these t*-equilibria generalize those of Garratt and
Troger (2006, Proposition 2, and online supplement). The equilibria fea-
ture an active resale market. If bidder 1 has a use value below 7(¢*) and
all other bidders have use values below t*, then bidder 1 wins the auction
at price 0 and, with positive probability, succeeds in reselling the good to a
losing bidder with a higher use value. Bidder 1 is strictly better off than at
the value-bidding equilibrium, for all of her types (she sometimes wins at a
lower price and can obtain additional profit from resale). For typical resale
market rules, the final allocation is inefficient with positive probability even
if there is no discounting; the inefficiency arises because bidders retain some
private information when they enter the resale market.

A number of steps towards the proof of Proposition 1 are straightforward.
Bidder 1 has no incentive to deviate. If her use value is below t*, then she
expects to win at price 0 whenever she wins; if her use value is above t*,
then dropping out when the price reaches her use value is optimal for reasons
analogous to the reasons in an English auction without resale.

The bidders ¢ > 2 have no incentive to deviate. Any bidder ¢ who decides
to not drop out at the beginning can hope to gain only if she stays in beyond
the price b;(t*) (otherwise she loses the auction by (21), and the only possible
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effect of her deviation is that the belief about her type shifts upwards by
(24), which reduces her period-2 payoff by (15)). By Lemma 2, bidder 4
if her use value is below ¢* prefers (i) waiting for the resale market to (ii)
staying in beyond the price b;(t*) and consuming the good upon winning;
vice versa if bidder i’s use value is above ¢*. This is in accordance with (22).
The crucial remaining step is to show that any bidder ¢ > 2 with a use
value below t* prefers possibility (i) to possibility (iii) staying in beyond the
price b;(t*) and choosing optimally between consuming the good and offering
the good for resale upon winning. To understand why the deviation (iii) is
not profitable, assume for simplicity that there is no discounting, so that it
is always optimal to offer the good for resale upon winning. The deviation
switches bidder i’s role from a period-2 buyer to a period-2 seller, leaving
the the post-auction beliefs J (4= 4= unchanged. By (13), w;(t*, I ) = t*.
Hence, (20) implies that type t* is indifferent between the two roles:

wi(t*,JT(t*)’t*) - bz(t*) - lzl (t*7JT(t*),t*) lf 5 — 1 (25)

From (11), (12), and (17), the payoff difference between type ¢* and any
type t < t* is larger in the seller role than in the buyer role:

wi(t*,JT(t*)7t*) - wl'(t,JT(t*)’t*) 2 lil(t*7JT(t*),t*) - lil(t7J’T(t*),t*)'

This together with (25) shows that all types below ¢* prefer to be a period-2
buyer rather than a period-2 seller, showing that the proposed deviation
is not profitable. With discounting, the argument is slightly more compli-
cated; details can be found in the Appendix. This completes the proof of
Proposition 1.

Some remarks.

1. Suppose that the initial seller sets a reserve price r > 0.27 Equilibria
with an active resale market and an inefficient final allocation still exist
if » < t, that is, if the reserve price does not exceed any bidder’s highest
possible type. Let t* € (r,7). Let £ be such that, if bidder 1 with type #
wins the good at price r and offers the good for resale, given the belief that
the types in [0, ¢*] of other bidders participate in the resale market, then her
expected payoff equals 0. If § is sufficiently close to 1, then £ < r, and an

ZTFormally, the game is extended as follows. The auction starts with a current price
that corresponds to “no sale.” Like at any other current price, bidders have the chance
to drop out simultaneously and sequentially at no-sale; i.e., when somebody drops out
at no-sale, then the clock stops, and others have the chance to drop out. Once no more
bidders drop out at no-sale, the clock jumps to the current price 7.
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equilibrium with the following properties exists. Initially, bidder 1 drops out
at no-sale if and only if her type is below . Once bidder 1 has dropped out
at no-sale, other bidders act as in the absence of a resale opportunity: any
bidder drops out at no-sale if her use value is below r, and otherwise drops
out when the price equals her use value. If bidder 1 does not drop out at
no-sale, then the bidders’ subsequent actions are analogous to the equilibria
described in Proposition 1, where bidding 0 is replaced by dropping out at
no sale. In particular, on the equilibrium path resale occurs given the belief
that (i) bidder 1’s type is distributed on [£, 7] for some 7 € (r,t*), and (ii)
the other bidders’ types are distributed on [0, t*].

2. If repeated resale is allowed, the t*-equilibrium outcomes remain valid
if n = 2 (because the period-2 seller has no incentive to re-buy), and remain
valid under certain conditions if n > 3. Suppose that the period-2 seller
selects a mechanism that is optimal given that she cannot prevent the next
owner from selecting another mechanism in order to resell again, and so on,
and the game ends if and only if no sale occurs. For such a game, Zheng
(2002) constructs a perfect Bayesian equilibrium that induces the Myer-
son optimal-auction allocation if bidders’ type distributions satisfy certain
conditions. Embedding Zheng’s equilibrium into our model translates into
corresponding conditions on the type distribution profile for the period-2
buyers on the equilibrium path, [, Fiv[o’t*].zs 29 For all n > 4, these con-
ditions are satisfied if and only if the distribution F37[07t*} =...= Fn,[O,t*] has
a weakly decreasing density and dominates FZ[OJ*] in terms of the hazard
rate.?’

3. The t*-equilibrium construction makes essential use of the sequential
structure of the English auction format, because bidder 1’s bidding behavior
depends on the other bidders’ observed drop-out points. In effect, bidder
1 if her value is below 7(t*) bids b;(t*) against bidder ¢ > 2. For this, and
only this, reason the equilibrium construction does not generally extend to
second-price auctions. The construction does extend if bo(t*) = ... = b, (t*),
which is the case if bidders 2 to n are ex-ante symmetric.

4. Equilibria with small t* are more “robust” than equilibria with large

Z8No conditions are needed concerning resale off the equilibrium path, because, by the
revelation principle, repeated resale can only reduce the deviator’s payoff relative to an
environment without repeated resale.

29Observe that n bidders in our model correspond to n — 1 bidders in Zheng (2002),
because only bidders 2 to n have an incentive to participate in repeated resale.

30See Mylovanov and Troger (2006, Corollary 1); this paper also characterize the con-
ditions that are relevant in case n = 3, which corresponds to the 2-bidder case in Zheng
(2002).
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t*. In a t*-equilibrium, common knowledge of prior probability distributions
is required only on the interval [0, t*].

5. The t*-equilibria are not the only equilibria that differ from the
value-bidding equilibrium. There exist “extreme equilibria” where bidder
1’s planned drop-out price is so high that, for at least one bidder ¢ > 2, even
the highest type ¢; finds it optimal to drop out at the beginning of the auc-
tion. We find such extreme equilibria less plausible than the t*-equilibria.
Bidder ¢ can throw an extreme equilibrium off its path before she loses in
the English auction, while she cannot do that to a t*-equilibrium. At an
extreme equilibrium, once the English auction starts, bidder ¢ should have
dropped out. Thus, if bidder ¢ continues to bid in the English auction, it be-
comes a commonly known off-path event. In contrast, if at a t*-equilibrium
bidder ¢ remains in the auction, she is regarded to be following her equi-
librium strategy with a type above the threshold t*, so the off-path action
is not known by others. Consequently, the response to (observed) off-path
actions needed for the extreme equilibrium is more delicate than that for
a t*-equilibrium. If we require that an equilibrium be robust against a
small involuntary probability with which bidder 1 drops out prematurely
in response to a (commonly known) off-path action, one can show that the
extreme equilibrium is ruined, while the t*-equilibria are unaffected.

This distinction between the extreme equilibrium and the t*-equilibria is
closely related to the dynamic nature of an English auction. If the English
auction is replaced by a second-price auction, a simultaneous-move game,
there is no chance for bidder 7 to produce a publicly known off-path event
in period 1. Hence, extreme equilibria may be considered somewhat more
plausible in a second-price auction.?!

4 Collusion

In this section, we consider the possibility that bidders can condition be-
havior on a public randomization device, or sunspot. In symmetric environ-
ments with no discounting, a sunspot variable which chooses each bidder
to play the role of the speculating bidder with equal probability, allows
all bidders of all types to obtain a higher payoff than in the value-bidding
equilibrium. Hence, moving from the value-bidding equilibrium to the new
equilibrium is self-enforcing at the interim stage. Our construction may be
dubbed a collusive equilibrium, because the assignment of roles based on the

31Zheng (2000, Section 5.2) constructs an “extreme equilibrium” in a second-price-
auction-type mechanism.
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sunspot variable is a form of tacit collusion. Observe that, in contrast to the
collusion devices that have been discussed in the literature, coordination on
our collusive equilibrium does not require a repeated-auction setup, nor does
it require any (possibly illegal) post-auction enforcement between bidders.

Consider a sunspot that selects each bidder with probability 1/n, and
suppose a t*-equilibrium with the selected bidder as the speculating bid-
der is then played. We call the resulting overall equilibrium a t*-collusive
equilibrium.

Proposition 2 Suppose that bidders are symmetric and there is no dis-
counting,
F=...=F, d6=1 (26)

If t* > 0 is sufficiently close to 0, then in a t*-collusive equilibrium all types
of bidders are strictly better off than in an equilibrium where everybody bids
their value and no resale occurs.

The proof proceeds via a series of lemmas. Let ¢ = ¢;. For all ¢ € [0,7],
let U¥*(t) denote the payoff of type t in an equilibrium where everybody
bids their value and no resale occurs. For all ¢,t* € [0,¢], let U*'(t) denote
the payoff of type t in a t*-collusive equilibrium.3?

The first lemma states that, if type t* is better off in the t*-collusive
equilibrium, then all types above t* are also better off. The reason is simple.
Conditional on the event that all competing bidders’ types are below t*, type
t* consumes the good, whether she is assigned the role of the speculating
bidder or not. Hence, the relevant question for her is what price she pays
in the auction and in the resale market: if the expected price is smaller in a
t*-collusive equilibrium compared to a value-bidding equilibrium, then she is
better off in a t*-collusive equilibrium. The same expected price difference is
relevant to all types above t*, so that they face the same payoff comparison
as type t*.

Lemma 3 Suppose that condition (26) holds.
For all t*, if U« (t*) > U(t*), then U“(t) > U (t) for all t > t*.

Proof. straightforward.

320bserve that U (t) is also a function of t*, but we suppress this dependence in order
to save on notation. We do the same for some other functions defined below.
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By Lemma 3, it is sufficient to show that, if t* is sufficiently small, then
all types up to t* are strictly better off in a t*-collusive equilibrium compared
to a value-bidding equilibrium.

We use the shortcut F' = Fj.

Consider any type t < t*. The probability that she obtains the good in
the value-bidding equilibrium is F(¢)"~!. Hence, by the envelope theorem,
type t’s payoff in the value-bidding equilibrium is

U=l(t) = /0 t F(z)" dx. (27)

The probability that type z < t* of bidder 1 obtains the good in a t*-
equilibrium is

q(e) = F(V*) " 2)" (28)

where (V*)~! denotes the inverse of the (post-auction) virtual valuation
function V* defined by

1 F(v)

Vi) = - ;((g)()t*) _ - 2 ) (t*;(;)F W e (20

To understand (28), observe that bidder 1 wins the auction if and only if all
other bidders’ types are below t* and, given that she wins, finally keeps the
good if and only if all other bidders’ virtual valuations are below z, that is,
if and only if all other bidders’ types are below (V*)~!(x).

The payoff of type ¢* of bidder 1 in a t*-equilibrium equals t* F'(t*)"
because she obtains the good at price 0 and consumes it whenever she wins
the auction. Together with (28), the envelope theorem implies that the
payoff of type ¢t < t* of bidder 1 in a t*-equilibrium is

-1
)

t*
Ui(t) = £F@E)™ ! - / a1 (@)dz
t
t*
= t*F@* )"l - F((V*) ()" tda. (30)
t
The probability that type x < t* of bidder 2 obtains the good in a t*-

equilibrium is
@(x) = F((V*)(2)F(x)"? (31)

because she obtains the good if and only if, given the information that her
type is below ¢*, her virtual valuation (V*)(x) exceeds bidder 1’s type, and
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all remaining bidders’ types are below z. Together with (31), the envelope
theorem implies that the payoff of type t < t* of bidder 2 in a t*-equilibrium
is

Up(t) — /thQ(ac)dx: /OtF((V*)(x))F(x)”_de. (32)

Putting (30) and (32) together, we find the payoff of type ¢t < t* in a t*-
collusive equilibrium as

n—1

Ut = 00+ () (33)

In the following, we will consider t*-collusive equilibria with ¢* close to 0.
To this end, the linearization of F' at 0 will be very useful,

F(z) = f0)z+hi(z), (z>0), (34)

where |hy(x)|/x — 0 as x — 0.

Also, for any k& > 0, we will use the shortcut o((t*)¥) for any function
h(x,t*) such that sup,cp 4+ h(x, )|/ (t*)* — 0 as t* — 0.

The next lemma approximates the payoffs in a value-bidding equilibrium.

Lemma 4 For all t* and all t < t*,
) = O ol()").
Proof. From (27) and (34),
t
val _ n—1
U = /0 F(e)™ 'z
t
= [ O+ @) e
t
= [ @)+ hef@) da
t
_ f(o)n—l%t” +/0 ha() dz,
where |ho(x)|/(x)""! — 0 as x — 0.

Let € > 0. If t* is sufficiently small, then |ho(z)| < € (z)" ! for all z < t*.
Therefore

t t t
’/hg(:c)dx g/ Iho(2)] de < € / 2 da < e (1),
0 0 0
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which completes the proof. QED

Define
f(0)

Rt = minaze[o,t*] f(z)

(t* €[0,¢]). (35)

Observe that k(t*) — 1 as t* — 0.
The next lemma provides an approximate lower bound for the virtual
valuation function if ¢* is small.

Lemma 5 For all t* € [0,%] and all t € [0,t],
V*t) > t—r({t"){t" —1t)+ o(t").
Proof. Using (29) and (34),

fOF + h () — f(0)t — ha(t)

o= 70
t— “;(((z))(t* — 1) + h(t, t")
> t—r(t")({t* —t)+ h(t,t"), (36)
where
h(t,t*) W (37)
Observe that (34) implies
SUPgefoe] | M () | < sup | hi(z) | 0 as £ 0
t - z€[0,t*] x .

Hence, defining f(t*) = min,cp 4+ (), we have

SUPgefoo) (2,8 1 (| (t)] | SWPaepr] @)y
t* = fen) ot t*
as t* — 0. QED

Next we establish a result concerning the inverse virtual valuation func-
tion that is analogous to Lemma 5.
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Lemma 6 For all t* € [0,%] and all t € [0,t*],

t 4 K(t*)t*

R

+ o(t").
Proof. Let h be defined as in (37). Rewriting (36) in inverse form,

t> (V7T = () = (V) THO) + AV THE), )
= (V)T O+ w(t9) = w(E)E" = y(t, ) (1 +w(t7),  (38)

where
*\—1 *
ety = ML ((t?)’t ) (9)
Solving (38) for (V*)~1(t) yields
vyt < SRS )

Using (39) and the fact that (V*)71(t) € [0,¢*],

W scioge] 19 )] 5oy B 1)

0 t* 0,
t* =T e 0 ®E T

because h(x,t*) = o(t*). QED
For all y € [0,1] and k > 0, let

1+k (y+ k)"
n n(l+ k)n—1

o1y k) = 1-
Lemma 7 For all * € 0,7 and all t € [0, "],
Uilt) = FO0)" " () 61(, v(E)) + o((£)").
Proof. Using (34) and Lemma 6,

/ F((V*) ()" tdz

= [ (O @+ @)

t
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< /tt* (f(@% + o(t*))n_l da

:f(())”_l/tt* (”C”(t*)t*y_l dz +o((t)")

1+ w(t)
1+ k(") (t + r(")t")"

= oy (FEEE ey - IR F) ol

Hence, the result follows from (30) and the fact that t* F(t*)"~! = f(0)"~1(¢*)"+
o((t*)™). QED

For all y € [0,1] and k > 0, let

1 +k T Jn
k) = n__ n
d2(y. k) P s L n(n—1)(1+ k)n1

T Rk
Iy > l—i-k’
(40)

and otherwise ¢2(y, k) = 0. It is straightforward to check that ¢g is contin-
uous.

Lemma 8 For all t* € [0,t] and allt € [O t*],

Ua(t) = FO)" " () ba(e, w(E)) + o((£)").
Proof. Using (34),
F(V*(z)) = FOV* () +m(Vi(x) if Vi(z)>0,
and F(V*(z)) = 0 otherwise. Hence, using that V*(z) € [0,#] if V*(z) > 0,
F(V*(z)) = f£(0)max{0,V*(z)} + o(t").

Therefore, using Lemma 5,

t*’

F(V*(x)) > f(0)max{0,z — s(t*)(t* — )} + o(t").

Hence,
[ F ) Fr
> fo)~ ! /Ot max {0,z — k(t*)(t* — )}z 2dz + o((t")"). (41)
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Observe that the following equivalence holds:

K(E) .

— k(" — —t
x — K(t")( z) >0 & $>1+/@(t*)

Suppose first that t/t* > k(t*)/(1 + x(t*)). Using (32) and (41),
t

Uat) = SO [ @ RE)E - 2) @) e + o))

*

Te(t5)
= fOTE (Hﬁ(t*)( " n_nét?&(t*))
n 1
n—l t*
= FOTIE) o w0 + o(E)")

If t/t* < k(t*)/(1 4 K(t*)), then (32) and (41) yield
Us(t) = of(t)")
= fO)" )" ¢2(t*’ R(E7) + o((t)"),

because ¢o(t/t*, k(t*)) = 0. QED

Lemma 9 If k is sufficiently close to 1, then

1 —
min — 1 (y, k) +

1 1
$2(y, k) — —y" > 0.
ye[o,1] n n

Proof. By continuity, it is sufficient to consider k£ = 1; i.e., to show for
all y € [0,1],

1 -1 1.,
—¢1(y, 1) + $2(y,1) — —y" > 0. (42)
n n
Defining
2 (y+1)"
= 1)—y"=1-—— —y"
Tﬂ(y) ¢1(y7 ) Yy n n on—1 >
we have

(y+p"! - 1 Lin-
@D/(y):anyn b=yt 2n,1(1+§)n T—n].

strictly decreasing in y
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Hence, there exists y* such that ¢/(y) > 0 if y < y* and ¢'(y) < 0 if
y > y*. Therefore, 1) takes its minimum on [0,1] at 0 or at 1. Because
¥(0) >1—-2/n>0and (1) =0,

Cou(.1) Ty = () >0 i y <1 (43)

- ——y" == i .

n 1\Y, ny n Yy Yy

From (40),

o _ _ _ . 1
afy¢2(y,1)=2y” Loy 2 =y" 22y —1)>0 if y> 5

Hence, if y > 1/2, then ¢2(y, 1) > 0, because ¢2(%, 1) = 0. Combining this
with (43) and the fact that ¢2(y,1) =0 if y < 1/2, we obtain (42). QED

For all t* € [0,7] and all ¢ € [0,¢*], using (33), Lemma 4, Lemma 7, and
Lemma 8,

t n—1 t

UCOI(t) B Uval(t) ti*a R(t*)) +

fO)=t(E)n

> %él(
(44)

If ¢t* is sufficiently close to 0, then x(t*) is arbitrarily close to 1, and thus
(44) together with Lemma 9 implies that

s col _ val
tél[})lvltl*](U (t) —U™(t)) > 0.

This together with Lemma 3 proves Proposition 2.

Some remarks.

1. The collusion result extends to environments with a discount factor
sufficiently close to 1; this follows from Proposition 1 and Lemma 1.

2. The collusion result extends to environments with asymmetric bidders
that are approximately symmetric in an appropriate sense; this follows from
continuity and Proposition 1. By using a non-uniformly distributed sunspot
variable it may be possible to extend the collusion result to a larger class of
asymmetric environments. In some very asymmetric environments, however,
collusion is not possible using a small t*. Consider environments with at least
two private-value bidders and a pure speculator as in Garratt and Troger
(2006): if t* is small, then the initial seller’s revenue in a t*-equilibrium is
larger than in the value-bidding equilibrium, which means that the bidders’
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aggregate payoff is smaller (Garratt and Troger, 2006, online supplement,
Proposition 5).

3. The collusion result extends to t*-equilibria with arbitrary ¢* if the
type distribution F is uniform.?® This is intuitive because the essential idea
behind the idea of Proposition 2 was to use the linearization (34).

4. The collusion result extends to an English auction with a small re-
serve price. This follows from remark number 1 after Proposition 1, by
continuity.?

5. The gains to playing a collusive equilibrium can be quite large. Table
1 shows the gains to a bidder with type t* in environments with £’ uniform

n [0, 1], for various numbers of participants. The gains to type t* are the
minimum gains over all types.

n | U(9) U*(9) % increase

2 0.405  0.50625 25

5 | 0.1181 0.19043 61.24

10 | 0.03487 0.06277 80.01
Table 1: F(t) =t,t*=.9

5 Appendix

Proof of Lemma 1. Let t > 7(t*). By definition of 7(t*), there exists
v € (7(t%),t) such that

v > 0w (v, ey ) (45)
From (12) and q1(s, J (=) ¢+) < 1,
w1 (t, JT(t*),t*) — W1 (v, JT(t*),t*) S t — V. (46)

Putting (45) and (46) together we obtain ¢ > w1 (t, J (4= 4+ )-
From (13), 7(t*) < t*. To prove that 7(t*) > 0, observe that w (0, Jo+) >
0 by (18). Hence, = dwq(0,J¢ ) > 0. Hence, for all t < t

(12) (16)
t <Oowi(0,Jo+) < dwi(t,Joe) < Swi(t,Tppe),

33We do not know whether the result extends to arbitrary F and t*.

34We conjecture that the result extends to arbitrary reserve prices. While the bidders’
payoffs in the collusive equilibrium are smaller than without a reserve price, the same is
true for the value-bidding equilibrium.
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implying 7(t*) > .
To prove the limit result, let € > 0 and define
— t
0 = sup ————.
<t —e wi(t, Jox)

By (12), w1 (t, Jo+) is continuous in t. Hence, (18) implies that 6 < 1. For
all 6 > 0 and t < t* — ¢,

(16)
Swi(t, Jpe=) = dwi(t,Jour) > dwi(t,Jo) > ¢,
implying that 7(t*) > t* —e. QED
Proof of Lemma 2. By Lemma 1, 7(t*) > 0. Hence, condition (14)
implies l;1 (", J-(4+)4+) < t*. Hence, (20) implies 0 < b;(t*). The inequality

bi(t*) < t* follows from the lower bound 0 in (14).
To prove the “Moreover”-part, let ¢t < ¢*. From (11),

(8, ey ) — L (8, ey ) S8 — 1 (47)
Hence,
(20),(47)
t=bi(t") =" = b;(t") — (" —t) < la(t, Irpe) )
The cases t > t* are treated analogously. QED

Proof of Proposition 1. The remaining step is to show that, if ¥/ €

(bi(t*)v t*)v
Vi>2, t <t": u Ny (0, t) < uyn0)(0,1). (48)

Consider the event £ that bidder 1’s type is below 7(t*) and all other bidders’
types are below t*. Let e = Fy(7(t*))Fa(t*) - - - F,,(t*) denote the probability
of event £. Let h = (N, 0,{1},0) denote the equilibrium terminal history in
event €. Let ' = (..., {1,4},b;(¢*),{i}, b;(t*)) denote the terminal history
in event & if bidder ¢ deviates by planning to drop out at b'.

Observe that Gp, = J(4+) 4+ = Gy Hence,

ui,(N,O) (O,t) = (Slzl (t,JT(t*),t*)e,
Ui, (N,0) (b/’ t) = (max{t7 6wl (t’ JT(t*),t* )} - bl (t*))e

Hence,3?
au’l,(N,O) auZV(Nﬂo) /
T(O,t) = 5qi1(t7']7'(t*),t*)e S (5qi(t,JT(t*)’t*)6 S T(b ,t)

350bserve that the mapping ¢t — ui,(v,0) (b, t) is absolutely continuous, and is therefore
differentiable almost everywhere and is the integral over its derivative.

If g(t) and h(t) are absolutely continuous functions, then k(t) = max{g(t), h(t)} is
absolutely continuous, and dk/d¢ > min{dg/dt, dh/dt}.
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Together with
5lll(t*7 JT(t*),t*) — t* - bz(t*) - maX{t*, 5wz(t*7 JT(t*),t*)} - bl(t*),

we obtain (48). QED
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