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The Economics of Natural Resources: Understanding and
predicting the evolution of supply and demand

Rob Hart, Swedish University of Agricultural Sciences

Abstract We develop a dynamic model of prices and quantities of naewable resources,
carefully justifying our assumptions. Resource stocksimiemogeneous, and there is en-
dogenous directed technological change both in extraetiwhfinal-good production. The
model explains stylized facts while simultaneously prawida framework for prediction;

it yields analytical results in the baseline case, and magdweloped to make empirical
predictions about real resources. In the baseline casetm@my passes through a series of
phases: initially resource consumption is low; as techyglmproves, resource consump-
tion rises and real resource price is constant; in the longhere is a transition to a b.g.p. on
which resource consumption is constant and resource pecks the wage.

Keywords Directed technological change, Natural resources, Hotgtlle.

1 Introduction

The aim of this paper is to contribute to the development abdlfle and powerful model of
long-run non-renewable resource extraction and consompdixplaining stylized facts and
providing a tool for predictiort. This is important given not only the importance of many
resource$— not least fossil fuels —to the economy, but also given thislibetween fossil-
fuel use and climate change; we need a long-run model of griEnmand and supply to
study issues like climate-change policy and sustaingbiVe argue that there is remarkable
lack of existing work sharing our aim, hence we deliberaliehjt the scope of the paper to
focus on explaining and justifying the overall approactoveing how the model can explain
stylized facts, and deriving long-run predictions in onegl case. The scope for further
work is immense, including welfare and policy analyses @gjions such as climate policy,
and making specific predictions about price and consumptiihs for particular resources
based on information about the nature of stocks and hisiguattterns of demand.

To predict prices and quantities in any market we need to irfmotd supply and de-
mand. Concerning resource supply, we argue that extractiets must be modelled as a
function of depletion, technological change in the extmacsector, and the prices of ex-
traction inputs; the former is linked to resource demandjeathe latter two are linked to
overall technological progress and growth. Concerninguese demand, we argue that the
demand function for the resource must be modelled as an endag function of historical
and expected future prices; the demand function is thubkgitoing run, a function of supply
and we havalirected technological chang®TC. Furthermore, we must of course account
for the fact that resource owners treat resources in thengrag assets, in accordance with
Hotelling (1931). There is not a single model in the literatwhich includes all of the above
features, hence our approach is to build up our model froatatrather than to tinker with
established work.

1 Two definitions. Firstly, ‘extraction’ is used throughobetpaper as shorthand for discovery, extraction,
and refinement. Secondly, we follow Schulze (1974) in defirannon-renewable resource as a substance
— chemical element, compound, or a group of compounds whigltlase substitutes — which is extracted
from the ground and used as a production input, and not risplech on economic timescales. This definition
includes metals, non-metallic minerals, and fossil fuaitg] thus include resources which may be recycled.
Note that the most widely used definition of non-renewabieglies that they are consumed in use and thus
cannot be reused, thus excluding metals such as iron, alumircopper, etc. On the other hand, ‘minerals’,
the term used by Lin and Wagner (2007), excludes non-cliystaksources such as oil and gas. Furthermore,
according to our definition, non-renewable resources araeressarilyexhaustibleon economic timescales:
for reasonable rates of consumption resource many mineasigsot be exhausted within the foreseeable
future.

2 Henceforth we use ‘resource’ instead of ‘non-renewableues’.



We now outline our approach to modelling supply and demaandirasting it to ex-
isting approaches; note that we discuss the literature ichngueater depth in Section 2.
The traditional approach to extraction costs has eithen beessume that they are zero,
or constant. However, models where marginal costs incrieasemulative extraction, due
to a sequential decline in resource quality with extractimawve been around at least since
Schulze (1974). Subsequent authors, such as Lin and WaZp@f)( have added an exoge-
nous decrease in costs over time due to technological Eegvée extend the literature by
explicitly modelling the flow of extraction as depending be guality (or depth) of the mar-
ginal resource, the use of extraction inputs, and the levglput-augmenting technology,
where that technology is endogenously developed. Sincactixin inputs may also be used
in final-good production, an important result follows difgcoverall technological progress
does not reduce unit extraction costs when the final-goa sinuméraire, since the price
of extraction inputs rises in line with technology, and wosts are unchanged. This may
seem like a paradox, but is actually nothing of the kind: amdase in productivity raises
production— both of final goods and extractive resourcesemfgiven inputs, but it does
not reduce the price of resources relative to final goodectinological progress is to lower
unit extraction costs, it must be through a more rapid grawtxtraction technology rela-
tive to final-good production technology.

The traditional approach to resource demand has been tattasaconstant, or to model
it as stemming from a production functidh= F (K, R), whereK is capital ancR is the re-
source flow (see for instance Dasgupta and Heal 1974). Anattegnative is to allow it to
evolve exogenously (as in Lin and Wagner 2007). Only in a hdrad papers —including
Smulders and de Nooij (2003) and André and Smulders (20028r-firms control their
degree of resource dependence by investing in more (orressyirce-dependent technolo-
gies; only in these papers can a high price for the given resquush the economy towards a
path on which demand for the resource falls. We build up a tafddirected technological
change (DTC) with factor-augmenting technology levelseweithe factors are the resource
and labour. Some aspects of the model are novel —the mativédr which is tractability
— but its properties are standard. In the baseline model s#ae that the stocks of factor-
augmenting knowledge grow independently of one anotha@Gédéhe well-known result of
Kennedy (1964) emerges, i.e. that long-run factor shaeemdependent of factor quantities.
This implies that if the resource price tracks the wage fa¢@ tve have unbiased techno-
logical change and resource consumption is constant (@uaks constant). On the other
hand, if the resource price is constant (and hence fallilagive to the wage) then technical
change augments labour more than the resource, and resomsigmption increases at the
overall growth rate of production.

Given historical data on stocks, prices, and quantitiass plata on the nature of re-
maining resource stocks and substitute resources, thelmodil be parameterized for
numerical simulations to predict long-run developmentpiiée and quantity. However,
we concentrate here on the baseline case in which we choesed$t convenient possible
characteristics regarding resource stocks and knowlegultievers in order to generate ana-
lytical results. In this baseline case we have independemwledge stocks (and hence fixed
long-run factor shares) and an infinite column of the resauxeither of these assumptions
will match any real resource, but the results neverthelesgqe a baseline by comparison
to which other more realistic cases can be understood.

The results of the baseline model can be summarized as &lldle model economy
passes through a series of phases. When the resource igadletodemand is very low and
extraction thus only scratches the surface of the columesurce. Resource depth is thus
almost constant, hence extraction costs and resource gmécalso constant, and resource
consumption rises at close to the overall growth rate (dUgT@ in the final-good sector).
We denote this the frontier phase, and its properties quoresroughly to observations for
many resources over the last 100 years. The frontier phdasenjgorary, because given the
increasing resource consumption rate, the depth of thein@ngsource starts to increase,
driving up the resource price, which in turn brakes the iasesin consumption; we thus have
a transition phase in which resource price starts to riséewhe rate of increase in resource
consumption slows. Finally, the transition phase evolvés a long-run balanced growth
path on which resource consumption is constant, while tiee pises in line with wages.
On this path, resource consumption depends on the surfea®bthe column of resources,
which we denote resource abundance, while the factor st#ne cesource depends on the



ease of developing resource-augmenting technology cadparlabour-augmenting; the
easier it is to develop resource-augmenting technologyldiver the long-run factor share
of the resource.

The paper is organized as follows. In Section 2 we analysétdrature in the light of
the aim of this paper. In Section 3 we give an overview of thelehoand discuss in depth
four key assumptions concerning how the state variablelseemd interact over time; we
explain why we make these assumptions, and show how theytdeadr main results. In
Section 4 we present and solve the two submodels, for res@xtcaction and final-good
production, focusing on a clear presentation of the mattieeda@erivations. In Section 5 we
bring the submodels together to solve explicitly for twowgtto paths —the frontier growth
path and the long-run balanced growth path—and discus®tigerun development of the
economy, showing through verbal argument and numericallaiions how the economy
passes through the phases described above; here we cateentthe intuition, and relegate
the derivations to Appendix A. In Section 6 we analyse theillteritically in relation
to the aims of the paper, comparing to existing literaturé discussing how the model
may be used as a starting point for empirical modelling. Iipalar, we discuss the effect
of relaxing each of the four key assumptions in order to fit ieicgd observations about
particular resources, and we discuss possible extengidhe model. Section 7 concludes.

2 Review of literature on resource markets

The literature on the economics of natural resources is aadtto focus our discussion we
begin by arguing that only a small subset of the overallditiere is relevant to the aim of
this paper, i.e. the development of a flexible and powerfullehof long-run non-renewable
resource extraction and consumption, explaining stylfaets and providing a tool for pre-
diction. We go on to analyse the literature in the light ofttiscussion.

2.1 Extraction costs and resource demand

We claimed in the introduction that a successful model mastain at least the following
two features, in addition to standard characteristics sisatesource owners who treat their
stocks as assets:

Extraction costs must be modelled as a function of depletechnological change in the
extraction sector, and the prices of extraction inputs;

Resource demand must be modelled as an endogenous funictitstovical and expected
future prices throughlirected technological chang®TC.

Here we justify this claim.

To make the argument that extraction costs must be modedladuanction of depletion,
technological change in the extraction sector, and theepraf extraction inputs, the key
step is to establish the need to include such costs in thepfaise; once we know this,
it is straightforward to argue that a general model mustuitelthese three features. So,
are extraction costs important? There is a great deal o€agelthat they are. For instance,
Hotelling (1931) showed that if extraction costs are zeemtprice should rise at the interest
rate, both in case of monopoly and perfect markets; ther&aitd resource prices to rise
in this way strongly suggests that extraction costs arefgignt. Furthermore, superficial
consideration of almost any extraction industry showséktaction costs cannot be ignored
a priori as an important component affecting market price. Givehektaction costs are
important, the three points follow directly: we know thatlghl resource deposits typically
vary in quality, and hence that extraction costs will be cttéd by depletion in the long run;
we know that technological change is important in extraciimustries® and we know that
input prices change given overall economic growth, singeite can typically be used in
various sectors, so when they become more productive thieggrise.

On the demand side, we claim that a model of DTC is requireditively, it is obvious
that the demand function for a resource at a given time dependially on the price of

3 In the long run this is indisputable; for economic studiespécific cases see Managi et al. (2004) or
Cuddington and Moss (2001).



the resource up to that time; for instance, if the averageeprof fossil fuels over the last
40 years had been 50 times higher than the historically vbdgsrices, then we would not
today have the legions of cars, aeroplanes, power stattonw/kich depend on such fuels,
i.e. the demand curve would be very much lower. But fallingead means lower extraction
rates, thus affecting the development of extraction casisheence price. Thus if a model is
capable of predicting price changes due to effects on thaetin side, it must link these
to the demand side. The alternative — exogenously evolvamahd —implies that the key
trend in the model is assumedpriori, and not explained. Demand changes may of course
be imputed as a residual necessary to explain historicadl$réen prices and consumption
rates, but such a model has little or no poweexplainor predict Alternatively, demand
changes may be predicted based on engineering data anpgaatian of historical trends
—i.e. without any analysis of market forces—an obviouslgatisfactory approach for
making long-run predictions.

2.2 Literature

We now assess the literature on modelling resource markéte ilight of the above discus-
sion. The first thing to understand is that— although thealVéterature is vast—there is
only a handful of papers which share the broad aim of this papenodel resource markets
in such a way as to explain stylized facts and provide a taopfediction. By implication
there is a large literature on non-renewable resourceshwdoes not share the aim of this
paper. The most obvious example is the well-known liteeatur the optimal depletion of
non-renewable resources and sustainable growth, ingsdiminal papers such as Dasgupta
and Heal (1974), Solow (1974), Stiglitz (1974), and Hark(t977), and more recent ex-
tensions which include endogenous growth mechanisms suBhimaud and Rouge (2003)
and Groth and Schou (2007)All of the papers cited above are immediately ruled out as
candidates to explain the stylized facts about resourcewnption and prices since extrac-
tion costs are zero in the models, and hence the resoureegimply follows the Hotelling
path, i.e. itrises at the rate of interést.

We now turn to papers which do, to a greater or lesser extgnto texplain and pre-
dict resource prices and quantities. Tahvonen and Sald.j268ke an important contribu-
tion in that they try to shift the emphasis from sustainapithodels that they say (quoting
Krautkraemer 1998) ‘should not be taken as literal desonptof the economy’ (p.1380).
They focus on the competition between fossil fuels and raiésvenergy, including ex-
traction costs and technological change in extraction amdrenewable energy production.
However, there is still there is no DTC, and hence no podsilidr economic agents to react
to high prices by investing to reduce their dependence oreswurce.

Lin and Wagner (2007) focus on explaining the failure of tese prices to rise. They
build a theoretical model in which extraction costs rise imelative extraction, while ex-
ogenous technological change is assumed to drive downcérimacosts over time. In their
model, price is constant if the extraction rate grows at Hmaesrate as normalized demand
(their Proposition 2). They test the model against emgidesa from 1970-2004, and find
support for the hypothesis that demand and extraction eted®oth decaying at constant

4 For a review see Krautkraemer (1998).

5 Another example is the large literature on optimal exploraand extraction given constant and exoge-
nous demand; see Cairns and Quyen (1998) for an exampleudhdrfreferences. Here the aim is typically
to shed light on one aspect of resource markets, rather thagiaping an overall picture.

6 Tsur and Zemel (2005) is a related paper where extractiots eos instead an increasing (but unchang-
ing) function of the extraction rate until physical res@isxhaustion; hence the prediction of rising resource
price appliesa fortiori compared to the models above. Note also Heal (1976), whodaslinhomogeneous
resource stocks and extraction costs in a Dasgupta—Heahalpdepletion model; he has resource stocks
such that extraction costs rise in cumulative extractionougpoint, at which a transition occurs to use of an
infinite backstop resource (which might be extracted froengba or widely available rock formations). The
model still predicts rising prices, partly due to the reseurent and partly due to increasing extraction costs,
up to the point at which the backstop is used.

7 In Tahvonen and Salo the one-dimensional (non-directeliy@af technological change on the demand
side implies that a necessary condition for long-run groistexponentially increasing resource [energy]
supply. Furthermore, technology in the resource-extacsiector is tied to the rate of extraction, since they
apply the learning-by-doing type of technological changfeArrow 1962, Romer 1986).



rates over the period of study, leading to constant pfidéswever, they do not explain why

the rates of progress, and stock effects, are such thatastrices result, nor does their
approach allow us to make predictions about future pricdsansumption rates, other than
that the same trends will continue indefinitely; in order takea long-term predictions it is

essential to model demand and technological change asemalagresults of economic and
physical phenomena.

A handful of authors include DTC on the demand side in modelesource markets
in the long run—including Popp (2006), Smulders and de Ntip3), André and Smul-
ders (2004), and Grimaud and Rouge (2008) — but none accsufitsiently well for both
extraction costs and DTC in order to meet the aim of this pdpepp (2006) builds a cli-
mate model which includes models of endogenous technealbgfi@ange and resource prices.
However, Popp’s intention is not to build a general resoumeeket model, but rather to
improve the resource-market ‘module’ of an integrated atenmodel; thus his modelling
is highly stylized? Smulders and de Nooij (2003) model directed technologibahge in
energy demand in the context of a general equilibrium aalygh growth, using the ap-
proach of Acemoglu (2002); however, energy inputs (comadmg to resource extraction
in a general framework) evolve exogenously. André and 8ersl(2004) follow Smulders
and de Nooij in modelling the demand side, but include a motiedsource supply in which
there is a finite quantity of a homogeneous resource, nosrgmat used in resource extrac-
tion, and there are ‘iceberg’ costs which decline over tifhie this context they show how a
decline in iceberg costs could if it were sufficiently steapael out the baseline (Hotelling-
rule) rise in the resource price and lead to temporarilyrfalprices. The paper is valuable in
that it shows how directed technological change in finalegpmduction may be combined
with a Hotelling-type model of resource supply. Howevee #xtraction model, with only
iceberg costs, is clearly a special case, which allows tlieoasi to avoid the introduction
of state variables for the resource stock and extractidmidogy; unfortunately, this also
makes the model hard to generalize to more realistic cagbsal’ extraction costs. Fi-
nally, Grimaud and Rouge (2008) follow André and Smuld269é) closely in terms of the
modelling of the resource market, but add a pollution exlynand thus study the problem
of optimal regulation.

3 An outline of the model

In this section we aim to give an intuitive understandinghaf model. Firstly we set out the

fundamentals of the model: the agents, their utility functithe sectors, and the production
functions. Secondly we focus on the four state variables feur key assumptions concern-
ing how they evolve and interact over time; we explain why wekenthese assumptions,
and show how they lead to our main results.

3.1 The fundamentals of the model

There are four sets of infinitely-lived agents in the econoaynasd. of identical work-

ers supplying their labour inelastically; a mas<of identical researchers supplying their
labour inelastically; a unit mass of identical competitiesource owners, each endowed
with extraction rights to separate resource deposits; amitanass of owners of final-good-
producing firms. All agents maximize the discounted sum eirtlifetime consumptionJ .
Production and investment decisions are made in discra& ffhe marginal utility of con-
sumption is assumed constant such that the (constant) tefierence factop is also equal

to the discount factor per periog; € (0,1). This is a harmless assumption as long as the

8 Note that this is a rather surprising conclusion, since thgrity of data sources, such as the U.S. Geo-
logical Survey, show rising extraction rates over the medbstudy. See also Figure 1.

9 Concerning extraction, Popp follows Nordhaus in assuntiag ¢xtraction costs of fossil fuels are es-
sentially constant before shooting up as a fixed limit is apphed, and concerning DTC he does not really
model processes of DTC, instead making assumptions alativeereturns to investment and crowding out
between sectors: the social returns to research investarerfixed at four times the private returns, and
energy R&D is assumed to crowd out other R&D at a rate of 50guerc

10 |ceberg costs are the loss of a fixed proportion of the goddinaily in transit, here in the extraction
process. See Samuelson (1954).



overall growth rate is approximately constant, since it tage changes in the discount rate
would be insignificant even if the underlying utility funati were of the C.E.S. type. Thus
we have

u:m ', 1
t;ﬁ ts 1)

where(; is consumption in periotl The model thus accounts for the allocation decisions
of all the agents in the economy; in this sense it is a generalilerium model, although it
is not general equilibrium in the fullest sense since therest rate is constant.

There are two sectors, final-good and resource-extradtighe final-good sector there
is a unit continuum of firms producing distinct final googlsand competing monopolisti-
cally. The production function of the representative firm is

v = [(KatGat)® + (KotGt)°1 )

whereo < 0, ga andgp, are quantities of inputs of labour and the resource (priggandwy),
while k; andkg, are levels of input-augmenting technology. So we have a QB&ibn with
two augmented inputs. The inputs are complements (gineed) and hence an increase in
the relative quantity of a factor will lead to a short-run desse in the relative returns to that
factor and in the factor share; that isgif/q, rises themwaga/(Wp0p) andwada/y fall. But
in the long run there will be greater incentives to develapdeaugmenting technology for
a factor earning higher returns, leading to directed teldgical change, DTC, which tends
to push the factor shares back towards their original l&Velreturn to this below.

In the resource-extraction sector there is the unit contimwf resource owners (and
associated firms), and firfnextracts resource quantity; in periodt. The flow of extraction
of the representative firm after fractiarof periodt, s, is

St = KetQet/Rer, 3

whereq, is the quantity of extraction labour employed (prigg), k. is the level of input-
augmenting technology, ari®] resource remotenesis the physical difficulty of getting the
marginal stock out of the ground (which increases in cunudagxtraction). Note that,
total extraction in period by the representative firm, is given lf&s”dr.

Total input quantitiea, Qpt, and Q¢ are—in equilibrium—equal to the quantities
used by the representative firms, and total extraction il@érN;, is equal to extraction by
the representative firm in that periag, There are restrictions on total labolr= Qg + Qct,
total resource us&),; = N;, and an arbitrage conditiom, = we.

The firm-level knowledge stocks of the representative firekarandky (final-good
firm), andk; (extraction firm), and levels of general knowledge are CE&tions of firm
knowledge levelsq is between zero and one), as follows:

1 1/8
Kot = { / kfmdi} : and in equilibrium @)
0

Kat = Kat. ®)

The knowledge stocks of each firm are thus unique, but knayelegills over between firms
over time through the general knowledge stock.
Overall productionY is a Dixit—Stiglitz function of production of the individuginal

goodsy;:
1 7Yn
%:Mﬂ}, ©®)

wheren € (0,1). The pricepy is normalized to unity, and given symmetry between the firms
it follows that the pricepy of the final good produced by the representative firm is al$y.un
The four state variables are thus the levels of factor-amgmg general knowledgk,,
Kp, andKc, and resource remoteneRsRemotenesR increases through cumulative extrac-
tion, as explained in detail below. Increases in generailexdge are driven by research, per-
formed by researchers employed by firms in the respectiiersesciumbers of researchers
employed by the representative firms ageand x,, (final goods), and (extraction), and
there is a fixed total number of researchers suchxhatx, + X. = X. All researchers are



paid the same wage&y. The representative final-good production firm’s productionc-
tions for knowledge are

Kat+1 = Kat(Xat+1/ra)? and )
Kot-+1 = Kot (Xpt+1/b) ?, (8)

and the corresponding equation for the representativeiresextraction firm is

1—
Kejt+1 = K&KE Z(><cjt+1/rc)(p- 9)

In these equationss, rp, andr are positive parameters, agde [0,1). Equations 7 and 8
imply that knowledge augmenting a given input in the finab@sector builds on existing
general knowledge augmenting that input, and not genembladge augmenting thather
input. On the other hand, labour-augmenting knowledgesregtraction sector builds partly
on labour-augmenting knowledge in the final-good sectergegree of spillover depends on
{, with a low value of¢ indicating that creation of extraction technology is higtiependent
on spillovers from the production sector. Note that in atethcases firms ‘reinvent’ their
knowledge each period based on general knowledge, whighlifas the dynamics without
affecting the b.g.p., as discussed in Hart (2010).

3.2 Four assumptions

The model contains many specific assumptions, such as congethe utility function,
what inputs are used in the research sector, the marketwgguehich yields endogenous
technological change, etc. However, the vast majority ef¢hassumptions are harmless in
the sense that any of the assumptions typically made intérature could have been made
instead and the essential results of the model would be agelda For instance, we assume
that technological change is driven by research labouritzidhere is an exogenously fixed
pool of researchers. However, we could just as well havenasduhat final goods are used
as R&D inputs (indeed, we did so in previous versions) withaftecting the main results
of the model.

Here we focus instead on four assumptions which we make ibakeline model which
are critical in driving the results of that model; the focddwure work should be on test-
ing the results of adapting these assumptions, and we dipassible adaptations and their
likely effects in Section 6.2. All four concern how the statiables evolve and interact
over time, with four corresponding questions. The questeme, firstly, how are knowledge
levelsk, andk;, linked? As we know from Acemoglu (2002) among others, theimaof
these links determines the long-run response of factoresharchanges in factor quanti-
ties. Secondly, how are knowledge levilsandk; linked? Does extraction technolody
grow independently okg, or are there spillovers between the sectors (extractidrfiaal-
good production) which tend to make them grow at the same rettedly, how is research
organized in the final-good and extraction sectors? Do admagcur over time causing tech-
nological progress to accelerate in one compared to thedEieally, how doeg, resource
remoteness, change over time given increasing cumulativaation?

Links betweenkand k, Concerning the first question, we assume that knowledgéslkye
andk;, grow independently, which implies — as shown by AcemoglWw@nd Hart (2010)
—that an increase in relative quantity of an input factoy (Qa) is exactly balanced in the
long run by a decrease in the relative level of the corresipgnié.ctor-augmenting technol-
ogy ka so that the factor shares return to their initial level. Thysassuming independent
knowledge stocks we effectively assume ‘fixed factor shaled reasonable? Firstly, note
that it is a feature of many DTC models, including those of kexty (1964), Acemoglu
(2002) (in the case of extreme state dependence), SmuldérdeaNooij (2003), Grimaud
and Rouge (2008), Hart (2008), and Acemoglu et al. (261 Becondly, note that the idea

11 Note that in Acemoglu et al. (2012) the fixed-share equilibriis unstable because the factors are sub-
stitutes. Note also that the unpublished paper ‘Energingatechnical change’ by Hassler, Krusell, and
Olovsson also makes the assumption of independent knoe/lstdgks.



of fixed factor shares of resources has scarcely been testgidielly; the emphasis has
been on measuring and explaining price trends alone. Haowéwres (2001) investigates
the factor share of energy and shows that it has declineddundrl percent per year over
a 50-year period. Our own analysis shows that the idea of fkedes is a good starting
point. For instance, in Figure 1(a) and (b) we show data ocepaind consumption rates
from Kelly and Matos (2005) for two resources — copper and woe — compared to data
on real global GDP from Maddison (2007), and in Figure 1(c)slvew the same result for
16 major metals aggregated together (same data sodfdes.clear by inspection that the
factor sharey,Qp/Y) is roughly constant (slightly declining) in both cases.
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Fig. 1 Consumption rates and real price, compared to global GDRajeopper, (b) iron ore, and (c) aggre-
gate metals. Panels (a) and (b): resource data averaged®year periods; data on global product sporadic
prior to 1950. .

Links betweenkand k Concerning the second question, we assume that there &re tec
nology spillovers from the (large) final-good sector to ttypically small) extraction sector.
This assumption is intuitively reasonable: if an extratiizdustry invests heavily then it will
advance technologically relative to other industries, #wedmore it advances the less it will
benefit from spillovers from the others; conversely, if agiustry falls behind due to lack of
investment then the potential for spillovers increasese®knowledge spillovers between
the sectors, technology levedg andk.; tend to grow at the same rate in the long run. This is
important, because while on the one hand increasksg mise labour's marginal extraction

12 The metals are Al, Cr, Cu, Au, Fe, Pb, Mg, Mn, Hg, Ni, Pt, Ranéhesa Ag, Sn, W, Zn.



product, tending to make unit extraction costs fall, on ttleohand increases ky; raise
the marginal product of labour in the final-good sector anackedrive up its price, which
tends to make unit extraction costs rise. When rates of pesgn the two sectors are equal
the two effects cancel each other out and unit extractiots@re (ceteris paribus) constant.
This is an important point frequently missed in the literafiwhere it is commonplace to
assume that technological progress leads straightfotyvtrdalling extraction costs.

Organization of research in the final-good and extractiontses The third question con-
cerns the organization of the respective research sedMgsassume that the final-good
sector and the extraction sector both have the same steyaetith firms doing in-house
research to generate knowledge unique to their productsouree stock, but building on
general knowledge (hence there are knowledge spillovévedas firms). For simplicity we
fix the mass of firms in each sector, by construction, at umity;,could easily endogenize
the mass of firms instead; for instance, we could add fixeds @l a zero-profit condition
in the final-good sector (indeed, we have done this in previarsions of the paper). How-
ever, careful thinking shows that an asymmetry might embeg@een the sectors when we
do so, since it is reasonable to suppose that variety shootdase in the final-good sector
(driven by consumer’s demand for it), whereas no such mestmaseems likely in the ex-
traction sector. If knowledge is, as we assume, varietgifipghen increasing variety will
dilute research effort and slow growth. Hence if the modelenextended to endogenize the
size of research units the result could be a mechanism thnebigch technological progress
would be faster in the extraction sector than the final-gearas, hence pushing extraction
costs down over time. See Section 6.2 for more discussion.

RemotenesR = exp(d)

Remaining stocl

S, h-abundance

y)\

Fossil Baseline Mineral

Fig. 2 Schematic representation of resource stocks and resemugteness for the representative resource
owner. The left-hand resource, ‘fossil’, has three différypes of deposit, each of which is relatively ho-
mogeneous; when the third deposit is exhausted, the res@iexhausted. The middle resource, an infinite
column, has the idealized properties of the resource indbelime model. The right-hand resource, ‘mineral’,
has a finite inhomogeneous stock of high-grade ore, and damyy rather homogeneous stock contained in
low-grade ore or rock.

Links between cumulative extraction and extraction cagte fourth question concerns the
nature of resource stocks, in particular how resource rengstR changes given rising cu-
mulative extraction. Stocks are in general inhomogeneand,if we assume that the most
accessible resources are extracted first then this willecBue rise over time, pushing up
extraction costs. Before continuing we need a conceptaatdwork within which to model
R for the representative resource owner; our frameworkustitated in Figure 25 We have

a stock of resource underground, and the deeper the margswrce, the higher are ex-
traction costsR= exp(d). Depthd is linked to cumulative extractioN via the surface area
of the marginal resource, denot§gdor homogeneous abundandencefortth-abundance

13 Alternative frameworks may give the same reduced-form &mps such as one in which the represen-
tative owner owns a surface strip of resource, and qualityedses along the strip.



We are interested in the rate of changeRobver time. Intuitively, whenS, is high
then the rate of change & is low for a given extraction rate. Consider iron o bigh)
and platinum &, low); extraction of 1000 tons of iron ore has a negligibleceffon the
remoteness of the marginal remaining stocks, whereascéirinanf the 1000 most accessible
tons of platinum may have an appreciable effect. In contisuone we simply havét/Rt =
Nt /Sy For discrete time, define the growth facthof some variable as follows:

Bt = Viy1/Vr. (10)
Then the result corresponding Ro/R; = ny /Sy is
In6rt=IN(Rey1/R) = Ney1/Sherts (11)

whereS, is the average value of h-abundance in peticahdR; is remoteness at the end
of periodt. So, as we would expect, the biggeiSg, the more slowly remoteness increases
for a given extraction rate.

Given this conceptual model the key assumption which lead®rg-run balanced
growth in the baseline model is th& is constant & = S,) —implying an infinite col-
umn of the resource as illustrated in Figure 2—because &nchée a constant rate of ex-
traction leads to a constant rate of rise in resource reraegéh This will of course never
hold exactly for a real resource, indeed an infinite columahigiously physically impos-
sible on a finite earth. Nevertheless, the baseline moded doevide a useful baseline if
the timescale is limited to, say, 1000 years, since it givesagonable ‘median’ between
resources such as fossil fuels where stocks are clearlg famt inhomogeneous on this
timescale (giving a picture something like that on the leffigure 2), and the kind of min-
eral resources discussed by Heal (1976) where a transitiexttaction from an effectively
infinite homogeneous stock may occur (the right-hand péturor a specific example of
the latter type see Gerst (2008), who discuss the cumulgtage—tonnage relationship for
copper and suggest that there may be a bimodal distributitnrelatively small amounts
of high-grade copper ore, and vast amounts in common roekf¢senstance their Figure
9)_14

In extensions to the model to deal with particular resouitesuld of course be es-
sential to estimate the nature of stocks and their relatibeetion costs. Furthermore, an
important extension would be to allow for substitution beén different resources, and the
need for energy inputs in the extraction process. See $egiiofor more discussion.

4 Solving the two submodels

In this section we present and solve separate models foxtrecgon sector and the final-
good sector, focusing on the mathematical derivations.

4.1 The resource extraction sector

Recall that in the extraction sector there is a unit mass eftidal resource owners who
maximize discounted consumption (equation 1); extradtigreriodt by the representative
resource owner is;, price wy; labour is the sole extraction input, quantty, price we;
and the representative owner employs research lakguprice wy;. Hence the most basic
form of the problem facing the representative resource oigne

tipt {Wbtnt — WetGiet — WiiXet) } (12

subject to restrictions based on the nature of stocks anglkdge growth. Thus the owner
maximizes the discounted sum of revenue minus costs ofatidnaand research labour.
However, we want to set up the resource owner’s problem agjeahgian® with just two

14 See also Goeller and Weinberg (1976).

15 For an introduction to the use of the Lagrangian method teesdynamic problems in economics see
Chow (1997).
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choice variables{ns, Xcs}s o, implying that we need to substitute fgy. Note that we must
allow for the fact that extraction costs will vary in contous time asR increases with
cumulative extraction.

To substitute for; we define total extraction costs during pert@bZ; (S0Z; = WetQct)-
Then we rearrange equation 3 for the flow rate of extractionedl Z;. Furthermore, define
s andR; as extraction flows and remoteness at the end of périod. whent = 1, and
differentiateZ; w.r.t. & to obtain marginal extraction costs

Zy = WetOlet = WerS R /Ket; (13)
7 = WetR /Kot (14)

Note that marginal extraction costs do not rise in the ratextfaction. Effectively, we
ignore short-run capital constraints and allow for a seglip of extraction effort to achieve
higher extraction rates, which is reasonable in a long-redehwith perfect information,
and follows the norm in the literature; see e.g. Lin and Wa@2@07).

If we could treatR ands as constant during each period (sg.= n; andR; = R;) then
we would simply haveZ; = niwtR; /ket. However, we must account for the fact that
increases during the period, causspgto decrease. More precisely, the state equatiofRfor
follows directly from equation 11 whe, is constant:

R = RoexpE /S, (15)

wherekE; is defined as cumulative extraction from the end of period théoend of period
t, andRy is remoteness at the end of period 0. (Recall ais h-abundance, the surface
area of marginal resource.) Using this fact we can derive {lse Supplementary material
for details) the following expression f@:

Z: = SWer(Re_1/ker) [exp(ne/Sh) — 1, (16)

which can be verified by differentiating w.nt. and using equation 15 to return equation 14,
and confirming that when=0,Z = 0.

Finally, note that at the start of peribthe representative resource owner has cumulative
extractionk;_1, and takes general knowledge levilg 1 andK_1 as given. We are thus
in a position to set up the Lagrangian: take equation 12 tgutasfor wqe; (i.€. Z;) using
equation and 16, substitute f&_1 using equation 15, and add restrictions based on the
knowledge-growth (equation 9) and the definition of cumuéaéxtraction £ = E;_1 + n,
to obtain

L= ip‘{wbtnt — Si[Roexp(Er—1/Sh) /Ket] [eXp(ne /Sh) — UwWet —XeWse  (17)
=
—Vet[Ket — (Kczt,lK;tizl)l_(p(&t/rc)(a] + A B — (E-1+ nt)]}7

wherev, is the shadow price of the extraction technology arid the shadow cost of stock
reductions.

Take first-order conditions in firm investmexg and technologyk., substitute fokg
from equation 9, and assume a symmetric equilibrium to yield

Xct = PWerGct /Wyt (18)

investment in factor-augmenting knowledge by the reprasige resource owner is increas-
ing in that owner’s factor costs.igct, and decreasing in the price of research labour.

Now take first-order condition in extraction to yield wy, = z + A¢; the price is equal
to the marginal extraction cost plus the user cbsfinally, the condition in cumulative
extractionE; yields Ay = p(Atr1 +Zi11/Sh); the user cost in periot is the discounted
sum of the next-period user cost and the effect of curremaetibn on next-period costs.
EliminateA from these two equations to yield

Z Z
Z= Wy — patt —p2E2 (19)

S S
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The firm extracts up to the point where marginal extractiost€@re equal to the price
(exogenous to the firm), minus the discounted sum of effdatament extraction on future
extraction costs.

We now have enough information to solve the system, but weatasplve explicitly
for the extraction path in general, due to the complexityhef dynamic problem facing the
resource owner (equation 19). However, we can solve for wasiple growth paths under
specific assumptions about the development of the pricestization and research labour
w andws, and the level of production-labour-augmenting knowledgeand assuming a
symmetric equilibrium. Denote constant values on a bakhgeawth path using a tilde,,
etc. We then have the following proposition.

Proposition E1 Assume that w ws, and K, grow by a constant facto® per period, and
that long-run demand is such that if n grows at a constant Gatibien w, grows at a constant
rate 6, such that6,86,, = 6. Then there may be balanced growth in the extraction sector
in two cases.

Case E1.1When h-abundanc$, is infinite and henc® is constant, then there is a growth
path in the extraction sector where employment in the etitrasectorQ is constant, the
rate of extraction grows by a factérper period, and the resource priggis constant.

Case E1.2When h-abundanc§, is finite and henc® is increasing over time, then there
is a growth path in the extraction sector where employmernhénextraction sectd®; is
constant, the rate of extraction is constant,

fi=%Ineo, (20)
and the resource pricg, grows by a factod per period.

Proof The results follow directly from the full solutions to thefitier and balanced growth
path respectively, Appendix A.

Intuitively, in Case E1.1, sind® is constant, technological change allows exponentially
increasing extraction using the same (constant) labowefddnit costs are constant, not
falling, since the wage increases at the same rate. In Cae &draction occurs at a con-
stant rate such that remotenésgses at the overall growth rate, and hence when extraction
technology also rises at this rate then constant extraigiachieved using a constant labour
force. Unit costs thus rise at the same rate as the wage.

4.2 The final-good sector

Recall that in the final-good sector there is a unit mass ofsfipmoducing differentiated
products and performing in-house research. This unorthagt-up —building on Hart
(2008) —does not drive the results of the model; it is choserit$ tractability, and for its
potential to highlight relevant differences between thgastion and final-good sectors in
further work. As discussed above, the key feature of the ingbieh doesdrive the results
is the assumption that factor-augmenting knowledge stotkise final-good sector grow
independently of one another, an assumption that may da@esilglaxed in further work.

The representative firm maximizes the discounted sum ohreveninus costs of inputs
and investments subject to the knowledge production fansti{see Section 3.1) and its
Lagrangian is therefore

L= Z)pt { Pyt [(Katat) ® + (KotGbt) °1" © — WatGat — WhtGlot — Wt (Xat + Xor) (21)
t=

— Aat (Kat — Kat—1(Xat/ra)®) — Aot (Kot — Kpt—1(Xot/Tb)?) }

Now take first-order conditions in input quantities, firm kiedge stocks, and investments,
and eliminate the shadow prices to obtain the following &quoa: the investment ratio,

Xat/Xot = [(Kat/Kot) (Gat /Gt )] © = WatGat / (WitGt); (22)

12



the ratios of expenditure on research compared to inputs,

WiXa = @Wala  and  WXo = GWiCh; (23)

and the proportion of production spent on buying inputs,

Wala -+ WoGh + W(Xa +X6) = 11 (1+ @) [ (KatClat)® + (KoClor) ] - (24)

Note that equation 22 shows that the ratio of investmentsdpggtional to the resulting
factor shares in the same period, in accordance with thétsexiHart (2010).

To solve for the dynamics, we need to take the equation foirestment ratio, and
substitute it into an expression derived from the knowleaigeluction functions above, after
using the fact that in equilibriurky = Kg, andk, = Kp. Now recall the notation (equation
10) Bk at = Kat1/Kat- From equations 7 and 8 we have

Bkat/ Okot = (Xat+1/%bt+1)?/ (ra/1o)?, (25)

and from equation 22 we know thatt1/Xpt+1 = [(Kat+1/Kpt+1) (Gat+1/9bt+1)]° . Write

this aSXat-1/Xot+1 = [Bkat/ Bkt (Kat /Kot ) (Gat-+1/0bi+1)] %, use this expression to substitute
for Xat+1/Xpt1 IN equation 25, and finally assume equilibrium such that K, etc., to

yield

1/(1-
(p} /( U<P)' 26)

Bkat/ Bkbt = {[(Kat/Kbt)(Qat+1/th+1)]w/(ra/rb)

The evolution of relative factor prices is now fully and €gjfily determined as long as factor
quantities are known (or vice versa). From equation 26 wevkmetative knowledge levels
in periodt + 1, for given initial knowledge stocks and peribd-1 factor quantities. Then
we can use equation 22 to derimg:1/Wpy 1, yielding the following proposition.

Proposition F1 When Q and Q, grow at constant rateéQa and §Qb, there exists ab.g.p. such
that factor shares are constant, given by

WeQa _Ia <%) e @)

WoQb b \ Ba

Proof If factor shares are constant then the relative augmenged quantities of the repre-
sentative firmka0a/(kngp) must be constant, implying thit, /Ky, grows at the constant rate
Bob/ Ba- Insert this growth rate into equation 26, and use equatioio 2lerive the result.

The intuition behind Proposition F1 is straightforwardn&i levels of factor-augment-
ing knowledge grow independently of one another, a decrgafiee relative quantity of
one physical factor may, even in the long run, be balanced liycrease in the associated
knowledge level. For further intuition, consider the foliog two special cases.

Case F1.1WhenQ, is constant an@y, rises byé per period, then on the b.gyw,/wj rises
by 6 per period.

Case F1.2WhenQ, andQy, are both constant then on the b.gva/wy is also constant, and

Wa _ TaQp
Wy Ip Qa

In Case F1.1 a rise in the relative quantity of resource mpampared to labour is
coupled to a fall in the relative price, and the factor shdréhe resource is constant. In
Case F1.2 the relative quantities of inputs are constadthance we expect Hicks-neutral
technological change such that prices of both inputs gralveasame rate, and hence factor
shares are constant.

Note that the respective cases from the final-good sectothenelxtraction sector (F1.1
and E1.1, and F1.2 and E1.2) hang together. In the first paiasds resource consumption
(and supply) track the overall growth rate, whereas theressalurce price is constant. In the
second pair of cases resource consumption (and supplypastant, and the resource price
tracks the overall growth rate. We build on this observatiefow.

(28)
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5 The overall model

In this section we bring the submodels together to solvetfertivo growth paths (frontier
and balanced) and the long-run dynamics, focusing prignarilthe intuition. We solve for
growth rates and state variables on the two growth paths peAgix A.

5.1 Frontier growth and balanced growth

In the overall model we simply combine the two submodels,asipg (i) the restriction on
the total quantity of labouk, L = Q, + Qc, and the no-arbitrage condition that returns to
labour must be equal in the two sectors, wg. = W, and (ii) the corresponding conditions
for research labouX = x5 + X, + X; andwy equal in all research sectors. We solve the
model in two cases, corresponding to F1.1 and E1.1, and FRHLZ4.2 respectively. That
is, in the first case we assume tlas constant, implying that the resource is fundamentally
not scarce; current extraction does not raise future etiracosts. In the second case we
drop this assumption. As explained in Section 3, we denadwio casedrontier growth
andbalanced growth

Proposition O1 When R is constant there is a frontier growth path along whighthe
growth factor per periodd and the allocation of labour between sectors are constand a
(ii) the resource price is constant and resource consumpgiows by8 per period.

Proof We know from Proposition E1 that there is— conditional orelbakd growth in the
final-good sector—a growth path in the extraction sectorre/leenployment in the extrac-
tion sectorQ. is constant, the rate of extraction grows at the overall flayefactor 6 per
period), and the resource priag is constant. But from Proposition F1 Case F1.1, we know
that if the resource price is constant then there is balagoadth in the final-good sector,
in which the rate of resource consumption grows at the olvexta.

Proposition O2 When R is not constant there is a balanced growth path alorighw(i)

the growth factor per period and the allocation of labour between sectors are constant,
and (ii) the resource price rises at the overall growth réteand resource consumption is
constant.

Proof Analogous to the proof of Proposition O1.

On the frontier growth path the extraction rate is so low Ras effectively constant
and the behaviour of resource holders is insignificantlfed#nt from the case of infinite
homogeneous stocks. Given the characteristics of techpaiscussed above, this implies
constant unit extraction costs and zero resource rent,emukttonstant resource prices. The
logic behind the namdrontier growth is that when one (homogeneous) resource deposit
is exhausted, extraction simply continues from anothemtidal such deposit. In the final-
good sector, given fixed long-run factor shares, when resqonice is constant then the rate
of resource use must rise at the overall growth rate. So ofrah&er growth path we have
constant resource prices and resource consumption thks tgéobal product. Note that this
fits well with the stylized facts of constant prices and igsirsource use, and also with the
specific data shown in Figure 1. Schematically, developroéRkey variables is shown in
Figure 3, left panel.

On the balanced growth path the extraction mate= Qp) is constant at a level such
thatR, resource remoteness, increases exactly at the overaltttgrate,n = S,In 8. Then
given balanced growth in knowledge stocks, extractionscadit also grow steadily at the
overall growth rate, and the resource price too will growhi tate, hence tracking wages.
Now turn to the final-good sector, and note that when wagestandesource price grow
at the same rate, resource consumption is constant. Thisglpe follows (Figure 3, right
panel). The demand and supply equations, derived in PrapusiF1 and E1 respectively,
are illustrated in Figure 4. Concerning demand, if the resmprice is constant relative to
the prices of other (fixed) inputs, then the economy appremehgrowth path along which
technological change is Hicks-neutral and resource usmstant. Concerning supply, if the
resource price is constant relative to the prices of otheedji inputs, resource extraction
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Frontier growth Balanced growth
Global producty, wagew, Global producty, wagew,
log log
Resource usQ, Resource price,
Resource pricev, Resource us@,
time time

Fig. 3 Schematic graphs of frontier growth and balanced growtlthénformer, resource use tracks growth
in global product whereas resource price is constant; irldtter, resource price tracks wage growth and
resource consumption is constant.

approaches a ratesuch that the remoteness of the most accessible resournsamirg in
the ground rises at the same rate as the overall rate of teegfical progress in the economy,
6. Put the two together to understand why the economy consengéhe steady state: if the
extraction raten > n then remoteness will rise at a rate greater tBahence the resource
price will rise relative to other inputs, reducing demandl &®nce extraction. And vice
versa.

x107%
4 T T T T
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Supply,
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= fi=5Ind, Eq. 20
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Fig. 4 Resource supply/demand on the long-run b.g.p.

Turning to comparative statics, the supply curve is vektaad hence the b.g.p. level of
resource consumption does not depend on demand for therces®ather, it depends on
the nature of resource deposits and the overall growth faechnology; these determine
the extraction rate such that increasing resource remsggadalanced by improvement in
extraction technology. A rise in either h-abundance or trezall growth rate shifts the long-
run supply curve to the right, such that quantity increasesice falls (Figure 4). Given
the vertical long-run supply curve, shifts in long-run demaffect the price while leaving
quantity unaffected. Long-run demand, and hence also tierfahare of the resource, is
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increasing in the baseline cost of developing resourceraagng technology compared to
labour-augmenting technology,/ra.

5.2 Long-run dynamics of the economy

Having solved for the two limiting growth paths (frontiercabalanced), we can now turn
to the long-run dynamics of the economy. We show, heuri$fiead through numerical
simulations, that in the baseline case the economy shoskifpam a primitive phase (when
the resource is not used) to the frontier phase (during wthiehreconomy approaches the
frontier growth path) to the long run (where the economy apphes the balanced growth
path) via a transition phase.

The essence of the story is as follows. For any given respweean easily imagine
a time —the primitive economy—when the resource is not usedl aue to an inability
to extract it in useful form. However, as technology progessin the economy, technology
to locate, extract and refine the resource emerges, andgatrdegins. Assume that when
extraction starts, the rate of extraction—and hence copsam—is low. Furthermore, the
price is high relative to the wage. Over time, productivitgreases, the wage increases, and
the unit price of the resource remains constant (due to thehamésm described above in
the frontier economy). Given constant resource price asidgiwages, the rate of consump-
tion of the resource rises; frontier growth. As consumptises, gradually lower-quality
reserves must be tapped and the resource price starts,toaiseng the rate of increase of
consumption to slow. This is the transition phase. In the lam the price rises at the overall
growth rate, and consumption is constant; balanced growth.

In order to model the full process, we must specify the priggepf the primitive econ-
omy, when the resource is not used at all. We assume a pengitowth path along which
an alternative ‘primitive’ inpufP, price wpe quantity gy, is used instead of the resourBe
Primitive growth is analogous to balanced growth in tkatky, wa andwy all grow at the
overall growth rated, whereagyp is constant; however, the primitive input is more expen-
sive than the resource, in the sense that the normalized \wgi¢ws: on the primitive path
is greater than the normalized prieg; /W on the balanced growth path. Finally, extraction
knowledge for the primitive inputp, can be transferred to resourBewith the loss of a
fixed proportionK. = & - Ky, whered € (0,1). The reason that the resoutBés not used in
the primitive economy is that extraction costs are abaye In the simulation illustrated in
Figure 5,wpt/Wg is 100 times greater tham, /W on the b.g.p., and = 0.5.

Given the properties of the primitive economy, at some tinteaetion of the resourcB
will begin. The reason is that as overall technology proggesmarginal extraction costs
fall relative to the price of the primitive input,;, and whenwy, < W, extraction beging®
At this point, the price of the resource is high relative te thiage, whereas the rate of
extraction is low (compared to the long run). On commencermgextraction, the resource
price falls abruptly due to investment in extraction knatge and the concomitant increase
in ke/ka, and consumption rises. We then see a period of 100-200 ware the real price
is approximately constant and consumption rises at a ragedb the overall growth rate.
Once price begins to rise, tracking wages, growth of resbaonsumption begins to slow,
and the economy gradually approaches the balanced growttopgigure 317

The heuristic argument for the transition to balanced gnavetveloped above is all very
well, but can we prove that the b.g.p. is unique and stable?nbinmalized state variables
ko/ka, ke/ka, andR/k, are constant given balanced growth; that is, we have a sttats;
and we can in principle perform a linear approximation acbthre steady-state solution to
investigate its properties. We then need expressiongfpKy, Xct, andn;.1 close to the
steady state, in terms of the state variables. Unfortup#étel expressions are cumbersome,
and we therefore restrict ourselves to numerical analy&gure 6 shows results for one
parameterization, the details of which are provided in Amfbe B. Note thatk./k, is not
shown; given the choice @fit moves rapidly to its b.g.p. value. For all the parametions
tested we have a stable steady state.

16 Strictly we should also allow for the shadow priteas well, i.e. the condition should v&y + At < wpt;
however if the initial extraction rate is low thenwill also be low.

17 For further details about the primitive economy and thet sthextraction, see the Supplementary mate-
rial, and for the parameterization see Appendix B.
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Fig. 5 Transition to the balanced growth path, starting at the sfahe frontier phase (period 0). The vertical
axis gives the variables normalized by their starting \&lmete the logarithmic scale.
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Fig. 6 Phase diagram for base parameterization. The dotted oessmulated transition paths for different
starting values, successive dots showing values of staiables for successive periods. The continuous
lines are derived by estimating the turning points of theetbtines. The variables are normalized by their
b.g.p. values, hence the system converges to (1,1).

6 Discussion

In this section we discuss the model in relation to the ainth@paper, i.e. to present a flex-
ible and powerful model of non-renewable resource exwaaind consumption, explaining
stylized facts and providing a framework for prediction ofure prices and consumption
rates.

6.1 Explaining stylized facts about resource prices andwaption

We present four stylized facts about resource markets, aftwihe first two are straight-
forward: the prices and quantities of different resourcay widely, and resource prices
fluctuate significantly in the short and medium term. Neitbfethese facts is controversial.
The first fact is easily accommodated by the model: the mdti/is for variability in the
ease with which the resource can be substituted througbrfaogmenting technology, af-
fecting the factor share of the resource, and it allows ftiedinces in resource abundance
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and the remoteness of the marginal resource, affecting prid hence also the resource con-
sumption rate. The second fact, price fluctuation, is beytbedscope of the model, since
we are concerned with the long run. An obvious reason fortsiuor price fluctuations is
that both supply and demand are inelastic in the short rum;ehé (for example) demand
is unexpectedly high this pushes up the price significahtlprinciple it would be straight-
forward to extend the model to include such effects, e.g.dwirey a stochastic factor in
resource demand, plus physical capital in the extractidostry.

The second two stylized facts are more interesting in théesoof our model: the long-
run movements in real resource prices are very slow, andotig-run trend in resource
consumption is rising. There is much empirical researchremds in resource prices, trig-
gered by Barnett and Morse (1963) who examined resourcespiricthe U.S. from 1870 to
1957, and concluded that the real price of natural resouticesot generally increase over
the period examined. More recent evidence showing thatfangesource prices tend to
be constant is provided by Krautkraemer (1998). That resaonsumption is increasing
seems straightforward on the face of it, but it is scarceBitdsith in the mainstream re-
source literature, where the focus is almost entirely oogstiHowever, Johnson et al. (1980)
present data showing large increases in output of a rangeSfedtractive industries over
the period 1870-1968 Furthermore, the U.S. Geological Survey present data stpifuat
global production/consumption rates of a range of minetae steeply during the 20th cen-
tury (Kelly and Matos 2005). Furthermore, Figure 1 suggtststhe specific prediction that
resource consumption should grow at the overall growthwditen real prices are constant
—resulting in a constant factor share —may be backed up lay dat

The model suggests that when the price of a resource is eoiisimbecause the econ-
omy is close to a frontier growth path with respect to thabuese; extraction rates have
simply not reached a level such that stocks of significamtlyelr quality must be extracted
over time, and the user cost of extraction is low. Furtheenoecall that in Figure 5 we see
that the frontier phase may be very long (hundreds of year)a theoretical model. Note
that this is an extremely simple explanation, much simgiantthose common in the litera-
ture which rely on technological change driving down costh@ same rate as other factors
drive them up. Compare for instance to André and Smuldeéd84Rand Lin and Wagner
(2007). André and Smulders (2004) model directed teclyicdd change on the demand
side, but have a stylized extraction sector with icebergscbst no need for inputs, and if
iceberg costs fall fast enough this can balance the basgioelling-rule) rise in the re-
source price and lead to a constant market price. Lin and &g@007) build a theoretical
model and then test it using data on prices and consumpttes.r@n the extraction side
they assum€ z = N® /k., Wherew is a parameter greater than zero &gdgrows exoge-
nously at a constant rate; so technological change (grovk) drives costs down, whereas
increasing cumulative extractive drives them up. On themtiand, we derive (from equa-
tions 14 and 15% = Roexp[N;/S|Wet/Ket, wherewe andke grow endogenously, and tend
to grow at the overall growth rate in the long run (equatioAsathd 15). So technological
change has no effect on extraction costs, because we tagaraaaf the fact that overall
technological progress raises the price of extractiontsipu

We show that it is at best theoretically shaky to assume #ainological progress
drives unit extraction costs downwards. Furthermore,iff fiiocess is to be used to explain
the observation of approximately constant long-run pra@sss a wide range of resources,
it seems to require a very unlikely coincidence, i.e. thatrdite of technological progress
is almost exactly balanced for all these resources by otheslated factors driving prices
up (which may be the resource rent, or increasing resouroetamess). In our model, by
contrast, a period of near-constant prices arises as aajerediction, since in the early
stages of resource use the extraction rate is low compatedtbandance, hence the resource
rent is low and unit costs are constant, not falling, becawesaccount for the rising cost of
extraction inputs.

Finally, is it empirically plausible that the economy hagibe—for long periods and a
range of resources—on something similar to a frontier gnopath? Two empirical tests
stand out: on a frontier path resource remoteness shouldrstant, and the resource rent
should be low. Concerning resource remoteness, this iegilaice for a thorough empiri-

18 Qutput increases by a factor of approximately 5.
19 Note that we convert to our notation.
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cal analysis, but the following anecdotal evidence is satige firstly, Saudi Arabia started
extraction from the vast Ghawar Field in 1951, and approtefyehalf of the original re-
serves remain (EIA 2010); secondly, Figure 7 in Gerst (2008)gests that the average
grade of copper ore extracted declined by a factor just 2d=twl 900 and 2000. Concern-
ing resource rents (Hotelling 1931), there is little evidenhat they have been significant
historically for natural resources. See for instance Eltid Halvorsen (2002) who perform
an econometric study of a large actor’s behaviour in intéonal nickel market, and show
that there is a large markup of price over marginal cost, thait it is largely attributable to
the exercise of market power, not the resource rent (noteGliermak and Patrick, 2001).
See also Slade and Thille (2009), who survey the literataseth on the idea that changes
in interest rates should be positively correlated with vese price increases if the scarcity
rent is significant. Concerning oil, Hart and Spiro (2011jvey the literature and perform
back-of-the-envelope simulations to show that resounsea@nnot account for a major part
of the oil price historically, and is very likely only a smalart of the price today.

6.2 Framework for prediction

Does the model succeed in providing a framework for prealictf resource-market be-
haviour? We answer this question in two stages. Firstly viefliprreconsider the existing
literature. Secondly, we return to our model and examine th@ould be adapted to make
concrete predictions in specific cases.

Concerning existing literature, we argued in Section 2ét gapers without DTC on
the demand side—such as Heal (1976), Tahvonen and Salo)(20@l Lin and Wagner
(2007)—are by construction unable to accurately predicatwhill happen if and when
there is a change in the price trend of the resource, since ihao possibility for economic
agents to react to high prices by investing to reduce thgiedéence on the resource. Lin
and Wagner's model is set up such that current trends shoutihcie indefinitely, implying
that resource prices will remain constant forever; on theeiohand, our baseline model
explains and predicts how and why a transition to constanaetion rates and rising prices
will occur, whereas a version with empirical data on resewtocks would make widely
differing predictions depending on the nature of thosekstoc

Turning to papers with DTC on the demand side, we have AnddeSamulders (2004)
and Grimaud and Rouge (2008). Recall that they have a findgatgy of a homogeneous
resource, and extraction costs which approach zero in thg don. Thus their long-run
prediction—in the absence of substitutes—is for the resoprice to rise at the interest
rate and the extraction rate to approach zero. While thidigtien is reasonable under the
given assumptions, the assumptions are far removed fromeathyesource, and it is hard
to see how the model can be adapted to cope with (more regaligtiomogeneous resource
stocks with substitutes.

Returning to our model, we claim it can easily be adapted tkencancrete predictions
about specific resources, and furthermore that obviouslajavents of the model could
make it even more powerful in its ability to accurately aatioior observations and make
predictions, although at the cost of tractability. We stegtthe four assumptions discussed
in Section 3.2, and go on to possible extensions. Recalthigsassumptions are: &, and
ko, grow independently, implying fixed factor shares; ki)andk, linked, implying ceteris
paribus k/ka constant in long run; (i) no structural changes favouriogg-run growth in
extraction technology over production technology, anjl §yvconstant.

The first assumption, independent knowledge stocks, mayrbasmnable approxima-
tion, but there is a certain amount of evidence that the fastare of a resource which
increases in quantity tends to decline, as found by Jondéxlj26 the case of energy, and
also suggested by our own examples in Figure 1(a) and (b)oldvbe straightforward
to introduce this property into the model, by adding spiies/between knowledge stocks
(labour-augmenting and resource-augmenting) in the nafdeTC. In fact, this would also
make the model more realistic in terms of its assumption$jaat (2010) argues that such
spillovers between knowledge stocks are likely to existriacgice. An implication would
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be that if resource use ever went into decline then the priméldvwrise more steeply than
predicted by the baseline mod8l.

We take the second and third assumptions together, as thecereason to doubt the
former but some reason to doubt the latter, and the effebeisame, i.e. to allow the ratio
kc/ka to change in the long run. Considering the global econoniy,dlear that the variety
of final goods produced expands over time; if this also melaausthe breadth of associated
knowledge stocks increases, this process will lead to dialilwof research effort in the
final-good sector. That is, as research is spread over annéder range of product lines,
progress on each line is slowed down compared to a countgsfarase where the number
of product lines did not increase. On the other hand, them® isbvious reason to expect
such dilution in the extraction sector. Hence if the modetenextended to endogenize the
size of research units the result could be a mechanism thnebigch technological progress
would be faster in the extraction sector than the final-gaaras, hence pushing extraction
costs down over time. This could explain the fact— visiblé&igure 1 —that real resource
prices often decline slowly over long periods.

Finally, consider the assumption that homogeneous abeed@ris constant a§, for
any given resource. Clearly this will never hold exactly &y real resource, and in any
empirical application it will be important to estimate howetphysical characteristics of the
marginal stocks will change given increasing cumulativigaetion. Taking the example of
fossil fuels, stocks might look something like the illusiva in Figure 2, with a series of
relatively homogeneous stocks of differing remotenesadicter for instance OPEC crude
oil, surface coal, oil sands, etc). The results for the fesrgthase will hold for most stocks,
but the long-run properties of the economy will differ. Festance, with a Heal-type infinite
backstop the economy will, in the long run, return to a patthwonstant prices and rising
consumption, whereas with finite homogeneous stocks andilbstigite resource the rate
of price increase will approach the interest rate and copsomwill approach zero in the
very long run, as in standard models.

Consider now other possible extensions to the model. Theagbeaof fossil fuels sug-
gests two further important factors: market structure &edprice and availability of substi-
tutes. The key to the energy market in the long run is the pialesf the substitute energy
sources, since it is likely that such energy sources willaep fossil fuels long before all
of the more remote stocks (such as oil sands, oil shales, eyl cbal) are exhausted. An
interesting paper focusing on DTC and substitution in thergy sector is Acemoglu et al.
(2012). Considering mineral resources such as metals ogglplity of recycling is clearly
important to include, as has long been recognized (seedtanne Schulze 1974), and con-
cerning extraction costs, it may be important to includeeotbxtraction inputs, such as
energy or land, the productivity of which may not be susd@gtio indefinite increases, as
is assumed for labour in the model. Another important aspbath could be included is
the possibility of adaptation through substitution betwéaal goods of differing resource
intensity; such substitution mechanisms may be very ingporias shown by the history of
artificial light; see Fouquet and Pearson (2006).

Finally, note that in extended versions of the model sometlulose to the baseline
long-run b.g.p. might still be obtained despite more compled realistic assumptions. For
instance, consider an extended model in which fossil fuedsrathe long run replaced by
renewables. Then the key factor may become the cost of theé¢auired to harvest energy.
Since land is in fixed supply in the long run (once all the frenst have been pushed back),
we would expect a constant long-run energy flow, with thegwriof both energy and land
tracking the wage. A related argument could be made for tedymetals taking over from
extracted metals once the (energetic) cost of extractmm fow-grade sources became too
high.

20 Note also that the model of DTC contains an obvious simptifica that private factor-augmenting
knowledge spills over completely to the public domain atehd of each period. This simplification does not
affect the main results of the baseline model, but may beceessarily restrictive in empirical modelling. It
may be relaxed at the cost of some extra complexity in the inode
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7 Conclusions

We build a model of an economy starting on a primitive growdithpwith no resource use,
which then passes through three phases in the very long nem, & frontier phase with
increasing resource consumption and constant price, togarken balanced growth path on
which resource consumption is constant and the price trdxeks/age rate. These baseline
results depend on four assumptions —concerning links Bivseocks of knowledge aug-
menting labour and resources in the final-good sector, ligts/een stocks of knowledge
augmenting labour employed in extraction and labour engulay final-good production,
the organization of research in the final-good and extracictors, and the nature of re-
source stocks —none of which is likely to hold exactly in pieez Nevertheless, the model
is important for at least three reasons. Firstly, it progidemuch better baseline for under-
standing and predicting resource market trends than egistiodels in the literature, since
it provides for the first time a framework for modelling resoel markets which accounts
for the dynamic interaction of resource supply and demaadodly, the theoretical model
can easily be extended to relax any of the four assumptiomedabove, or to allow for
other factors such as different market structures in theureg sector or the availability of
substitutes. Thirdly, the model is ready to make initial @mgl predictions about specific
resources, based on data about the nature of historicalesndiming stocks of the given
resource.

Appendix A The solution to the transformed model
Appendix A.1 The transformations

Assuming a symmetric equilibrium we can write the model dawa simpler form. Firstly,
note that we then have: (i) representative firms for extoactind final-good production;
(i) the representative firms’ technology levels are the sa®s general knowledge levels,
thus (for instanceky = Kg; and (iii) arbitrage and physical restrictions apply,v&o= we,
andn; = Qu:. Secondly, we can normalize the growing variables by thelle¥ labour-
augmenting knowledgk,. The first effect of this transformation is to reduce the nanf
state variables by one: in the full economy we then have linethe frontier economy we
have just two sinc®is constant. The second effect is to transform the growthspditontier
and balanced) into steady states. We introduce new notttiaine normalized variables,
which we demonstrate through two examples. The normaliagdble(k./Ka)t+1 is denoted
(Ke/ka)t+1, and the normalized variab(&/ka): is denoted R i)t

There are two possible normalizations of the model, one a¢hvinansforms the frontier
growth path into a steady state, the other of which trans$ahma balanced growth path into
a steady state. We begin by presenting the normalizatiodgfir which the balanced growth
path is transformed into a steady state.

Appendix A.2 The b.g.p. transformation

In the b.g.p. transformation we normalize variables whigiwgon the long-run b.g.p. by
such that they are instead constant on this path. Then tteeesiaations are:

0 0
topaltia = (22)7(12) o (A1)
0 0
(ke/kat+1 = (Z:i) (:—:) (Ke/ka)t s (A2)
-9
(Rika)t+1 = eXp|Qor+1/Sh) (Xart—:l) (Rikalt- (A3)

Furthermore, we can write equations for the remaining tdemin terms of the state and
control variables:

L = Qat + Qct; (A4)
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X = Xat + Xot + Xct; (A5)

(Zjka)t = (Waka)t (Rika)t/ (Ke/kalts (AB)
(Zxa)t = (Zjka)tSh(1— exp(—Qut/Sh)); (A7)
Okat-1 = (Xat/ra)?; (A8)
Qct = Shl(Rka)t/ (Ke/kalt] [1 — eXp(—Qut/Sh)]. (A9)

Finally, from the first-order conditions we obtain:
Xet = @((Wayka)t/ (Wy/ka)t) Qet; (A10)

Zja

(Wh/ka)t — (Z/ka)t = PBat (el A it + (Wh/ka)t+1 = (Zjka)t+1 | 3 (A11)
Xat /Yot = Qat/Qot((Wa/ka)t/ (Wo/ka)t); (A12)
Xat/Xot = (Qat/Qot)? / (Kojka)( s (A13)
(Wayiea)t Qat + (W)t Qot = 11 [QF + ((Koyka)t Qo)) 7 (A14)
(Wy/ka)tXat = @(Wa/ka)t Qat- (A15)

Itis straightforward to show that this system of equatioas & steady state, correspond-
ing to the balanced growth path of the original model. Reball a tilde indicates a variable
that is constant. The state variables are

- Ly (rb)l/o
Ko/ka Snei+v\r (A16)
~ 1 ra)qo/(li)

_(2Ta : AL7
fopa= (72 (A1)
. L6/(6-1)-

Rika = 5, /1(Tw)kc/ka7 (A18)
where
Ino ] r
== —2(1-p). (A19)
6—-1(1—pBO) T
The other variables are
N -
Q =SIno; (A21)
%a=0%Y%ry; (A22)
% = 0%%ry; (A23)
Xe = Xa/ (A24)
1-1/o0
Waca = N ( fa ) : (A25)
a/ka Fatrb )
o g Qalo.
Who/ka = Wa/ka OpTa’ (A26)
_ Waka ~
Wy /ka = Za(an- (A27)

If we then normalize the long-run growth raffeto an appropriate value we obtain unique
solutions for all of the variables, including total labonrthe research sectof,

To show that this is a steady state, put the investment léwglsequations A1-A3 to
confirm that the state variables are constant on this pattpatrall the steady-state variables
into the first-order conditions to confirm that the steadjtesbehaviour of owners of final-
good firms and resources is optimal.
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Appendix A.3 The frontier transformation

On the frontier growth patky,, wy,, andz are constant, whil€y, grows at the same rate as
ka. SO we renormalize the variables such that insteakh, gf, Wi /ka, andz, we haveky,
W, andz, and instead o, we haveQb/ka.21 FurthermoreRis constant (fixed), so we lose
one variableRR) and one equation (A3). Equations A2, A4, A5, A8, and A10 arehanged,
while equations Al, A6, A7, A9, A12, A13, All, Al4, and A15 bete, in order,

Kot 1 = Kot (Xot11/7b) % (A28)

z = (Wa/ka)tR/ (Ke/kalt; (A29)

(Z)ka)t = z(Qp/kalts (A30)

Qct = [R(Qpyka)t/ (Ke/kaltls (A31)

Xat /%ot = Qat/ (Qbyka)t (Wa/ka)t/Wot); (A32)

Xat /Xot = (Qat/(Qp/kat)? /Kot (A33)

Wot = Z; (A34)

(Wayka)t Qat +Wot(Qo/ka)t = N [Q% + (Kot (Qoyka)t)? | e, (A35)
(Wx/ka)txat = q’(Wa/ka)tQat- (A36)

It is then straightforward to show that the following staéesl controls correspond to an
optimal b.g.p. in the normalized system. The state varsahte:

ko = R g-0/o ang (A37)
kc/kal
_ o\ 910
Ke/ka = (Q r_a> ., where (A38)
C
Q= I’b/(X — 2I’b). (A39)
The other variables are
- 1 - Q
Qa=L1+Q, Qc:L—1+Q, (A40)
~ Keka o
Qo= ~L2Q:; (A41)
Xa =X —2rp; (A42)
Xp = b (A43)
Xec = Ip; (A44)
Wajka =1 (1+ Q)97 (A45)
Wp = Wa/kaR/Ke/kas (A46)
VT’x/ka = (PVT/a/kaéc/ic; (A4T)
0 =[(X—2rp)/ra]®. (A48)

So we can take the value frfrom the long-run b.g.p. and solve (uniquely) for the frenti
growth path.

Appendix B Numerical solution

We set up the full model in GAMS, using equations A1-A15. Nz the GAMS model
is not an optimization, it is fully determined, since we irigbe first-order conditions into
the model. Having set up the model we then run simulationsddous parameter choices.
Baseline parameters are chosen as follows. The time pegisdtito 10 years; that is,
technologies are renewed every ten years. We set the discaenper year to 4 percent,

21 Note that the underlying model is unchanged, the transftiomsare purely a matter of notational con-
venience.
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thereforep = 0.675564169, and the b.g.p. growth rate to 2 percen\§ $01.21899442.
The ratior,/rp is then set to make the resource factor around 5 percent;gamtdr are
unity: ra = 1, rp = 0.05,r. = 1. Paramete®, = 200. The elasticity of knowledge to invest-
mentg = 0.1, so roughly 10 percent of production is invested. The igiagbf substitution
between final-good varietieg = 0.2, and we setr = —5, where the elasticity of substitu-
tion between the inputs (resources and labour)/id + o). The inputs are thus strongly
complementary. Finally{ = 0.1, hence extraction knowleddg is not very closely tied to
production knowledgé;.

In the simulation for Figure 5 we start the economy at the tmhen extraction starts
given that resource pricey/wy is 100 times higher than in the long-run b.g.p., and ex-
traction knowledgek;/k, is half its long-run level. This implies that normalized oasce
remotenes® , is given by the following equation:

Rka = 100/2 % (Ryka+AKe/ka/Wayka)- (A49)
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Supplementary material

Here we go into more detail concerning: (i) the derivatioregfiations 14 and 16; (ii) how
the equations of the b.g.p. transformation (equations AltbAare obtained; and (iii) how
extraction starts in the primitive economy. Finally, we ypde one of the GAMS models
used in the simulations, in full.

Marginal and total extraction costs

To find the representative resource owner’s marginal aral éxtraction costs per period
in terms of quantity extracted in that periog, we must first find an expression &

in terms of the integral of the extraction ragg. From equation 15 we know th&; =
R_1expni/Sy]. Since, by definitionn; = [y §:dT, we haveR; = R_1exp [y s:d1/Si].
Substitute into equation 3 and rearrange to yield

T = KetOlet
/0 srdT =5 In <—StrRt—1> .

Show that

-1
T _
Sr = +Rtl:|

S kot

solves this equation, and integrate frare- 0 to 1 to derive

-1

Now useZ; = w0 to derive equation 16.

The b.g.p. transformation

Here we demonstrate how the equations of the b.g.p. tranaf@n (equations A1-A11)
are obtained. Firstly, note that we express the equatiomsrims of the final-good sector
variables where arbitrage or other restrictions apply.silwa know that in equilibriumv, =
Wy, and in the transformed model we usg consistently. Furthermore, we know that in
equilibrium the factor-augmenting knowledge levels of thpresentative firms are equal
to the levels of general knowledge, and in the transformedahwe use the firm-level
variables. The full list of identities is as follows, where wse the LHS variables henceforth:
Kat = Kat, Kot = Kpt, Ket = Ket, Qpt = Nt, Wat = Wet, Qat = Gat, Qbt = ot Qct = et

The state equations are straightforward. Equation Al isiobd directly from equations
7-8; equation A2 is obtained from equations 7 and 9; and emu#3 is obtained from
equations 7 and 15. For the latter, note that we can use thetiefiof E; and the identity
Qot = Ny to write R 11 = R expQut1/Sh]-

Equations A4 and A5 are previously defined. Equation A6 Wdlairectly from equa-
tion 14, and equation A7 follows from equation 16. Equatidhfallows from equation 7,
and the definition 08 as a growth factor, equation 10. Equation A9 follows from Af &7,
plus equation 137; = wcqet. Finally, the first-order conditions A10-A15: equationsQA1
and Al11 follow from equations 18 and 19, the latter after carimg successive periods;
equations A12—-A15 follow from equations 22—-24.

2 Note that the flow of extraction declines during any period tiuincreasindR. However, we assume that
this uneven flow does not affect the final-good sector; resawners store the extra flows which arise at the
beginning of each period in order to make up for shortfalithatend of each period.



The primitive economy and the start of extraction

Trends in prices and consumption rates along any trangatmwill depend on the starting
point of that path; hence it is important to determine thetisig. point in a non-arbitrary
way. We begin by doing this, defining a pre-resoupcinitive economy. In the primitive
economy an alternative (primitive) resourds used by final-good producers, priog;,
where units are normalized such that the primitive resoig@e perfect substitute for the
main resource. Furthermore, we assume that the primitiweauy is on a b.g.p. as defined
in Appendix A.2, but withw,, i, replacingWy ka, andWp kq > Wh/ka- Finally, we assume
that extraction knowledge can be transferred to the newuresowith the loss of a fixed
proportion:Kp = & - K¢, whered € (0,1). The reason that the main resource is not used is
that extraction costs are abowg;, due to the primitive extraction technology.

Define period zero, when we haRe = Ry, K; = K¢, etc. Now assume that the prim-
itive phase ends in periodl (whereT > 0), when extraction firms form. What will be the
extraction costs of these firms? We know (equation 14)zhat Rt (Wat /KeT)- In the prim-
itive economyR is constant aRy, since there is no extraction, 8 = Ro. Furthermore, the
primitive economy is on a b.g.p. S&T = Wa00" . FurthermoreK_ also grows at the overall
growth rate, so assuming that the firm invests optimally eVt the starting time we have
ket = keoBT. Thus marginal extraction costs when extraction firms formindependent
of T, i.e. constant in real terms. The price of the primitive tesew,, on the other hand,
tracks the wage. Thus within finite time extraction coststfalow the price of the primitive
resource, and extraction begs.

If Wp/ka is close toW, x,, andd is close to unity, then extraction will start at close to
its b.g.p. level; there is a smooth transition from one res®uo the other. However, we
are more interested in the case where the normalized b.dge. @f the new resource is
much lower than that of the primitive resource (Mg, < Wy/ka) but the primitiveness
of technology hinders its extraction initially. In that ease obtain the frontier-transition—
balanced growth progression. Recall that in Figure 5 werasghatwy, q = Wp/ka/100.

3 Note that in general the actual start of extraction will alepend o, the shadow cost of stock reduc-
tions, but that in a frontier economly is close to zero.



$Title  Resource price model, transition path.

$ontext
Here we present the model used to generate the figure for the transition to the
balanced growth path. The other models essentially the same.

Fundamentally, all we do in the model is enter the equations A1--A15, enter
starting values for the state variables and a final value for the shadow price
of resources, and solve. However, we begin by working out the bgp levels of

all the variables as parameters, which we use when deciding the starting values
for the state variables, and in putting limits on the variables in order to
help the program to find the solution. Furthermore, at the end we create some
variables for presentation of the results, including ’backing out’ labour-
augmenting knowledge ka.

Finally, note that the program is a maximization problem, but the objective
function is constant. Because we have put the first-order conditions into the
program, we are simply looking for the unique set of controls that satify the
equations, rather than optimizing.

$offtext

Sets t time periods / 0%80/
tfirst(t) first period
tlast (t) last period ;
tfirst(t) = yes$(ord(t) eq 1);
tlast(t) = yes$(ord(t) eq card(t));
display tfirst
display tlast

Scalars
L total labour / 1/
rho discount rate / 0.675564169 /
thetabgp long-run growth rate / 1.21899442 /
phi knowledge growth / 0.1 /
eta elast of subs / 0.2/
ra investment productivity /1 /
rb investment productivity / 0.05 /
rc investment productivity /1 /
zeta  link between c and a / 0.1 /
sigma elasticity / -5 /
Shbar abundance / 200 /
delta transfer / .5 /
Omega Omega factor prim / 100 / ;

Parameter dis(t) discount factor ;
dis(t) = (rho) *x(ord(t)-1) ;
Parameter xabgp xa on bgp H
xabgp = thetabgp**(1/phi)*ra;
Parameter xbbgp xb on bgp H
xbbgp = thetabgp**(1/phi)*rb;
Parameter psi psi on bgp H
psi = (log(thetabgp)/(thetabgp-1))+* (thetabgp/(1-rho*thetabgp))
*(ra/rb)*(1-rho);
Parameter xcbgp xc on bgp H
xcbgp = xabgp/psi;
Parameter Qabgp Qa on bgp H
Qabgp = L#*psi/(1+psi);
Parameter Qcbgp Qc on bgp H
Qcbgp = L/(1+psi);
Parameter Qbbgp Qb on bgp ;
Qbbgp = Shbar * log(thetabgp);
Parameter wabgp waoverka on bgp ;
wabgp = etax(ra/(ratrb))#**(1-1/sigma);
Parameter wbbgp wboverka on bgp ;
wbbgp = wabgp* (rb/ra)*Qabgp/Qbbgp;
Parameter wxbgp wxoverka on bgp ;
wxbgp = wabgp/xabgp*phi*Qabgp;
Parameter kboverkabgp kboverka on bgp ;
kboverkabgp = Qabgp/Qbbgp *(rb/ra)*+*(1/sigma);
Parameter kcoverkabgp kcoverka on bgp ;
kcoverkabgp = ((1/psi)*(ra/rc))**(phi/(1-zeta)) ;
Parameter Roverkabgp Roverka on bgp ;
Roverkabgp = L/Shbar*(thetabgp/(thetabgp-1))x*kcoverkabgp/(1+psi) ;



Paramete

Paramete

Paramete

Paramete

r smallzoverabgp zovera on bgp H

smallzoverabgp = wabgp*Roverkabgp/kcoverkabgp;
r Zoverabgp Zovera on bgp H

Zoverabgp = smallzoverabgp#*Shbar*(1-exp(-Qbbgp/Shbar));
r lambdabgp lambda on bgp ;

lambdabgp =
r X total labour H

rhoxthetabgp/ (1-rho*thetabgp) *Zoverabgp/Shbar;

X = xabgp + xbbgp + xcbgp;
display xabgp;
display xbbgp;
display xcbgp;
display thetabgp;
display psi;
display Qabgp;
display Qbbgp;
display Qcbgp;
display wabgp;
display wbbgp;
display wxbgp;
display kboverkabgp;
display kcoverkabgp;
display Roverkabgp;
display smallzoverabgp;
display Zoverabgp;
display lambdabgp;
display X;
Variable U Social utility
Positive variable smallzovera(t) marginal extraction cost
Positive variable Zovera(t) extraction cost
Positive variable kboverka(t) kboverka
Positive variable kcoverka(t) kcoverka
Variable Roverka(t) roverka
Positive variable xa(t) f1 a investment
Positive variable xb(t) f1 b investment
Positive variable xc(t) f1 ¢ investment
Positive variable theta(t) growth rate
Positive variable waoverka(t) wage
Positive variable wboverka (t) resource price
Positive variable wxoverka(t) research wage
Positive variable lambdaovera(t) stock effect of extraction
Positive variable Qa(t) production labour
Positive variable Qb(t) resource extract
Positive variable Qc(t) extraction labour
Positive variable ka(t) hello mum
Positive variable wbnorm(t) hello mum
Positive variable wanorm(t) hello mum
Positive variable Qbnorm(t) hello mum ;
Equations
Utility define objective function
Aone(t) growth in kboverka
Atwo (t) growth in kcoverka
Athree(t) growth in Roverka
Afour(t) total labour restriction
Afive(t) research labour restriction
Asix(t) marginal extraction costs
Aseven(t) total extraction costs
Aeight (t) overall growth rate
Anine(t) extraction labour
Aten(t) FOC in investment gamma
AelevenA(t) FOC in extraction n
AelevenB(t) growth in lambda
Atwelve (t) solution for alpha from demand side
Athirteen(t) solution for beta from demand side
Afourteen(t) profits
Afifteen(t) balance between wx and wa

kboverkazero (t)
Roverkazero(t)
kcoverkazero (t)
lambdalast (t)

initial kboverka
initial Roverka
initial kcoverka
final lambda



knowledgestart(t) initial ka

knowledge (t) overall growth
res1(t) norm price
res2(t) norm wage
res3(t) norm quantity ;
Utility .. U =e= 10 ;
Aone (t+1) .. kboverka(t+1) =e= kboverka(t) * (ra/rb)*xphi *

(xb(t+1)/xa(t+1))**phi ;

Atwo (t+1) .. kcoverka(t+1l) =e= kcoverka(t)**zeta *(xc(t+1)/xa(t+1))**phi
*(ra/rc)**phi;
Athree(t+1) .. Roverka(t+l) =e= Roverka(t) * exp(Qb(t+1)/Shbar) /
(xa(t+1)/ra)**phi;
Afour (t) .. Qa(t) + Qc(t) =e=L;
Afive(t) .. X =e= xa(t) + xb(t) + xc(t);
Asix(t) .. smallzovera(t) =e= waoverka(t)*Roverka(t)/kcoverka(t);
Aseven(t) .. Zovera(t) =e= smallzovera(t)*Shbar*(1-exp(-Qb(t)/Shbar));
Aeight (t+1) .. (xa(t+1)/ra)**phi =e= theta(t);
Anine(t+1) .. Qc(t+1) =e= (Shbar/theta(t))*(Roverka(t)/kcoverka(t+1))
*(exp(Qb(t+1)/Shbar)-1);
Aten(t) .. xc(t) =e= phix waoverka(t)/wxoverka(t)*Qc(t);
AelevenA(t) .. wboverka(t) =e= smallzovera(t) + lambdaovera(t) ;
AelevenB(t+1).. lambdaovera(t+1) =e= lambdaovera(t)/(rhoxtheta(t))
- Zovera(t+1)/Shbar ;
Atwelve(t) .. xa(t) =e= xb(t)*Qa(t)/Qb(t)*waoverka(t)/wboverka(t) ;
Athirteen(t) .. xa(t) =e= xb(t)*(Qa(t)/Qb(t))**sigma/kboverka(t)**sigma ;
Afourteen(t) .. waoverka(t)*Qa(t) + wboverka(t)*Qb(t) =e= etax*
(Qa(t)**sigma+(kboverka (t)*Qb(t))**sigma)**(1/sigma) ;
Afifteen(t) .. wxoverka(t) =e= phi*waoverka(t)*Qa(t)/xa(t);
kboverkazero(tfirst) .. kboverka(tfirst) =e= Omegaxkboverkabgp ;
kcoverkazero(tfirst) .. kcoverka(tfirst) =e= kcoverkabgp+*delta;
Roverkazero(tfirst) .. Roverka(tfirst) =e= Omega*deltax
(Roverkabgp+ lambdabgp*kcoverkabgp/wabgp) ;
lambdalast (tlast) .. lambdaovera(tlast) =e= lambdabgp ;
knowledgestart (tfirst) .. ka(tfirst) =e= 1;
knowledge (t+1) .. ka(t+1) =e= ka(t)*theta(t);
resi(t) .. wbnorm(t) =e= wboverka(t)*ka(t);
res2(t) .. wanorm(t) =e= waoverka(t)*xka(t);
res3(t) .. Qbnorm(t) =e= Qb(t);

stk stk ok ok ok ok sk ok sk sk sk stk sk ok sk stk ok sk sk ko ok sk sk stk ok ok sk ok ok
xb.1(t) = xbbgp H
xc.1(t) =xcbgp H
kcoverka.l(t) = kcoverkabgp ;
kboverka.l(t) kboverkabgp ;
Roverka.l(t) = Roverkabgp ;
waoverka.l(t) = wabgp ;
wboverka.l(t) = wbbgp ;
wxoverka.l(t) = wxbgp ;
lambdaovera.l(t) = lambdabgp 5
Qa.1(t) = Qabgp ;
Qb.1(t) = Qbbgp ;
Qc.1(t) = Qcbgp H
theta.l(t) = thetabgp H

Zovera.lo(t) = Zoverabgp /10
smallzovera.lo(t) = smallzoverabgp /10 ;
xa.lo(t) = xabgp /10
xb.lo(t) = xbbgp /10
xc.lo(t) = xcbgp /100
kcoverka.lo(t) = kcoverkabgp /10
kboverka.lo(t) = kboverkabgp /10
Roverka.lo(t) = Roverkabgp /10
waoverka.lo(t) = wabgp /10
wboverka.lo(t) = wbbgp /10
wxoverka.lo(t) = wxbgp /10
lambdaovera.lo(t) = lambdabgp /1000
Qa.lo(t) = Qabgp /10
Qb.1lo(t) = Qbbgp /120
Qc.lo(t) = Qcbgp /100

theta.lo(t) = thetabgp /10



Zovera.up(t) = Zoverabgp *20
smallzovera.up(t) smallzoverabgp *1000 ;
xa.up(t) X

xb.up(t) = xbbgp *10
xc.up(t) xcbgp *20
kcoverka.up(t) kcoverkabgp *10
kboverka.up(t) kboverkabgp *120
Roverka.up(t) Roverkabgp *300
waoverka.up (t) wabgp *10
wboverka.up(t) wbbgp *1000
wxoverka.up(t) wxbgp *10
lambdaovera.up(t) = lambdabgp *10
Qa.up(t) = Qabgp *10
Qb.up(t) = Qbbgp *10
Qc.up(t) = Qcbgp *10 ;
theta.up(t) = thetabgp *10

3k >k 3k >k 3k ok 3k ok 3k ok 3k ok 3k ok 3k ok 3k ok 3k ok 3k ok 3k ok sk ok sk ok sk ok sk 3k ok 3k ok sk ok K 3k ok 3k ok sk ok sk 3k K ok ok sk ok k

Model growth / all /;
Solve growth maximizing U using nlp;

file results / C:\phase.res/;

put results;

put "Model status",growth.modelstat/;
put "Solver status",growth.solvestat/;

Put "Wage wa"/;

loop((t), put$(ord(t) 1t 52) wanorm.1(t):0:8/

Put "Price wb"/;
loop((t), put$(ord(t) 1t 52) wbnorm.1(t):0:8/

Put "Quantity Qb"/;
loop((t), put$(ord(t) 1t 52) Qbnorm.1(t):0:8/

putclose

)

)

)
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