


The Economics of Natural Resources: Understanding and
predicting the evolution of supply and demand

Rob Hart, Swedish University of Agricultural Sciences

Abstract We develop a dynamic model of prices and quantities of non-renewable resources,
carefully justifying our assumptions. Resource stocks areinhomogeneous, and there is en-
dogenous directed technological change both in extractionand final-good production. The
model explains stylized facts while simultaneously providing a framework for prediction;
it yields analytical results in the baseline case, and may bedeveloped to make empirical
predictions about real resources. In the baseline case the economy passes through a series of
phases: initially resource consumption is low; as technology improves, resource consump-
tion rises and real resource price is constant; in the long run there is a transition to a b.g.p. on
which resource consumption is constant and resource price tracks the wage.

Keywords Directed technological change, Natural resources, Hotelling rule.

1 Introduction

The aim of this paper is to contribute to the development of a flexible and powerful model of
long-run non-renewable resource extraction and consumption, explaining stylized facts and
providing a tool for prediction.1 This is important given not only the importance of many
resources2 — not least fossil fuels — to the economy, but also given the links between fossil-
fuel use and climate change; we need a long-run model of energy demand and supply to
study issues like climate-change policy and sustainability. We argue that there is remarkable
lack of existing work sharing our aim, hence we deliberatelylimit the scope of the paper to
focus on explaining and justifying the overall approach, showing how the model can explain
stylized facts, and deriving long-run predictions in one special case. The scope for further
work is immense, including welfare and policy analyses of questions such as climate policy,
and making specific predictions about price and consumptionpaths for particular resources
based on information about the nature of stocks and historical patterns of demand.

To predict prices and quantities in any market we need to model both supply and de-
mand. Concerning resource supply, we argue that extractioncosts must be modelled as a
function of depletion, technological change in the extraction sector, and the prices of ex-
traction inputs; the former is linked to resource demand, while the latter two are linked to
overall technological progress and growth. Concerning resource demand, we argue that the
demand function for the resource must be modelled as an endogenous function of historical
and expected future prices; the demand function is thus, in the long run, a function of supply
and we havedirected technological change, DTC. Furthermore, we must of course account
for the fact that resource owners treat resources in the ground as assets, in accordance with
Hotelling (1931). There is not a single model in the literature which includes all of the above
features, hence our approach is to build up our model from scratch rather than to tinker with
established work.

1 Two definitions. Firstly, ‘extraction’ is used throughout the paper as shorthand for discovery, extraction,
and refinement. Secondly, we follow Schulze (1974) in defining a non-renewable resource as a substance
— chemical element, compound, or a group of compounds which are close substitutes — which is extracted
from the ground and used as a production input, and not replenished on economic timescales. This definition
includes metals, non-metallic minerals, and fossil fuels,and thus include resources which may be recycled.
Note that the most widely used definition of non-renewables implies that they are consumed in use and thus
cannot be reused, thus excluding metals such as iron, aluminium, copper, etc. On the other hand, ‘minerals’,
the term used by Lin and Wagner (2007), excludes non-crystalline resources such as oil and gas. Furthermore,
according to our definition, non-renewable resources are not necessarilyexhaustibleon economic timescales:
for reasonable rates of consumption resource many mineralscannot be exhausted within the foreseeable
future.

2 Henceforth we use ‘resource’ instead of ‘non-renewable resource’.
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We now outline our approach to modelling supply and demand, contrasting it to ex-
isting approaches; note that we discuss the literature in much greater depth in Section 2.
The traditional approach to extraction costs has either been to assume that they are zero,
or constant. However, models where marginal costs increasein cumulative extraction, due
to a sequential decline in resource quality with extraction, have been around at least since
Schulze (1974). Subsequent authors, such as Lin and Wagner (2007), have added an exoge-
nous decrease in costs over time due to technological progress. We extend the literature by
explicitly modelling the flow of extraction as depending on the quality (or depth) of the mar-
ginal resource, the use of extraction inputs, and the level of input-augmenting technology,
where that technology is endogenously developed. Since extraction inputs may also be used
in final-good production, an important result follows directly: overall technological progress
does not reduce unit extraction costs when the final-good price is numéraire, since the price
of extraction inputs rises in line with technology, and unitcosts are unchanged. This may
seem like a paradox, but is actually nothing of the kind: an increase in productivity raises
production — both of final goods and extractive resources — from given inputs, but it does
not reduce the price of resources relative to final goods. If technological progress is to lower
unit extraction costs, it must be through a more rapid growthin extraction technology rela-
tive to final-good production technology.

The traditional approach to resource demand has been to treat it as constant, or to model
it as stemming from a production functionY = F(K,R), whereK is capital andR is the re-
source flow (see for instance Dasgupta and Heal 1974). Another alternative is to allow it to
evolve exogenously (as in Lin and Wagner 2007). Only in a handful of papers — including
Smulders and de Nooij (2003) and André and Smulders (2004) —can firms control their
degree of resource dependence by investing in more (or less)resource-dependent technolo-
gies; only in these papers can a high price for the given resource push the economy towards a
path on which demand for the resource falls. We build up a model of directed technological
change (DTC) with factor-augmenting technology levels, where the factors are the resource
and labour. Some aspects of the model are novel — the motivation for which is tractability
— but its properties are standard. In the baseline model we assume that the stocks of factor-
augmenting knowledge grow independently of one another, hence the well-known result of
Kennedy (1964) emerges, i.e. that long-run factor shares are independent of factor quantities.
This implies that if the resource price tracks the wage rate then we have unbiased techno-
logical change and resource consumption is constant (if labour is constant). On the other
hand, if the resource price is constant (and hence falling relative to the wage) then technical
change augments labour more than the resource, and resourceconsumption increases at the
overall growth rate of production.

Given historical data on stocks, prices, and quantities, plus data on the nature of re-
maining resource stocks and substitute resources, the model could be parameterized for
numerical simulations to predict long-run developments ofprice and quantity. However,
we concentrate here on the baseline case in which we choose the most convenient possible
characteristics regarding resource stocks and knowledge spillovers in order to generate ana-
lytical results. In this baseline case we have independent knowledge stocks (and hence fixed
long-run factor shares) and an infinite column of the resource. Neither of these assumptions
will match any real resource, but the results nevertheless provide a baseline by comparison
to which other more realistic cases can be understood.

The results of the baseline model can be summarized as follows. The model economy
passes through a series of phases. When the resource is discovered, demand is very low and
extraction thus only scratches the surface of the column of resource. Resource depth is thus
almost constant, hence extraction costs and resource priceare also constant, and resource
consumption rises at close to the overall growth rate (due toDTC in the final-good sector).
We denote this the frontier phase, and its properties correspond roughly to observations for
many resources over the last 100 years. The frontier phase istemporary, because given the
increasing resource consumption rate, the depth of the marginal resource starts to increase,
driving up the resource price, which in turn brakes the increase in consumption; we thus have
a transition phase in which resource price starts to rise while the rate of increase in resource
consumption slows. Finally, the transition phase evolves into a long-run balanced growth
path on which resource consumption is constant, while the price rises in line with wages.
On this path, resource consumption depends on the surface area of the column of resources,
which we denote resource abundance, while the factor share of the resource depends on the
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ease of developing resource-augmenting technology compared to labour-augmenting; the
easier it is to develop resource-augmenting technology, the lower the long-run factor share
of the resource.

The paper is organized as follows. In Section 2 we analyse theliterature in the light of
the aim of this paper. In Section 3 we give an overview of the model, and discuss in depth
four key assumptions concerning how the state variables evolve and interact over time; we
explain why we make these assumptions, and show how they leadto our main results. In
Section 4 we present and solve the two submodels, for resource extraction and final-good
production, focusing on a clear presentation of the mathematical derivations. In Section 5 we
bring the submodels together to solve explicitly for two growth paths — the frontier growth
path and the long-run balanced growth path — and discuss the long-run development of the
economy, showing through verbal argument and numerical simulations how the economy
passes through the phases described above; here we concentrate on the intuition, and relegate
the derivations to Appendix A. In Section 6 we analyse the results critically in relation
to the aims of the paper, comparing to existing literature and discussing how the model
may be used as a starting point for empirical modelling. In particular, we discuss the effect
of relaxing each of the four key assumptions in order to fit empirical observations about
particular resources, and we discuss possible extensions to the model. Section 7 concludes.

2 Review of literature on resource markets

The literature on the economics of natural resources is vast, and to focus our discussion we
begin by arguing that only a small subset of the overall literature is relevant to the aim of
this paper, i.e. the development of a flexible and powerful model of long-run non-renewable
resource extraction and consumption, explaining stylizedfacts and providing a tool for pre-
diction. We go on to analyse the literature in the light of this discussion.

2.1 Extraction costs and resource demand

We claimed in the introduction that a successful model must contain at least the following
two features, in addition to standard characteristics suchas resource owners who treat their
stocks as assets:

Extraction costs must be modelled as a function of depletion, technological change in the
extraction sector, and the prices of extraction inputs;

Resource demand must be modelled as an endogenous function of historical and expected
future prices throughdirected technological change, DTC.

Here we justify this claim.
To make the argument that extraction costs must be modelled as a function of depletion,

technological change in the extraction sector, and the prices of extraction inputs, the key
step is to establish the need to include such costs in the firstplace; once we know this,
it is straightforward to argue that a general model must include these three features. So,
are extraction costs important? There is a great deal of evidence that they are. For instance,
Hotelling (1931) showed that if extraction costs are zero then price should rise at the interest
rate, both in case of monopoly and perfect markets; the failure of resource prices to rise
in this way strongly suggests that extraction costs are significant. Furthermore, superficial
consideration of almost any extraction industry shows thatextraction costs cannot be ignored
a priori as an important component affecting market price. Given that extraction costs are
important, the three points follow directly: we know that global resource deposits typically
vary in quality, and hence that extraction costs will be affected by depletion in the long run;
we know that technological change is important in extraction industries;3 and we know that
input prices change given overall economic growth, since inputs can typically be used in
various sectors, so when they become more productive their prices rise.

On the demand side, we claim that a model of DTC is required. Intuitively, it is obvious
that the demand function for a resource at a given time depends crucially on the price of

3 In the long run this is indisputable; for economic studies ofspecific cases see Managi et al. (2004) or
Cuddington and Moss (2001).
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the resource up to that time; for instance, if the average prices of fossil fuels over the last
40 years had been 50 times higher than the historically observed prices, then we would not
today have the legions of cars, aeroplanes, power stations etc. which depend on such fuels,
i.e. the demand curve would be very much lower. But falling demand means lower extraction
rates, thus affecting the development of extraction costs and hence price. Thus if a model is
capable of predicting price changes due to effects on the extraction side, it must link these
to the demand side. The alternative — exogenously evolving demand — implies that the key
trend in the model is assumeda priori, and not explained. Demand changes may of course
be imputed as a residual necessary to explain historical trends in prices and consumption
rates, but such a model has little or no power toexplainor predict. Alternatively, demand
changes may be predicted based on engineering data and extrapolation of historical trends
— i.e. without any analysis of market forces — an obviously unsatisfactory approach for
making long-run predictions.

2.2 Literature

We now assess the literature on modelling resource markets in the light of the above discus-
sion. The first thing to understand is that — although the overall literature is vast4 — there is
only a handful of papers which share the broad aim of this paper, to model resource markets
in such a way as to explain stylized facts and provide a tool for prediction. By implication
there is a large literature on non-renewable resources which does not share the aim of this
paper. The most obvious example is the well-known literature on the optimal depletion of
non-renewable resources and sustainable growth, including seminal papers such as Dasgupta
and Heal (1974), Solow (1974), Stiglitz (1974), and Hartwick (1977), and more recent ex-
tensions which include endogenous growth mechanisms such as Grimaud and Rouge (2003)
and Groth and Schou (2007).5 All of the papers cited above are immediately ruled out as
candidates to explain the stylized facts about resource consumption and prices since extrac-
tion costs are zero in the models, and hence the resource price simply follows the Hotelling
path, i.e. it rises at the rate of interest.6

We now turn to papers which do, to a greater or lesser extent, try to explain and pre-
dict resource prices and quantities. Tahvonen and Salo (2001) make an important contribu-
tion in that they try to shift the emphasis from sustainability models that they say (quoting
Krautkraemer 1998) ‘should not be taken as literal descriptions of the economy’ (p.1380).
They focus on the competition between fossil fuels and renewable energy, including ex-
traction costs and technological change in extraction and non-renewable energy production.
However, there is still there is no DTC, and hence no possibility for economic agents to react
to high prices by investing to reduce their dependence on theresource.7

Lin and Wagner (2007) focus on explaining the failure of resource prices to rise. They
build a theoretical model in which extraction costs rise in cumulative extraction, while ex-
ogenous technological change is assumed to drive down extraction costs over time. In their
model, price is constant if the extraction rate grows at the same rate as normalized demand
(their Proposition 2). They test the model against empirical data from 1970–2004, and find
support for the hypothesis that demand and extraction ratesare both decaying at constant

4 For a review see Krautkraemer (1998).
5 Another example is the large literature on optimal exploration and extraction given constant and exoge-

nous demand; see Cairns and Quyen (1998) for an example, and further references. Here the aim is typically
to shed light on one aspect of resource markets, rather than developing an overall picture.

6 Tsur and Zemel (2005) is a related paper where extraction costs are instead an increasing (but unchang-
ing) function of the extraction rate until physical resource exhaustion; hence the prediction of rising resource
price appliesa fortiori compared to the models above. Note also Heal (1976), who includes inhomogeneous
resource stocks and extraction costs in a Dasgupta–Heal optimal depletion model; he has resource stocks
such that extraction costs rise in cumulative extraction upto a point, at which a transition occurs to use of an
infinite backstop resource (which might be extracted from the sea or widely available rock formations). The
model still predicts rising prices, partly due to the resource rent and partly due to increasing extraction costs,
up to the point at which the backstop is used.

7 In Tahvonen and Salo the one-dimensional (non-directed) nature of technological change on the demand
side implies that a necessary condition for long-run growthis exponentially increasing resource [energy]
supply. Furthermore, technology in the resource-extraction sector is tied to the rate of extraction, since they
apply the learning-by-doing type of technological change (cf. Arrow 1962, Romer 1986).
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rates over the period of study, leading to constant prices.8 However, they do not explain why
the rates of progress, and stock effects, are such that constant prices result, nor does their
approach allow us to make predictions about future prices and consumption rates, other than
that the same trends will continue indefinitely; in order to make long-term predictions it is
essential to model demand and technological change as endogenous results of economic and
physical phenomena.

A handful of authors include DTC on the demand side in models of resource markets
in the long run — including Popp (2006), Smulders and de Nooij(2003), André and Smul-
ders (2004), and Grimaud and Rouge (2008) — but none accountssufficiently well for both
extraction costs and DTC in order to meet the aim of this paper. Popp (2006) builds a cli-
mate model which includes models of endogenous technological change and resource prices.
However, Popp’s intention is not to build a general resource-market model, but rather to
improve the resource-market ‘module’ of an integrated climate model; thus his modelling
is highly stylized.9 Smulders and de Nooij (2003) model directed technological change in
energy demand in the context of a general equilibrium analysis with growth, using the ap-
proach of Acemoglu (2002); however, energy inputs (corresponding to resource extraction
in a general framework) evolve exogenously. André and Smulders (2004) follow Smulders
and de Nooij in modelling the demand side, but include a modelof resource supply in which
there is a finite quantity of a homogeneous resource, no inputs are used in resource extrac-
tion, and there are ‘iceberg’ costs which decline over time.10 In this context they show how a
decline in iceberg costs could if it were sufficiently steep cancel out the baseline (Hotelling-
rule) rise in the resource price and lead to temporarily falling prices. The paper is valuable in
that it shows how directed technological change in final-good production may be combined
with a Hotelling-type model of resource supply. However, the extraction model, with only
iceberg costs, is clearly a special case, which allows the authors to avoid the introduction
of state variables for the resource stock and extraction technology; unfortunately, this also
makes the model hard to generalize to more realistic cases with ‘real’ extraction costs. Fi-
nally, Grimaud and Rouge (2008) follow André and Smulders (2004) closely in terms of the
modelling of the resource market, but add a pollution externality and thus study the problem
of optimal regulation.

3 An outline of the model

In this section we aim to give an intuitive understanding of the model. Firstly we set out the
fundamentals of the model: the agents, their utility function, the sectors, and the production
functions. Secondly we focus on the four state variables, and four key assumptions concern-
ing how they evolve and interact over time; we explain why we make these assumptions,
and show how they lead to our main results.

3.1 The fundamentals of the model

There are four sets of infinitely-lived agents in the economy: a massL of identical work-
ers supplying their labour inelastically; a massX of identical researchers supplying their
labour inelastically; a unit mass of identical competitiveresource owners, each endowed
with extraction rights to separate resource deposits; and aunit mass of owners of final-good-
producing firms. All agents maximize the discounted sum of their lifetime consumption,U .
Production and investment decisions are made in discrete time. The marginal utility of con-
sumption is assumed constant such that the (constant) time preference factorρ is also equal
to the discount factor per period;ρ ∈ (0,1). This is a harmless assumption as long as the

8 Note that this is a rather surprising conclusion, since the majority of data sources, such as the U.S. Geo-
logical Survey, show rising extraction rates over the period of study. See also Figure 1.

9 Concerning extraction, Popp follows Nordhaus in assuming that extraction costs of fossil fuels are es-
sentially constant before shooting up as a fixed limit is approached, and concerning DTC he does not really
model processes of DTC, instead making assumptions about relative returns to investment and crowding out
between sectors: the social returns to research investmentare fixed at four times the private returns, and
energy R&D is assumed to crowd out other R&D at a rate of 50 percent.

10 Iceberg costs are the loss of a fixed proportion of the good, originally in transit, here in the extraction
process. See Samuelson (1954).
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overall growth rate is approximately constant, since in that case changes in the discount rate
would be insignificant even if the underlying utility function were of the C.E.S. type. Thus
we have

U =
∞

∑
t=0

ρ t
Ct , (1)

whereCt is consumption in periodt. The model thus accounts for the allocation decisions
of all the agents in the economy; in this sense it is a general equilibrium model, although it
is not general equilibrium in the fullest sense since the interest rate is constant.

There are two sectors, final-good and resource-extraction.In the final-good sector there
is a unit continuum of firms producing distinct final goodsyi and competing monopolisti-
cally. The production function of the representative firm is

yt = [(katqat)
σ +(kbtqbt)

σ ]1/σ , (2)

whereσ < 0,qa andqb are quantities of inputs of labour and the resource (priceswa andwb),
while ka andkb are levels of input-augmenting technology. So we have a CES function with
two augmented inputs. The inputs are complements (sinceσ < 0) and hence an increase in
the relative quantity of a factor will lead to a short-run decrease in the relative returns to that
factor and in the factor share; that is, ifqa/qb rises thenwaqa/(wbqb) andwaqa/y fall. But
in the long run there will be greater incentives to develop factor-augmenting technology for
a factor earning higher returns, leading to directed technological change, DTC, which tends
to push the factor shares back towards their original level.We return to this below.

In the resource-extraction sector there is the unit continuum of resource owners (and
associated firms), and firmj extracts resource quantityn jt in periodt. The flow of extraction
of the representative firm after fractionτ of periodt, stτ , is

stτ = kctqct/Rtτ , (3)

whereqc is the quantity of extraction labour employed (pricewc), kc is the level of input-
augmenting technology, andR, resource remoteness, is the physical difficulty of getting the
marginal stock out of the ground (which increases in cumulative extraction). Note thatnt ,
total extraction in periodt by the representative firm, is given by

∫ 1
0 stτdτ .

Total input quantitiesQat, Qbt, andQct are — in equilibrium — equal to the quantities
used by the representative firms, and total extraction in period t, Nt , is equal to extraction by
the representative firm in that period,nt . There are restrictions on total labour,L=Qat+Qct,
total resource use,Qbt = Nt , and an arbitrage conditionwa = wc.

The firm-level knowledge stocks of the representative firm are ka and kb (final-good
firm), andkc (extraction firm), and levels of general knowledge are CES functions of firm
knowledge levels (ε is between zero and one), as follows:

Kat =

[∫ 1

0
kε

aitdi

]1/ε
, and in equilibrium (4)

Kat = kat. (5)

The knowledge stocks of each firm are thus unique, but knowledge spills over between firms
over time through the general knowledge stock.

Overall productionY is a Dixit–Stiglitz function of production of the individual final
goodsyi :

Yt =

[∫ 1

0
yη

it

]1/η
, (6)

whereη ∈ (0,1). The pricepY is normalized to unity, and given symmetry between the firms
it follows that the pricepy of the final good produced by the representative firm is also unity.

The four state variables are thus the levels of factor-augmenting general knowledgeKa,
Kb, andKc, and resource remotenessR. RemotenessR increases through cumulative extrac-
tion, as explained in detail below. Increases in general knowledge are driven by research, per-
formed by researchers employed by firms in the respective sectors; numbers of researchers
employed by the representative firms arexa andxb (final goods), andxc (extraction), and
there is a fixed total number of researchers such thatxa+ xb+ xc = X. All researchers are
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paid the same wage,wx. The representative final-good production firm’s production func-
tions for knowledge are

kat+1 = Kat(xat+1/ra)
φ and (7)

kbt+1 = Kbt(xbt+1/rb)
φ , (8)

and the corresponding equation for the representative resource-extraction firm is

kc jt+1 = Kζ
ctK

1−ζ
at (xc jt+1/rc)

φ . (9)

In these equations,ra, rb, andrc are positive parameters, andζ ∈ [0,1). Equations 7 and 8
imply that knowledge augmenting a given input in the final-good sector builds on existing
general knowledge augmenting that input, and not general knowledge augmenting theother
input. On the other hand, labour-augmenting knowledge in the extraction sector builds partly
on labour-augmenting knowledge in the final-good sector; the degree of spillover depends on
ζ , with a low value ofζ indicating that creation of extraction technology is highly dependent
on spillovers from the production sector. Note that in all three cases firms ‘reinvent’ their
knowledge each period based on general knowledge, which simplifies the dynamics without
affecting the b.g.p., as discussed in Hart (2010).

3.2 Four assumptions

The model contains many specific assumptions, such as concerning the utility function,
what inputs are used in the research sector, the market structure which yields endogenous
technological change, etc. However, the vast majority of these assumptions are harmless in
the sense that any of the assumptions typically made in the literature could have been made
instead and the essential results of the model would be unchanged. For instance, we assume
that technological change is driven by research labour, andthat there is an exogenously fixed
pool of researchers. However, we could just as well have assumed that final goods are used
as R&D inputs (indeed, we did so in previous versions) without affecting the main results
of the model.

Here we focus instead on four assumptions which we make in thebaseline model which
are critical in driving the results of that model; the focus of future work should be on test-
ing the results of adapting these assumptions, and we discuss possible adaptations and their
likely effects in Section 6.2. All four concern how the statevariables evolve and interact
over time, with four corresponding questions. The questions are, firstly, how are knowledge
levelska andkb linked? As we know from Acemoglu (2002) among others, the nature of
these links determines the long-run response of factor shares to changes in factor quanti-
ties. Secondly, how are knowledge levelska andkc linked? Does extraction technologykc

grow independently ofka, or are there spillovers between the sectors (extraction and final-
good production) which tend to make them grow at the same rate? Thirdly, how is research
organized in the final-good and extraction sectors? Do changes occur over time causing tech-
nological progress to accelerate in one compared to the other? Finally, how doesR, resource
remoteness, change over time given increasing cumulative extraction?

Links between ka and kb Concerning the first question, we assume that knowledge levels ka

andkb grow independently, which implies — as shown by Acemoglu (2002) and Hart (2010)
— that an increase in relative quantity of an input factor (say Qa) is exactly balanced in the
long run by a decrease in the relative level of the corresponding factor-augmenting technol-
ogy ka so that the factor shares return to their initial level. Thusby assuming independent
knowledge stocks we effectively assume ‘fixed factor shares’. Is it reasonable? Firstly, note
that it is a feature of many DTC models, including those of Kennedy (1964), Acemoglu
(2002) (in the case of extreme state dependence), Smulders and de Nooij (2003), Grimaud
and Rouge (2008), Hart (2008), and Acemoglu et al. (2012).11 Secondly, note that the idea

11 Note that in Acemoglu et al. (2012) the fixed-share equilibrium is unstable because the factors are sub-
stitutes. Note also that the unpublished paper ‘Energy-saving technical change’ by Hassler, Krusell, and
Olovsson also makes the assumption of independent knowledge stocks.
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of fixed factor shares of resources has scarcely been tested empirically; the emphasis has
been on measuring and explaining price trends alone. However, Jones (2001) investigates
the factor share of energy and shows that it has declined by around 1 percent per year over
a 50-year period. Our own analysis shows that the idea of fixedshares is a good starting
point. For instance, in Figure 1(a) and (b) we show data on price and consumption rates
from Kelly and Matos (2005) for two resources — copper and iron ore — compared to data
on real global GDP from Maddison (2007), and in Figure 1(c) weshow the same result for
16 major metals aggregated together (same data sources).12 It is clear by inspection that the
factor share (wbQb/Y) is roughly constant (slightly declining) in both cases.
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Fig. 1 Consumption rates and real price, compared to global GDP, for (a) copper, (b) iron ore, and (c) aggre-
gate metals. Panels (a) and (b): resource data averaged over10-year periods; data on global product sporadic
prior to 1950. .

Links between ka and kc Concerning the second question, we assume that there are tech-
nology spillovers from the (large) final-good sector to the (typically small) extraction sector.
This assumption is intuitively reasonable: if an extraction industry invests heavily then it will
advance technologically relative to other industries, andthe more it advances the less it will
benefit from spillovers from the others; conversely, if an industry falls behind due to lack of
investment then the potential for spillovers increases. Given knowledge spillovers between
the sectors, technology levelskat andkct tend to grow at the same rate in the long run. This is
important, because while on the one hand increases inkct raise labour’s marginal extraction

12 The metals are Al, Cr, Cu, Au, Fe, Pb, Mg, Mn, Hg, Ni, Pt, Rare earths, Ag, Sn, W, Zn.
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product, tending to make unit extraction costs fall, on the other hand increases inkat raise
the marginal product of labour in the final-good sector and hence drive up its price, which
tends to make unit extraction costs rise. When rates of progress in the two sectors are equal
the two effects cancel each other out and unit extraction costs are (ceteris paribus) constant.
This is an important point frequently missed in the literature, where it is commonplace to
assume that technological progress leads straightforwardly to falling extraction costs.

Organization of research in the final-good and extraction sectors The third question con-
cerns the organization of the respective research sectors.We assume that the final-good
sector and the extraction sector both have the same structure, with firms doing in-house
research to generate knowledge unique to their product or resource stock, but building on
general knowledge (hence there are knowledge spillovers between firms). For simplicity we
fix the mass of firms in each sector, by construction, at unity;we could easily endogenize
the mass of firms instead; for instance, we could add fixed costs and a zero-profit condition
in the final-good sector (indeed, we have done this in previous versions of the paper). How-
ever, careful thinking shows that an asymmetry might emergebetween the sectors when we
do so, since it is reasonable to suppose that variety should increase in the final-good sector
(driven by consumer’s demand for it), whereas no such mechanism seems likely in the ex-
traction sector. If knowledge is, as we assume, variety-specific then increasing variety will
dilute research effort and slow growth. Hence if the model were extended to endogenize the
size of research units the result could be a mechanism through which technological progress
would be faster in the extraction sector than the final-good sector, hence pushing extraction
costs down over time. See Section 6.2 for more discussion.

Sh, h-abundance
Sh

d, depthN, cumulative extraction

Remaining stock

RemotenessR= exp(d)

Fossil Baseline Mineral

Fig. 2 Schematic representation of resource stocks and resource remoteness for the representative resource
owner. The left-hand resource, ‘fossil’, has three different types of deposit, each of which is relatively ho-
mogeneous; when the third deposit is exhausted, the resource is exhausted. The middle resource, an infinite
column, has the idealized properties of the resource in the baseline model. The right-hand resource, ‘mineral’,
has a finite inhomogeneous stock of high-grade ore, and a verylarge rather homogeneous stock contained in
low-grade ore or rock.

Links between cumulative extraction and extraction costsThe fourth question concerns the
nature of resource stocks, in particular how resource remotenessR changes given rising cu-
mulative extraction. Stocks are in general inhomogeneous,and if we assume that the most
accessible resources are extracted first then this will cause R to rise over time, pushing up
extraction costs. Before continuing we need a conceptual framework within which to model
R for the representative resource owner; our framework is illustrated in Figure 2.13 We have
a stock of resource underground, and the deeper the marginalresource, the higher are ex-
traction costs:R= exp(d). Depthd is linked to cumulative extractionN via the surface area
of the marginal resource, denotedSh or homogeneous abundance, henceforthh-abundance.

13 Alternative frameworks may give the same reduced-form equations, such as one in which the represen-
tative owner owns a surface strip of resource, and quality decreases along the strip.
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We are interested in the rate of change ofR over time. Intuitively, whenSh is high
then the rate of change ofR is low for a given extraction rate. Consider iron ore (Sh high)
and platinum (Sh low); extraction of 1000 tons of iron ore has a negligible effect on the
remoteness of the marginal remaining stocks, whereas extraction of the 1000 most accessible
tons of platinum may have an appreciable effect. In continuous time we simply havėRt/Rt =
nt/Sht. For discrete time, define the growth factorθ of some variablev as follows:

θvt = vt+1/vt . (10)

Then the result corresponding tȯRt/Rt = nt/Sht is

lnθRt = ln(Rt+1/Rt) = nt+1/Sht+1, (11)

whereSht is the average value of h-abundance in periodt, andRt is remoteness at the end
of periodt. So, as we would expect, the bigger isSht, the more slowly remoteness increases
for a given extraction rate.

Given this conceptual model the key assumption which leads to long-run balanced
growth in the baseline model is thatSh is constant (Sh = Sh) — implying an infinite col-
umn of the resource as illustrated in Figure 2 — because in this case a constant rate of ex-
traction leads to a constant rate of rise in resource remotenessR. This will of course never
hold exactly for a real resource, indeed an infinite column isobviously physically impos-
sible on a finite earth. Nevertheless, the baseline model does provide a useful baseline if
the timescale is limited to, say, 1000 years, since it gives areasonable ‘median’ between
resources such as fossil fuels where stocks are clearly finite and inhomogeneous on this
timescale (giving a picture something like that on the left in Figure 2), and the kind of min-
eral resources discussed by Heal (1976) where a transition to extraction from an effectively
infinite homogeneous stock may occur (the right-hand picture). For a specific example of
the latter type see Gerst (2008), who discuss the cumulativegrade–tonnage relationship for
copper and suggest that there may be a bimodal distribution with relatively small amounts
of high-grade copper ore, and vast amounts in common rock (see for instance their Figure
9).14

In extensions to the model to deal with particular resourcesit would of course be es-
sential to estimate the nature of stocks and their relative extraction costs. Furthermore, an
important extension would be to allow for substitution between different resources, and the
need for energy inputs in the extraction process. See Section 6.2 for more discussion.

4 Solving the two submodels

In this section we present and solve separate models for the extraction sector and the final-
good sector, focusing on the mathematical derivations.

4.1 The resource extraction sector

Recall that in the extraction sector there is a unit mass of identical resource owners who
maximize discounted consumption (equation 1); extractionin periodt by the representative
resource owner isnt , pricewbt; labour is the sole extraction input, quantityqct, pricewct;
and the representative owner employs research labourxct, pricewxt. Hence the most basic
form of the problem facing the representative resource owner is

∞

∑
t=0

ρ t
{

wbtnt −wctqct −wxtxct)
}
, (12)

subject to restrictions based on the nature of stocks and knowledge growth. Thus the owner
maximizes the discounted sum of revenue minus costs of extraction and research labour.
However, we want to set up the resource owner’s problem as a Lagrangian15 with just two

14 See also Goeller and Weinberg (1976).
15 For an introduction to the use of the Lagrangian method to solve dynamic problems in economics see

Chow (1997).
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choice variables,{ns,xcs}
∞
s=0, implying that we need to substitute forqct. Note that we must

allow for the fact that extraction costs will vary in continuous time asR increases with
cumulative extraction.

To substitute forqct we define total extraction costs during periodt asZt (soZt =wctqct).
Then we rearrange equation 3 for the flow rate of extraction toyield Zt . Furthermore, define
st andRt as extraction flows and remoteness at the end of periodt, i.e. whenτ = 1, and
differentiateZt w.r.t. st to obtain marginal extraction costsz:

Zt = wctqct = wctstRt/kct; (13)

zt = wctRt/kct. (14)

Note that marginal extraction costs do not rise in the rate ofextraction. Effectively, we
ignore short-run capital constraints and allow for a scaling up of extraction effort to achieve
higher extraction rates, which is reasonable in a long-run model with perfect information,
and follows the norm in the literature; see e.g. Lin and Wagner (2007).

If we could treatR ands as constant during each period (i.e.stτ = nt andRtτ = Rt) then
we would simply haveZt = ntwctRt/kct. However, we must account for the fact thatRtτ
increases during the period, causingstτ to decrease. More precisely, the state equation forR
follows directly from equation 11 whenSh is constant:

Rt = R0 exp[Et/Sh], (15)

whereEt is defined as cumulative extraction from the end of period 0 tothe end of period
t, andR0 is remoteness at the end of period 0. (Recall thatSh is h-abundance, the surface
area of marginal resource.) Using this fact we can derive (see the Supplementary material
for details) the following expression forZt :

Zt = Shwct(Rt−1/kct)[exp(nt/Sh)−1], (16)

which can be verified by differentiating w.r.t.nt and using equation 15 to return equation 14,
and confirming that whenn= 0, Z = 0.

Finally, note that at the start of periodt the representative resource owner has cumulative
extractionEt−1, and takes general knowledge levelsKat−1 andKct−1 as given. We are thus
in a position to set up the Lagrangian: take equation 12, substitute for wctqct (i.e. Zt) using
equation and 16, substitute forRt−1 using equation 15, and add restrictions based on the
knowledge-growth (equation 9) and the definition of cumulative extraction,Et = Et−1+nt ,
to obtain

L =
∞

∑
t=0

ρ t
{

wbtnt −Sh[R0 exp(Et−1/Sh)/kct][exp(nt/Sh)−1]wct −xctwxt (17)

−νct[kct − (Kζ
ct−1K1−ζ

at−1)
1−φ (xct/rc)

φ ]+λt [Et − (Et−1+nt)]
}
,

whereνc is the shadow price of the extraction technology andλ is the shadow cost of stock
reductions.

Take first-order conditions in firm investmentxct and technologykct, substitute forkct

from equation 9, and assume a symmetric equilibrium to yield

xct = φwctqct/wxt; (18)

investment in factor-augmenting knowledge by the representative resource owner is increas-
ing in that owner’s factor costswctqct, and decreasing in the price of research labour.

Now take first-order condition in extractionnt to yield wbt = zt +λt ; the price is equal
to the marginal extraction cost plus the user costλ . Finally, the condition in cumulative
extractionEt yields λt = ρ(λt+1 + Zt+1/Sh); the user cost in periodt is the discounted
sum of the next-period user cost and the effect of current extraction on next-period costs.
Eliminateλ from these two equations to yield

zt = wbt −ρ
Zt+1

Sh
−ρ2 Zt+2

Sh
−·· · . (19)
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The firm extracts up to the point where marginal extraction costs are equal to the price
(exogenous to the firm), minus the discounted sum of effects of current extraction on future
extraction costs.

We now have enough information to solve the system, but we cannot solve explicitly
for the extraction path in general, due to the complexity of the dynamic problem facing the
resource owner (equation 19). However, we can solve for two possible growth paths under
specific assumptions about the development of the prices of extraction and research labour
wc andws, and the level of production-labour-augmenting knowledgeKa, and assuming a
symmetric equilibrium. Denote constant values on a balanced growth path using a tilde:̃θKa,
etc. We then have the following proposition.

Proposition E1 Assume that wc, ws, and Ka grow by a constant factor̃θ per period, and
that long-run demand is such that if n grows at a constant rateθ̃n then wb grows at a constant
rate θ̃wb such thatθ̃nθ̃wb = θ̃ . Then there may be balanced growth in the extraction sector
in two cases.

Case E1.1When h-abundanceSh is infinite and henceR is constant, then there is a growth
path in the extraction sector where employment in the extraction sectorQc is constant, the
rate of extraction grows by a factor̃θ per period, and the resource pricewb is constant.

Case E1.2When h-abundanceSh is finite and henceR is increasing over time, then there
is a growth path in the extraction sector where employment inthe extraction sectorQc is
constant, the rate of extraction is constant,

ñ= Sh ln θ̃ , (20)

and the resource pricewb grows by a factor̃θ per period.

Proof The results follow directly from the full solutions to the frontier and balanced growth
path respectively, Appendix A.

Intuitively, in Case E1.1, sinceR is constant, technological change allows exponentially
increasing extraction using the same (constant) labour force. Unit costs are constant, not
falling, since the wage increases at the same rate. In Case E1.2, extraction occurs at a con-
stant rate such that remotenessR rises at the overall growth rate, and hence when extraction
technology also rises at this rate then constant extractionis achieved using a constant labour
force. Unit costs thus rise at the same rate as the wage.

4.2 The final-good sector

Recall that in the final-good sector there is a unit mass of firms producing differentiated
products and performing in-house research. This unorthodox set-up — building on Hart
(2008) — does not drive the results of the model; it is chosen for its tractability, and for its
potential to highlight relevant differences between the extraction and final-good sectors in
further work. As discussed above, the key feature of the model which doesdrive the results
is the assumption that factor-augmenting knowledge stocksin the final-good sector grow
independently of one another, an assumption that may easilybe relaxed in further work.

The representative firm maximizes the discounted sum of revenue minus costs of inputs
and investments subject to the knowledge production functions (see Section 3.1) and its
Lagrangian is therefore

L=
∞

∑
t=0

ρ t
{

pyt [(katqat)
σ +(kbtqbt)

σ ]1/σ −watqat −wbtqbt −wxt(xat +xbt) (21)

−λat
(
kat −Kat−1(xat/ra)

φ)−λbt
(
kbt −Kbt−1(xbt/rb)

φ)}.

Now take first-order conditions in input quantities, firm knowledge stocks, and investments,
and eliminate the shadow prices to obtain the following equations: the investment ratio,

xat/xbt = [(kat/kbt)(qat/qbt)]
σ = watqat/(wbtqbt); (22)
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the ratios of expenditure on research compared to inputs,

wxxa = φwaqa and wxxb = φwbqb; (23)

and the proportion of production spent on buying inputs,

waqa+wbqb+wx(xa+xb) = η(1+φ) [(katqat)
σ +(kbtqbt)

σ ]1/σ . (24)

Note that equation 22 shows that the ratio of investments is proportional to the resulting
factor shares in the same period, in accordance with the results of Hart (2010).

To solve for the dynamics, we need to take the equation for theinvestment ratio, and
substitute it into an expression derived from the knowledgeproduction functions above, after
using the fact that in equilibriumka = Ka, andkb = Kb. Now recall the notation (equation
10) θKat = Kat+1/Kat. From equations 7 and 8 we have

θkat/θkbt = (xat+1/xbt+1)
φ/(ra/rb)

φ , (25)

and from equation 22 we know thatxat+1/xbt+1 = [(kat+1/kbt+1)(qat+1/qbt+1)]
σ . Write

this asxat+1/xbt+1 = [θkat/θkbt(kat/kbt)(qat+1/qbt+1)]
σ , use this expression to substitute

for xat+1/xbt+1 in equation 25, and finally assume equilibrium such thatka = Ka etc., to
yield

θKat/θKbt =
{
[(Kat/Kbt)(Qat+1/Qbt+1)]

σφ /(ra/rb)
φ
}1/(1−σφ)

. (26)

The evolution of relative factor prices is now fully and explicitly determined as long as factor
quantities are known (or vice versa). From equation 26 we know relative knowledge levels
in periodt +1, for given initial knowledge stocks and period-t +1 factor quantities. Then
we can use equation 22 to derivewat+1/wbt+1, yielding the following proposition.

Proposition F1 When Qa and Qb grow at constant rates̃θQa andθ̃Qb, there exists a b.g.p. such
that factor shares are constant, given by

waQa

wbQb
=

ra

rb

(
θ̃Qb

θ̃Qa

)1/φ
. (27)

Proof If factor shares are constant then the relative augmented input quantities of the repre-
sentative firmkaqa/(kbqb) must be constant, implying thatKa/Kb grows at the constant rate
θ̃Qb/θ̃Qa. Insert this growth rate into equation 26, and use equation 22 to derive the result.

The intuition behind Proposition F1 is straightforward. Since levels of factor-augment-
ing knowledge grow independently of one another, a decreasein the relative quantity of
one physical factor may, even in the long run, be balanced by in increase in the associated
knowledge level. For further intuition, consider the following two special cases.

Case F1.1WhenQa is constant andQb rises byθ̃ per period, then on the b.g.p.wa/wb rises
by θ̃ per period.

Case F1.2WhenQa andQb are both constant then on the b.g.p.wa/wb is also constant, and

wa

wb
=

ra

rb

Qb

Qa
. (28)

In Case F1.1 a rise in the relative quantity of resource inputs compared to labour is
coupled to a fall in the relative price, and the factor share of the resource is constant. In
Case F1.2 the relative quantities of inputs are constant, and hence we expect Hicks-neutral
technological change such that prices of both inputs grow atthe same rate, and hence factor
shares are constant.

Note that the respective cases from the final-good sector andthe extraction sector (F1.1
and E1.1, and F1.2 and E1.2) hang together. In the first pair ofcases resource consumption
(and supply) track the overall growth rate, whereas the realresource price is constant. In the
second pair of cases resource consumption (and supply) are constant, and the resource price
tracks the overall growth rate. We build on this observationbelow.
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5 The overall model

In this section we bring the submodels together to solve for the two growth paths (frontier
and balanced) and the long-run dynamics, focusing primarily on the intuition. We solve for
growth rates and state variables on the two growth paths in Appendix A.

5.1 Frontier growth and balanced growth

In the overall model we simply combine the two submodels, imposing (i) the restriction on
the total quantity of labourL, L = Qa +Qc, and the no-arbitrage condition that returns to
labour must be equal in the two sectors, i.e.wat = wct, and (ii) the corresponding conditions
for research labour,X = xa + xb + xc and wx equal in all research sectors. We solve the
model in two cases, corresponding to F1.1 and E1.1, and F1.2 and E1.2 respectively. That
is, in the first case we assume thatR is constant, implying that the resource is fundamentally
not scarce; current extraction does not raise future extraction costs. In the second case we
drop this assumption. As explained in Section 3, we denote the two casesfrontier growth
andbalanced growth.

Proposition O1 When R is constant there is a frontier growth path along which: (i) the
growth factor per period̃θ and the allocation of labour between sectors are constant; and
(ii) the resource price is constant and resource consumption grows byθ̃ per period.

Proof We know from Proposition E1 that there is — conditional on balanced growth in the
final-good sector — a growth path in the extraction sector where employment in the extrac-
tion sectorQc is constant, the rate of extraction grows at the overall rate(by factor θ̃ per
period), and the resource pricewb is constant. But from Proposition F1 Case F1.1, we know
that if the resource price is constant then there is balancedgrowth in the final-good sector,
in which the rate of resource consumption grows at the overall rate.

Proposition O2 When R is not constant there is a balanced growth path along which: (i)
the growth factor per period̃θ and the allocation of labour between sectors are constant;
and (ii) the resource price rises at the overall growth rateθ̃ , and resource consumption is
constant.

Proof Analogous to the proof of Proposition O1.

On the frontier growth path the extraction rate is so low thatR is effectively constant
and the behaviour of resource holders is insignificantly different from the case of infinite
homogeneous stocks. Given the characteristics of technology discussed above, this implies
constant unit extraction costs and zero resource rent, and hence constant resource prices. The
logic behind the name,frontier growth, is that when one (homogeneous) resource deposit
is exhausted, extraction simply continues from another identical such deposit. In the final-
good sector, given fixed long-run factor shares, when resource price is constant then the rate
of resource use must rise at the overall growth rate. So on thefrontier growth path we have
constant resource prices and resource consumption that tracks global product. Note that this
fits well with the stylized facts of constant prices and rising resource use, and also with the
specific data shown in Figure 1. Schematically, developmentof key variables is shown in
Figure 3, left panel.

On the balanced growth path the extraction raten (= Qb) is constant at a level such
thatR, resource remoteness, increases exactly at the overall growth rate,n= Sh ln θ̃ . Then
given balanced growth in knowledge stocks, extraction costs will also grow steadily at the
overall growth rate, and the resource price too will grow at this rate, hence tracking wages.
Now turn to the final-good sector, and note that when wages andthe resource price grow
at the same rate, resource consumption is constant. Thus theb.g.p. follows (Figure 3, right
panel). The demand and supply equations, derived in Propositions F1 and E1 respectively,
are illustrated in Figure 4. Concerning demand, if the resource price is constant relative to
the prices of other (fixed) inputs, then the economy approaches a growth path along which
technological change is Hicks-neutral and resource use is constant. Concerning supply, if the
resource price is constant relative to the prices of other (fixed) inputs, resource extraction
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Frontier growth Balanced growth

loglog

timetime

Global productY, wagewaGlobal productY, wagewa

Resource useQb

Resource useQb Resource pricewb

Resource pricewb

Fig. 3 Schematic graphs of frontier growth and balanced growth. Inthe former, resource use tracks growth
in global product whereas resource price is constant; in thelatter, resource price tracks wage growth and
resource consumption is constant.

approaches a ratẽn such that the remoteness of the most accessible resources remaining in
the ground rises at the same rate as the overall rate of technological progress in the economy,
θ̃ . Put the two together to understand why the economy converges on the steady state: if the
extraction raten> ñ then remoteness will rise at a rate greater thanθ̃ , hence the resource
price will rise relative to other inputs, reducing demand and hence extraction. And vice
versa.
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Fig. 4 Resource supply/demand on the long-run b.g.p.

Turning to comparative statics, the supply curve is vertical, and hence the b.g.p. level of
resource consumption does not depend on demand for the resource. Rather, it depends on
the nature of resource deposits and the overall growth rate of technology; these determine
the extraction rate such that increasing resource remoteness is balanced by improvement in
extraction technology. A rise in either h-abundance or the overall growth rate shifts the long-
run supply curve to the right, such that quantity increases and price falls (Figure 4). Given
the vertical long-run supply curve, shifts in long-run demand affect the price while leaving
quantity unaffected. Long-run demand, and hence also the factor share of the resource, is
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increasing in the baseline cost of developing resource-augmenting technology compared to
labour-augmenting technology,rb/ra.

5.2 Long-run dynamics of the economy

Having solved for the two limiting growth paths (frontier and balanced), we can now turn
to the long-run dynamics of the economy. We show, heuristically and through numerical
simulations, that in the baseline case the economy should pass from a primitive phase (when
the resource is not used) to the frontier phase (during whichthe economy approaches the
frontier growth path) to the long run (where the economy approaches the balanced growth
path) via a transition phase.

The essence of the story is as follows. For any given resource, we can easily imagine
a time — the primitive economy — when the resource is not used at all due to an inability
to extract it in useful form. However, as technology progresses in the economy, technology
to locate, extract and refine the resource emerges, and extraction begins. Assume that when
extraction starts, the rate of extraction — and hence consumption — is low. Furthermore, the
price is high relative to the wage. Over time, productivity increases, the wage increases, and
the unit price of the resource remains constant (due to the mechanism described above in
the frontier economy). Given constant resource price and rising wages, the rate of consump-
tion of the resource rises; frontier growth. As consumptionrises, gradually lower-quality
reserves must be tapped and the resource price starts to rise, causing the rate of increase of
consumption to slow. This is the transition phase. In the long run the price rises at the overall
growth rate, and consumption is constant; balanced growth.

In order to model the full process, we must specify the properties of the primitive econ-
omy, when the resource is not used at all. We assume a primitive growth path along which
an alternative ‘primitive’ inputP, pricewpt quantityqpt, is used instead of the resourceB.
Primitive growth is analogous to balanced growth in thatka, kb, wa andwp all grow at the
overall growth ratẽθ , whereasqp is constant; however, the primitive input is more expen-
sive than the resource, in the sense that the normalized price wpt/wat on the primitive path
is greater than the normalized pricewbt/wat on the balanced growth path. Finally, extraction
knowledge for the primitive input,Kp, can be transferred to resourceB with the loss of a
fixed proportion:Kc = δ ·Kp, whereδ ∈ (0,1). The reason that the resourceB is not used in
the primitive economy is that extraction costs are abovewpt. In the simulation illustrated in
Figure 5,wpt/wat is 100 times greater thanwbt/wat on the b.g.p., andδ = 0.5.

Given the properties of the primitive economy, at some time extraction of the resourceB
will begin. The reason is that as overall technology progresses, marginal extraction costszt

fall relative to the price of the primitive inputwpt, and whenwbt < wpt, extraction begins.16

At this point, the price of the resource is high relative to the wage, whereas the rate of
extraction is low (compared to the long run). On commencement of extraction, the resource
price falls abruptly due to investment in extraction knowledge and the concomitant increase
in kc/ka, and consumption rises. We then see a period of 100–200 yearswhere the real price
is approximately constant and consumption rises at a rate close to the overall growth rate.
Once price begins to rise, tracking wages, growth of resource consumption begins to slow,
and the economy gradually approaches the balanced growth path of Figure 3.17

The heuristic argument for the transition to balanced growth developed above is all very
well, but can we prove that the b.g.p. is unique and stable? The normalized state variables
kb/ka, kc/ka, andR/ka are constant given balanced growth; that is, we have a steadystate,
and we can in principle perform a linear approximation around the steady-state solution to
investigate its properties. We then need expressions forxat, xbt, xct, andnt+1 close to the
steady state, in terms of the state variables. Unfortunately the expressions are cumbersome,
and we therefore restrict ourselves to numerical analysis.Figure 6 shows results for one
parameterization, the details of which are provided in Appendix B. Note thatkc/ka is not
shown; given the choice ofζ it moves rapidly to its b.g.p. value. For all the parameterizations
tested we have a stable steady state.

16 Strictly we should also allow for the shadow priceλ as well, i.e. the condition should bewbt +λt < wpt;
however if the initial extraction rate is low thenλ will also be low.

17 For further details about the primitive economy and the start of extraction, see the Supplementary mate-
rial, and for the parameterization see Appendix B.
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6 Discussion

In this section we discuss the model in relation to the aims ofthe paper, i.e. to present a flex-
ible and powerful model of non-renewable resource extraction and consumption, explaining
stylized facts and providing a framework for prediction of future prices and consumption
rates.

6.1 Explaining stylized facts about resource prices and consumption

We present four stylized facts about resource markets, of which the first two are straight-
forward: the prices and quantities of different resources vary widely, and resource prices
fluctuate significantly in the short and medium term. Neitherof these facts is controversial.
The first fact is easily accommodated by the model: the model allows for variability in the
ease with which the resource can be substituted through factor-augmenting technology, af-
fecting the factor share of the resource, and it allows for differences in resource abundance
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and the remoteness of the marginal resource, affecting price and hence also the resource con-
sumption rate. The second fact, price fluctuation, is beyondthe scope of the model, since
we are concerned with the long run. An obvious reason for short-run price fluctuations is
that both supply and demand are inelastic in the short run, hence if (for example) demand
is unexpectedly high this pushes up the price significantly.In principle it would be straight-
forward to extend the model to include such effects, e.g. by adding a stochastic factor in
resource demand, plus physical capital in the extraction industry.

The second two stylized facts are more interesting in the context of our model: the long-
run movements in real resource prices are very slow, and the long-run trend in resource
consumption is rising. There is much empirical research on trends in resource prices, trig-
gered by Barnett and Morse (1963) who examined resource prices in the U.S. from 1870 to
1957, and concluded that the real price of natural resourcesdid not generally increase over
the period examined. More recent evidence showing that long-run resource prices tend to
be constant is provided by Krautkraemer (1998). That resource consumption is increasing
seems straightforward on the face of it, but it is scarcely dealt with in the mainstream re-
source literature, where the focus is almost entirely on prices. However, Johnson et al. (1980)
present data showing large increases in output of a range of U.S. extractive industries over
the period 1870–1966.18 Furthermore, the U.S. Geological Survey present data showing that
global production/consumption rates of a range of mineralsrose steeply during the 20th cen-
tury (Kelly and Matos 2005). Furthermore, Figure 1 suggeststhat the specific prediction that
resource consumption should grow at the overall growth ratewhen real prices are constant
— resulting in a constant factor share — may be backed up by data.

The model suggests that when the price of a resource is constant it is because the econ-
omy is close to a frontier growth path with respect to that resource; extraction rates have
simply not reached a level such that stocks of significantly lower quality must be extracted
over time, and the user cost of extraction is low. Furthermore, recall that in Figure 5 we see
that the frontier phase may be very long (hundreds of years) in the theoretical model. Note
that this is an extremely simple explanation, much simpler than those common in the litera-
ture which rely on technological change driving down costs at the same rate as other factors
drive them up. Compare for instance to André and Smulders (2004) and Lin and Wagner
(2007). André and Smulders (2004) model directed technological change on the demand
side, but have a stylized extraction sector with iceberg costs but no need for inputs, and if
iceberg costs fall fast enough this can balance the baseline(Hotelling-rule) rise in the re-
source price and lead to a constant market price. Lin and Wagner (2007) build a theoretical
model and then test it using data on prices and consumption rates. On the extraction side
they assume19 zt = Nω

t /kct, whereω is a parameter greater than zero andkct grows exoge-
nously at a constant rate; so technological change (growth in kc) drives costs down, whereas
increasing cumulative extractive drives them up. On the other hand, we derive (from equa-
tions 14 and 15)zt = R0 exp[Nt/Sh]wct/kct, wherewct andkct grow endogenously, and tend
to grow at the overall growth rate in the long run (equations 14 and 15). So technological
change has no effect on extraction costs, because we take account of the fact that overall
technological progress raises the price of extraction inputs.

We show that it is at best theoretically shaky to assume that technological progress
drives unit extraction costs downwards. Furthermore, if this process is to be used to explain
the observation of approximately constant long-run pricesacross a wide range of resources,
it seems to require a very unlikely coincidence, i.e. that the rate of technological progress
is almost exactly balanced for all these resources by other unrelated factors driving prices
up (which may be the resource rent, or increasing resource remoteness). In our model, by
contrast, a period of near-constant prices arises as a general prediction, since in the early
stages of resource use the extraction rate is low compared toh-abundance, hence the resource
rent is low and unit costs are constant, not falling, becausewe account for the rising cost of
extraction inputs.

Finally, is it empirically plausible that the economy has been — for long periods and a
range of resources — on something similar to a frontier growth path? Two empirical tests
stand out: on a frontier path resource remoteness should be constant, and the resource rent
should be low. Concerning resource remoteness, this is not the place for a thorough empiri-

18 Output increases by a factor of approximately 5.
19 Note that we convert to our notation.
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cal analysis, but the following anecdotal evidence is suggestive: firstly, Saudi Arabia started
extraction from the vast Ghawar Field in 1951, and approximately half of the original re-
serves remain (EIA 2010); secondly, Figure 7 in Gerst (2008)suggests that the average
grade of copper ore extracted declined by a factor just 2 between 1900 and 2000. Concern-
ing resource rents (Hotelling 1931), there is little evidence that they have been significant
historically for natural resources. See for instance Ellisand Halvorsen (2002) who perform
an econometric study of a large actor’s behaviour in international nickel market, and show
that there is a large markup of price over marginal cost, but that it is largely attributable to
the exercise of market power, not the resource rent (note also Chermak and Patrick, 2001).
See also Slade and Thille (2009), who survey the literature based on the idea that changes
in interest rates should be positively correlated with resource price increases if the scarcity
rent is significant. Concerning oil, Hart and Spiro (2011) survey the literature and perform
back-of-the-envelope simulations to show that resource rent cannot account for a major part
of the oil price historically, and is very likely only a smallpart of the price today.

6.2 Framework for prediction

Does the model succeed in providing a framework for prediction of resource-market be-
haviour? We answer this question in two stages. Firstly we briefly reconsider the existing
literature. Secondly, we return to our model and examine howit could be adapted to make
concrete predictions in specific cases.

Concerning existing literature, we argued in Section 2.1 that papers without DTC on
the demand side — such as Heal (1976), Tahvonen and Salo (2001), and Lin and Wagner
(2007) — are by construction unable to accurately predict what will happen if and when
there is a change in the price trend of the resource, since there is no possibility for economic
agents to react to high prices by investing to reduce their dependence on the resource. Lin
and Wagner’s model is set up such that current trends should continue indefinitely, implying
that resource prices will remain constant forever; on the other hand, our baseline model
explains and predicts how and why a transition to constant extraction rates and rising prices
will occur, whereas a version with empirical data on resource stocks would make widely
differing predictions depending on the nature of those stocks.

Turning to papers with DTC on the demand side, we have André and Smulders (2004)
and Grimaud and Rouge (2008). Recall that they have a finite quantity of a homogeneous
resource, and extraction costs which approach zero in the long run. Thus their long-run
prediction — in the absence of substitutes — is for the resource price to rise at the interest
rate and the extraction rate to approach zero. While this prediction is reasonable under the
given assumptions, the assumptions are far removed from anyreal resource, and it is hard
to see how the model can be adapted to cope with (more realistic) inhomogeneous resource
stocks with substitutes.

Returning to our model, we claim it can easily be adapted to make concrete predictions
about specific resources, and furthermore that obvious developments of the model could
make it even more powerful in its ability to accurately account for observations and make
predictions, although at the cost of tractability. We startwe the four assumptions discussed
in Section 3.2, and go on to possible extensions. Recall thatthe assumptions are: (i)ka and
kb grow independently, implying fixed factor shares; (ii)kc andka linked, implyingceteris
paribus kc/ka constant in long run; (iii) no structural changes favouringlong-run growth in
extraction technology over production technology, and (iv) Sh constant.

The first assumption, independent knowledge stocks, may be areasonable approxima-
tion, but there is a certain amount of evidence that the factor share of a resource which
increases in quantity tends to decline, as found by Jones (2001) in the case of energy, and
also suggested by our own examples in Figure 1(a) and (b). It would be straightforward
to introduce this property into the model, by adding spillovers between knowledge stocks
(labour-augmenting and resource-augmenting) in the modelof DTC. In fact, this would also
make the model more realistic in terms of its assumptions, asHart (2010) argues that such
spillovers between knowledge stocks are likely to exist in practice. An implication would
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be that if resource use ever went into decline then the price would rise more steeply than
predicted by the baseline model.20

We take the second and third assumptions together, as there is no reason to doubt the
former but some reason to doubt the latter, and the effect is the same, i.e. to allow the ratio
kc/ka to change in the long run. Considering the global economy, itis clear that the variety
of final goods produced expands over time; if this also means that the breadth of associated
knowledge stocks increases, this process will lead to a dilution of research effort in the
final-good sector. That is, as research is spread over an ever-wider range of product lines,
progress on each line is slowed down compared to a counterfactual case where the number
of product lines did not increase. On the other hand, there isno obvious reason to expect
such dilution in the extraction sector. Hence if the model were extended to endogenize the
size of research units the result could be a mechanism through which technological progress
would be faster in the extraction sector than the final-good sector, hence pushing extraction
costs down over time. This could explain the fact — visible inFigure 1 — that real resource
prices often decline slowly over long periods.

Finally, consider the assumption that homogeneous abundance Sh is constant atSh for
any given resource. Clearly this will never hold exactly forany real resource, and in any
empirical application it will be important to estimate how the physical characteristics of the
marginal stocks will change given increasing cumulative extraction. Taking the example of
fossil fuels, stocks might look something like the illustration in Figure 2, with a series of
relatively homogeneous stocks of differing remoteness (consider for instance OPEC crude
oil, surface coal, oil sands, etc). The results for the frontier phase will hold for most stocks,
but the long-run properties of the economy will differ. For instance, with a Heal-type infinite
backstop the economy will, in the long run, return to a path with constant prices and rising
consumption, whereas with finite homogeneous stocks and no substitute resource the rate
of price increase will approach the interest rate and consumption will approach zero in the
very long run, as in standard models.

Consider now other possible extensions to the model. The example of fossil fuels sug-
gests two further important factors: market structure and the price and availability of substi-
tutes. The key to the energy market in the long run is the potential of the substitute energy
sources, since it is likely that such energy sources will replace fossil fuels long before all
of the more remote stocks (such as oil sands, oil shales, and deep coal) are exhausted. An
interesting paper focusing on DTC and substitution in the energy sector is Acemoglu et al.
(2012). Considering mineral resources such as metals, the possibility of recycling is clearly
important to include, as has long been recognized (see for instance Schulze 1974), and con-
cerning extraction costs, it may be important to include other extraction inputs, such as
energy or land, the productivity of which may not be susceptible to indefinite increases, as
is assumed for labour in the model. Another important aspectwhich could be included is
the possibility of adaptation through substitution between final goods of differing resource
intensity; such substitution mechanisms may be very important, as shown by the history of
artificial light; see Fouquet and Pearson (2006).

Finally, note that in extended versions of the model something close to the baseline
long-run b.g.p. might still be obtained despite more complex and realistic assumptions. For
instance, consider an extended model in which fossil fuels are in the long run replaced by
renewables. Then the key factor may become the cost of the land required to harvest energy.
Since land is in fixed supply in the long run (once all the frontiers have been pushed back),
we would expect a constant long-run energy flow, with the prices of both energy and land
tracking the wage. A related argument could be made for recycled metals taking over from
extracted metals once the (energetic) cost of extraction from low-grade sources became too
high.

20 Note also that the model of DTC contains an obvious simplification, that private factor-augmenting
knowledge spills over completely to the public domain at theend of each period. This simplification does not
affect the main results of the baseline model, but may be unnecessarily restrictive in empirical modelling. It
may be relaxed at the cost of some extra complexity in the model.
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7 Conclusions

We build a model of an economy starting on a primitive growth path with no resource use,
which then passes through three phases in the very long run, from a frontier phase with
increasing resource consumption and constant price, to a long-run balanced growth path on
which resource consumption is constant and the price tracksthe wage rate. These baseline
results depend on four assumptions — concerning links between stocks of knowledge aug-
menting labour and resources in the final-good sector, linksbetween stocks of knowledge
augmenting labour employed in extraction and labour employed in final-good production,
the organization of research in the final-good and extraction sectors, and the nature of re-
source stocks — none of which is likely to hold exactly in practice. Nevertheless, the model
is important for at least three reasons. Firstly, it provides a much better baseline for under-
standing and predicting resource market trends than existing models in the literature, since
it provides for the first time a framework for modelling resource markets which accounts
for the dynamic interaction of resource supply and demand. Secondly, the theoretical model
can easily be extended to relax any of the four assumptions named above, or to allow for
other factors such as different market structures in the resource sector or the availability of
substitutes. Thirdly, the model is ready to make initial empirical predictions about specific
resources, based on data about the nature of historical and remaining stocks of the given
resource.

Appendix A The solution to the transformed model

Appendix A.1 The transformations

Assuming a symmetric equilibrium we can write the model downin a simpler form. Firstly,
note that we then have: (i) representative firms for extraction and final-good production;
(ii) the representative firms’ technology levels are the same as general knowledge levels,
thus (for instance)ka = Ka; and (iii) arbitrage and physical restrictions apply, sowa = wc,
and nt = Qbt. Secondly, we can normalize the growing variables by the level of labour-
augmenting knowledgeka. The first effect of this transformation is to reduce the number of
state variables by one: in the full economy we then have three, in the frontier economy we
have just two sinceR is constant. The second effect is to transform the growth paths (frontier
and balanced) into steady states. We introduce new notationfor the normalized variables,
which we demonstrate through two examples. The normalized variable(kc/ka)t+1 is denoted
(kc/ka)t+1, and the normalized variable(R/ka)t is denoted(R/ka)t .

There are two possible normalizations of the model, one of which transforms the frontier
growth path into a steady state, the other of which transforms the balanced growth path into
a steady state. We begin by presenting the normalization through which the balanced growth
path is transformed into a steady state.

Appendix A.2 The b.g.p. transformation

In the b.g.p. transformation we normalize variables which grow on the long-run b.g.p. byka

such that they are instead constant on this path. Then the state equations are:

(kb/ka)t+1 =

(
xbt+1

xat+1

)φ ( ra

rb

)φ
(kb/ka)t ; (A1)

(kc/ka)t+1 =

(
xct+1

xat+1

)φ ( ra

rc

)φ
(kc/ka)

ζ
t ; (A2)

(R/ka)t+1 = exp
[
Qbt+1/Sh

](xat+1

ra

)−φ
(R/ka)t . (A3)

Furthermore, we can write equations for the remaining variables in terms of the state and
control variables:

L = Qat +Qct; (A4)
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X = xat +xbt +xct; (A5)

(z/ka)t = (wa/ka)t(R/ka)t/(kc/ka)t ; (A6)

(Z/ka)t = (z/ka)tSh(1−exp(−Qbt/Sh)); (A7)

θkat−1 = (xat/ra)
φ ; (A8)

Qct = Sh[(R/ka)t/(kc/ka)t ][1−exp(−Qbt/Sh)]. (A9)

Finally, from the first-order conditions we obtain:

xct = φ((wa/ka)t/(wx/ka)t)Qct; (A10)

(wb/ka)t − (z/ka)t = ρθat

[
(Z/ka)t+1

Sh
+(wb/ka)t+1− (z/ka)t+1

]
; (A11)

xat/xbt = Qat/Qbt((wa/ka)t/(wb/ka)t); (A12)

xat/xbt = (Qat/Qbt)
σ/(kb/ka)

σ
t ; (A13)

(wa/ka)tQat +(wb/ka)tQbt = η
[
Qσ

at +((kb/ka)tQbt)
σ]1/σ

; (A14)

(wx/ka)txat = φ(wa/ka)tQat. (A15)

It is straightforward to show that this system of equations has a steady state, correspond-
ing to the balanced growth path of the original model. Recallthat a tilde indicates a variable
that is constant. The state variables are

k̃b/ka =
L

Sh ln θ̃
ψ

1+ψ

(
rb

ra

)1/σ
; (A16)

k̃c/ka =

(
1
ψ

ra

rc

)φ/(1−ζ )
; (A17)

R̃/ka =
L

Sh

θ̃/(θ̃ −1)
1+ψ

k̃c/ka, (A18)

where

ψ =
ln θ̃

θ̃ −1

θ̃
(1−ρθ̃)

ra

rb
(1−ρ). (A19)

The other variables are

Q̃a = L
ψ

1+ψ
; Q̃c = L

1
1+ψ

; (A20)

Q̃b = Sh ln θ̃ ; (A21)

x̃a = θ̃1/φ ra; (A22)

x̃b = θ̃1/φ rb; (A23)

x̃c = xa/ψ ; (A24)

w̃a/ka = η
(

ra

ra+ rb

)1−1/σ
; (A25)

w̃b/ka = w̃a/ka
Q̃a

Q̃b

rb

ra
; (A26)

w̃x/ka =
w̃a/ka

xa
φQ̃a. (A27)

If we then normalize the long-run growth ratẽθ to an appropriate value we obtain unique
solutions for all of the variables, including total labour in the research sector,X.

To show that this is a steady state, put the investment levelsinto equations A1–A3 to
confirm that the state variables are constant on this path, and put all the steady-state variables
into the first-order conditions to confirm that the steady-state behaviour of owners of final-
good firms and resources is optimal.
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Appendix A.3 The frontier transformation

On the frontier growth pathkb, wb, andz are constant, whileQb grows at the same rate as
ka. So we renormalize the variables such that instead ofkb/ka, wb/ka, andz/ka we havekb,
wb, andz, and instead ofQb we haveQb/ka.

21 Furthermore,R is constant (fixed), so we lose
one variable (R) and one equation (A3). Equations A2, A4, A5, A8, and A10 are unchanged,
while equations A1, A6, A7, A9, A12, A13, A11, A14, and A15 become, in order,

kbt+1 = kbt(xbt+1/rb)
φ ; (A28)

zt = (wa/ka)tR/(kc/ka)t ; (A29)

(Z/ka)t = zt(Qb/ka)t ; (A30)

Qct = [R(Qb/ka)t/(kc/ka)t ]; (A31)

xat/xbt = Qat/(Qb/ka)t((wa/ka)t/wbt); (A32)

xat/xbt = (Qat/(Qb/ka)t)
σ/kσ

bt; (A33)

wbt = zt ; (A34)

(wa/ka)tQat +wbt(Qb/ka)t = η
[
Qσ

at +(kbt(Qb/ka)t)
σ]1/σ

; (A35)

(wx/ka)txat = φ(wa/ka)tQat. (A36)

It is then straightforward to show that the following statesand controls correspond to an
optimal b.g.p. in the normalized system. The state variables are:

k̃b =
R

k̃c/ka

Ω (1−σ)/σ and (A37)

k̃c/ka =

(
Ω

ra

rc

)φ/(1−ζ )
, where (A38)

Ω = rb/(X−2rb). (A39)

The other variables are

Q̃a = L
1

1+Ω
; Q̃c = L

Ω
1+Ω

; (A40)

Q̃b =
kc/ka

R
Q̃c; (A41)

x̃a = X−2rb; (A42)

x̃b = rb; (A43)

x̃c = rb; (A44)

w̃a/ka = η(1+Ω )(1−σ)/σ ; (A45)

w̃b = w̃a/kaR/k̃c/ka; (A46)

w̃x/ka = φ w̃a/kaQ̃c/x̃c; (A47)

θ̃ = [(X−2rb)/ra]
φ . (A48)

So we can take the value forX from the long-run b.g.p. and solve (uniquely) for the frontier
growth path.

Appendix B Numerical solution

We set up the full model in GAMS, using equations A1–A15. Notethat the GAMS model
is not an optimization, it is fully determined, since we insert the first-order conditions into
the model. Having set up the model we then run simulations forvarious parameter choices.

Baseline parameters are chosen as follows. The time period is set to 10 years; that is,
technologies are renewed every ten years. We set the discount rate per year to 4 percent,

21 Note that the underlying model is unchanged, the transformations are purely a matter of notational con-
venience.
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thereforeρ = 0.675564169, and the b.g.p. growth rate to 2 percent, soθ̃ = 1.21899442.
The ratiora/rb is then set to make the resource factor around 5 percent, andra andrc are
unity: ra = 1, rb = 0.05, rc = 1. ParameterSh = 200. The elasticity of knowledge to invest-
mentφ = 0.1, so roughly 10 percent of production is invested. The elasticity of substitution
between final-good varietiesη = 0.2, and we setσ = −5, where the elasticity of substitu-
tion between the inputs (resources and labour) is 1/(1−σ ). The inputs are thus strongly
complementary. Finally,ζ = 0.1, hence extraction knowledgekc is not very closely tied to
production knowledgeka.

In the simulation for Figure 5 we start the economy at the timewhen extraction starts
given that resource pricewb/wa is 100 times higher than in the long-run b.g.p., and ex-
traction knowledgekc/ka is half its long-run level. This implies that normalized resource
remotenessR/ka is given by the following equation:

R/ka = 100/2× (R̃/ka+ λ̃ k̃c/ka/w̃a/ka). (A49)
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Supplementary material

Here we go into more detail concerning: (i) the derivation ofequations 14 and 16; (ii) how
the equations of the b.g.p. transformation (equations A1–A11) are obtained; and (iii) how
extraction starts in the primitive economy. Finally, we provide one of the GAMS models
used in the simulations, in full.

Marginal and total extraction costs

To find the representative resource owner’s marginal and total extraction costs per period
in terms of quantity extracted in that periodnt , we must first find an expression forRtτ
in terms of the integral of the extraction ratestτ . From equation 15 we know thatRtτ =
Rt−1 exp[ntτ/Sh]. Since, by definition,ntτ =

∫ τ
0 stτdτ , we haveRtτ = Rt−1 exp[

∫ τ
0 stτdτ/Sh].

Substitute into equation 3 and rearrange to yield

∫ τ

0
stτdτ = Sh ln

(
kctqct

stτ Rt−1

)
.

Show that

stτ =

[
τ
Sh

+
Rt−1

kctqct

]−1

solves this equation, and integrate fromτ = 0 to 1 to derive

nt = Sh ln

[
kctqct

ShRt−1
+1

]
.

Now useZt = wctqct to derive equation 16.2

The b.g.p. transformation

Here we demonstrate how the equations of the b.g.p. transformation (equations A1–A11)
are obtained. Firstly, note that we express the equations interms of the final-good sector
variables where arbitrage or other restrictions apply. Thus we know that in equilibriumwc =
wa, and in the transformed model we usewa consistently. Furthermore, we know that in
equilibrium the factor-augmenting knowledge levels of therepresentative firms are equal
to the levels of general knowledge, and in the transformed model we use the firm-level
variables. The full list of identities is as follows, where we use the LHS variables henceforth:
kat = Kat, kbt = Kbt, kct = Kct, Qbt = nt , wat = wct, Qat = qat, Qbt = qbt, Qct = qct.

The state equations are straightforward. Equation A1 is obtained directly from equations
7–8; equation A2 is obtained from equations 7 and 9; and equation A3 is obtained from
equations 7 and 15. For the latter, note that we can use the definition of Et and the identity
Qbt = nt to write Rt+1 = Rt exp[Qbt+1/Sh].

Equations A4 and A5 are previously defined. Equation A6 follows directly from equa-
tion 14, and equation A7 follows from equation 16. Equation A8 follows from equation 7,
and the definition ofθ as a growth factor, equation 10. Equation A9 follows from A6 and A7,
plus equation 13,Zt = wctqct. Finally, the first-order conditions A10–A15: equations A10
and A11 follow from equations 18 and 19, the latter after comparing successive periods;
equations A12–A15 follow from equations 22–24.

2 Note that the flow of extraction declines during any period due to increasingR. However, we assume that
this uneven flow does not affect the final-good sector; resource owners store the extra flows which arise at the
beginning of each period in order to make up for shortfalls atthe end of each period.
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The primitive economy and the start of extraction

Trends in prices and consumption rates along any transitionpath will depend on the starting
point of that path; hence it is important to determine the starting point in a non-arbitrary
way. We begin by doing this, defining a pre-resourceprimitive economy. In the primitive
economy an alternative (primitive) resourceP is used by final-good producers, pricewpt,
where units are normalized such that the primitive resourceis a perfect substitute for the
main resource. Furthermore, we assume that the primitive economy is on a b.g.p. as defined
in Appendix A.2, but withw̃p/ka replacingw̃b/ka, andw̃p/ka > w̃b/ka. Finally, we assume
that extraction knowledge can be transferred to the new resource with the loss of a fixed
proportion:Kp = δ ·Kc, whereδ ∈ (0,1). The reason that the main resource is not used is
that extraction costs are abovewpt, due to the primitive extraction technology.

Define period zero, when we haveRt = R0, Kc = Kc0, etc. Now assume that the prim-
itive phase ends in periodT (whereT > 0), when extraction firms form. What will be the
extraction costs of these firms? We know (equation 14) thatzT = RT(waT/kcT). In the prim-
itive economyR is constant atR0, since there is no extraction, soRT = R0. Furthermore, the
primitive economy is on a b.g.p. sowaT = wa0θ̃T . Furthermore,Kc also grows at the overall
growth rate, so assuming that the firm invests optimally whatever the starting time we have
kcT = kc0θ̃T . Thus marginal extraction costs when extraction firms form are independent
of T, i.e. constant in real terms. The price of the primitive resourcewp, on the other hand,
tracks the wage. Thus within finite time extraction costs fall below the price of the primitive
resource, and extraction begins.3

If w̃p/ka is close tow̃b/ka, andδ is close to unity, then extraction will start at close to
its b.g.p. level; there is a smooth transition from one resource to the other. However, we
are more interested in the case where the normalized b.g.p. price of the new resource is
much lower than that of the primitive resource (i.e.w̃b/ka ≪ w̃p/ka) but the primitiveness
of technology hinders its extraction initially. In that case we obtain the frontier–transition–
balanced growth progression. Recall that in Figure 5 we assume thatw̃b/ka = w̃p/ka/100.

3 Note that in general the actual start of extraction will alsodepend onλ , the shadow cost of stock reduc-
tions, but that in a frontier economyλ is close to zero.



$Title Resource price model, transition path.

$ontext

Here we present the model used to generate the figure for the transition to the
balanced growth path. The other models essentially the same.

Fundamentally, all we do in the model is enter the equations A1--A15, enter

starting values for the state variables and a final value for the shadow price

of resources, and solve. However, we begin by working out the bgp levels of
all the variables as parameters, which we use when deciding the starting values

for the state variables, and in putting limits on the variables in order to

help the program to find the solution. Furthermore, at the end we create some

variables for presentation of the results, including ’backing out’ labour-

augmenting knowledge ka.

Finally, note that the program is a maximization problem, but the objective

function is constant. Because we have put the first-order conditions into the

program, we are simply looking for the unique set of controls that satify the

equations, rather than optimizing.
$offtext

Sets t time periods / 0*80/

tfirst(t) first period

tlast(t) last period ;
tfirst(t) = yes$(ord(t) eq 1);

tlast(t) = yes$(ord(t) eq card(t));

display tfirst

display tlast

Scalars

L total labour / 1 /

rho discount rate / 0.675564169 /

thetabgp long-run growth rate / 1.21899442 /
phi knowledge growth / 0.1 /

eta elast of subs / 0.2 /

ra investment productivity / 1 /

rb investment productivity / 0.05 /

rc investment productivity / 1 /
zeta link between c and a / 0.1 /

sigma elasticity / -5 /

Shbar abundance / 200 /

delta transfer / .5 /

Omega Omega factor prim / 100 / ;

Parameter dis(t) discount factor ;

dis(t) = (rho) **(ord(t)-1) ;

Parameter xabgp xa on bgp ;

xabgp = thetabgp**(1/phi)*ra;
Parameter xbbgp xb on bgp ;

xbbgp = thetabgp**(1/phi)*rb;

Parameter psi psi on bgp ;

psi = (log(thetabgp)/(thetabgp-1))*(thetabgp/(1-rho*thetabgp))

*(ra/rb)*(1-rho);
Parameter xcbgp xc on bgp ;

xcbgp = xabgp/psi;

Parameter Qabgp Qa on bgp ;

Qabgp = L*psi/(1+psi);

Parameter Qcbgp Qc on bgp ;
Qcbgp = L/(1+psi);

Parameter Qbbgp Qb on bgp ;

Qbbgp = Shbar * log(thetabgp);

Parameter wabgp waoverka on bgp ;

wabgp = eta*(ra/(ra+rb))**(1-1/sigma);
Parameter wbbgp wboverka on bgp ;

wbbgp = wabgp*(rb/ra)*Qabgp/Qbbgp;

Parameter wxbgp wxoverka on bgp ;

wxbgp = wabgp/xabgp*phi*Qabgp;

Parameter kboverkabgp kboverka on bgp ;
kboverkabgp = Qabgp/Qbbgp *(rb/ra)**(1/sigma);

Parameter kcoverkabgp kcoverka on bgp ;

kcoverkabgp = ((1/psi)*(ra/rc))**(phi/(1-zeta)) ;

Parameter Roverkabgp Roverka on bgp ;
Roverkabgp = L/Shbar*(thetabgp/(thetabgp-1))*kcoverkabgp/(1+psi) ;



Parameter smallzoverabgp zovera on bgp ;

smallzoverabgp = wabgp*Roverkabgp/kcoverkabgp;

Parameter Zoverabgp Zovera on bgp ;

Zoverabgp = smallzoverabgp*Shbar*(1-exp(-Qbbgp/Shbar));
Parameter lambdabgp lambda on bgp ;

lambdabgp = rho*thetabgp/(1-rho*thetabgp)*Zoverabgp/Shbar;

Parameter X total labour ;

X = xabgp + xbbgp + xcbgp;

display xabgp;

display xbbgp;

display xcbgp;

display thetabgp;

display psi;
display Qabgp;

display Qbbgp;

display Qcbgp;

display wabgp;

display wbbgp;
display wxbgp;

display kboverkabgp;

display kcoverkabgp;

display Roverkabgp;

display smallzoverabgp;
display Zoverabgp;

display lambdabgp;

display X;

Variable U Social utility

Positive variable smallzovera(t) marginal extraction cost

Positive variable Zovera(t) extraction cost

Positive variable kboverka(t) kboverka

Positive variable kcoverka(t) kcoverka
Variable Roverka(t) roverka

Positive variable xa(t) f1 a investment

Positive variable xb(t) f1 b investment

Positive variable xc(t) f1 c investment

Positive variable theta(t) growth rate
Positive variable waoverka(t) wage

Positive variable wboverka(t) resource price

Positive variable wxoverka(t) research wage

Positive variable lambdaovera(t) stock effect of extraction

Positive variable Qa(t) production labour
Positive variable Qb(t) resource extract

Positive variable Qc(t) extraction labour

Positive variable ka(t) hello mum

Positive variable wbnorm(t) hello mum

Positive variable wanorm(t) hello mum
Positive variable Qbnorm(t) hello mum ;

Equations

Utility define objective function

Aone(t) growth in kboverka
Atwo(t) growth in kcoverka

Athree(t) growth in Roverka

Afour(t) total labour restriction

Afive(t) research labour restriction

Asix(t) marginal extraction costs
Aseven(t) total extraction costs

Aeight(t) overall growth rate

Anine(t) extraction labour

Aten(t) FOC in investment gamma

AelevenA(t) FOC in extraction n
AelevenB(t) growth in lambda

Atwelve(t) solution for alpha from demand side

Athirteen(t) solution for beta from demand side

Afourteen(t) profits

Afifteen(t) balance between wx and wa

kboverkazero(t) initial kboverka

Roverkazero(t) initial Roverka

kcoverkazero(t) initial kcoverka
lambdalast(t) final lambda



knowledgestart(t) initial ka

knowledge(t) overall growth

res1(t) norm price

res2(t) norm wage
res3(t) norm quantity ;

Utility .. U =e= 10 ;

Aone(t+1) .. kboverka(t+1) =e= kboverka(t) * (ra/rb)**phi *

(xb(t+1)/xa(t+1))**phi ;
Atwo(t+1) .. kcoverka(t+1) =e= kcoverka(t)**zeta *(xc(t+1)/xa(t+1))**phi

*(ra/rc)**phi;

Athree(t+1) .. Roverka(t+1) =e= Roverka(t) * exp(Qb(t+1)/Shbar) /

(xa(t+1)/ra)**phi;

Afour(t) .. Qa(t) + Qc(t) =e= L;
Afive(t) .. X =e= xa(t) + xb(t) + xc(t);

Asix(t) .. smallzovera(t) =e= waoverka(t)*Roverka(t)/kcoverka(t);

Aseven(t) .. Zovera(t) =e= smallzovera(t)*Shbar*(1-exp(-Qb(t)/Shbar));

Aeight(t+1) .. (xa(t+1)/ra)**phi =e= theta(t);

Anine(t+1) .. Qc(t+1) =e= (Shbar/theta(t))*(Roverka(t)/kcoverka(t+1))
*(exp(Qb(t+1)/Shbar)-1);

Aten(t) .. xc(t) =e= phi* waoverka(t)/wxoverka(t)*Qc(t);

AelevenA(t) .. wboverka(t) =e= smallzovera(t) + lambdaovera(t) ;

AelevenB(t+1).. lambdaovera(t+1) =e= lambdaovera(t)/(rho*theta(t))

- Zovera(t+1)/Shbar ;
Atwelve(t) .. xa(t) =e= xb(t)*Qa(t)/Qb(t)*waoverka(t)/wboverka(t) ;

Athirteen(t) .. xa(t) =e= xb(t)*(Qa(t)/Qb(t))**sigma/kboverka(t)**sigma ;

Afourteen(t) .. waoverka(t)*Qa(t) + wboverka(t)*Qb(t) =e= eta*

(Qa(t)**sigma+(kboverka(t)*Qb(t))**sigma)**(1/sigma);
Afifteen(t) .. wxoverka(t) =e= phi*waoverka(t)*Qa(t)/xa(t);

kboverkazero(tfirst) .. kboverka(tfirst) =e= Omega*kboverkabgp ;

kcoverkazero(tfirst) .. kcoverka(tfirst) =e= kcoverkabgp*delta;

Roverkazero(tfirst) .. Roverka(tfirst) =e= Omega*delta*
(Roverkabgp+ lambdabgp*kcoverkabgp/wabgp);

lambdalast(tlast) .. lambdaovera(tlast) =e= lambdabgp ;

knowledgestart(tfirst) .. ka(tfirst) =e= 1;

knowledge(t+1) .. ka(t+1) =e= ka(t)*theta(t);

res1(t) .. wbnorm(t) =e= wboverka(t)*ka(t);
res2(t) .. wanorm(t) =e= waoverka(t)*ka(t);

res3(t) .. Qbnorm(t) =e= Qb(t);

****************************************************

xb.l(t) = xbbgp ;
xc.l(t) =xcbgp ;

kcoverka.l(t) = kcoverkabgp ;

kboverka.l(t) = kboverkabgp ;

Roverka.l(t) = Roverkabgp ;

waoverka.l(t) = wabgp ;
wboverka.l(t) = wbbgp ;

wxoverka.l(t) = wxbgp ;

lambdaovera.l(t) = lambdabgp ;

Qa.l(t) = Qabgp ;

Qb.l(t) = Qbbgp ;
Qc.l(t) = Qcbgp ;

theta.l(t) = thetabgp ;

Zovera.lo(t) = Zoverabgp /10 ;

smallzovera.lo(t) = smallzoverabgp /10 ;
xa.lo(t) = xabgp /10 ;

xb.lo(t) = xbbgp /10 ;

xc.lo(t) = xcbgp /100 ;

kcoverka.lo(t) = kcoverkabgp /10 ;

kboverka.lo(t) = kboverkabgp /10 ;
Roverka.lo(t) = Roverkabgp /10 ;

waoverka.lo(t) = wabgp /10 ;

wboverka.lo(t) = wbbgp /10 ;

wxoverka.lo(t) = wxbgp /10 ;

lambdaovera.lo(t) = lambdabgp /1000 ;
Qa.lo(t) = Qabgp /10 ;

Qb.lo(t) = Qbbgp /120 ;

Qc.lo(t) = Qcbgp /100 ;

theta.lo(t) = thetabgp /10 ;



Zovera.up(t) = Zoverabgp *20 ;

smallzovera.up(t) = smallzoverabgp *1000 ;

xa.up(t) = X ;

xb.up(t) = xbbgp *10 ;
xc.up(t) = xcbgp *20 ;

kcoverka.up(t) = kcoverkabgp *10 ;

kboverka.up(t) = kboverkabgp *120 ;

Roverka.up(t) = Roverkabgp *300 ;

waoverka.up(t) = wabgp *10 ;
wboverka.up(t) = wbbgp *1000 ;

wxoverka.up(t) = wxbgp *10 ;

lambdaovera.up(t) = lambdabgp *10 ;

Qa.up(t) = Qabgp *10 ;

Qb.up(t) = Qbbgp *10 ;
Qc.up(t) = Qcbgp *10 ;

theta.up(t) = thetabgp *10 ;

****************************************************

Model growth / all /;
Solve growth maximizing U using nlp;

file results / C:\phase.res/;

put results;

put "Model status",growth.modelstat/;
put "Solver status",growth.solvestat/;

Put "Wage wa"/;

loop((t), put$(ord(t) lt 52) wanorm.l(t):0:8/ );

Put "Price wb"/;

loop((t), put$(ord(t) lt 52) wbnorm.l(t):0:8/ );

Put "Quantity Qb"/;
loop((t), put$(ord(t) lt 52) Qbnorm.l(t):0:8/ );

putclose
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