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Microfounded Forecasting*

Wagner Piazza Gaglianone!

Jo#o Victor Isslert

Abstract

Our focus is on information in expectation surveys that can now be built
on thousands (or millions) of respondents on an almost continuous-time basis
(big data) and in continuous macroeconomic surveys with a limited number
of respondents. We show that, under standard microeconomic and econo-
metric techniques, survey forecasts are an affine function of the conditional
expectation of the target variable. This is true whether or not the survey
respondent knows the data-generating process (DGP) of the target variable
or the econometrician knows the respondent’s individual loss function. If the
econometrician has a mean-squared-error risk function, we show that asymp-
totically efficient forecasts of the target variable can be built using Hansen’s
(Econometrica, 1982) generalized method of moments in a panel-data context,
when N and T diverge or when T diverges with N fixed. Sequential asymp-
totic results are obtained using Phillips and Moon’s (Econometrica, 1999)
framework. Possible extensions are also discussed.

Keywords: Forecast Combination, Big Data, Common Features, Panel
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1 Introduction

Ang et al. (2007) argue that economists use four main methods to forecast inflation:
time-series models of the ARIMA variety; structural models built upon the Phillips
Curve; methods using information embedded in asset prices — in particular, the term-
structure of interest rates; and methods that employ survey-based measures provided
by economic agents (consumers and/or professional forecasters). They find that
true out-of-sample survey forecasts (e.g. Michigan; Livingston) outperform a large
number of out-of-sample single-equation and multivariate time-series competitors.
Along the same lines, Faust and Wright (2013) argue that subjective forecasts of
inflation seem to outperform model-based forecasts in certain dimensions, often by
a wide margin. They discuss some reasons why this is the case, which points out to
the choice of boundary values and the fact that professional forecasters quite often
have access to econometric models and add expert judgment to these models.

In a world where there is an increasing availability of reliable data provided
electronically, it is interesting to examine how one could efficiently use this wealth of
information. Of course, there is already a large literature on big data in statistics. It
is certainly true that econometrics is currently benefiting from it. However, what we
see as lacking is interpretation — economic interpretation. One step in that direction
is to employ the tools of economics to be able to extend our current knowledge in
an emerging field. This is one of the objectives of this paper.

In order to accomplish that, our focus is on the abundant information con-
tained in expectation surveys that can now be built on thousands (or millions) of
respondents on an almost continuous-time basis. Using standard microeconomic and
econometric techniques, we first ask what is the optimal survey response from the
point-of-view of a given respondent. As users of that information, it is important
to us to consider an environment with three different setups: (i) when the survey
respondent knows the data-generating process (DGP) of the response random vari-
able, where the DGP may take an analytic parametric form, and users know what is
the loss function being used by the respondent; (ii) when the respondent knows the

DGP, where the DGP is driven by a location-scale model with known parameters,



and users know what is the loss function being used; and (iii) when the respondent
does not know the parameters of the DGP, the latter being approximated using a
location-scale model and quantile regression techniques, and the loss function being
used by respondent is unknown to the users. Under these conditions, we show that
the optimal forecast of a given survey respondent is an affine function of the condi-
tional expectation of the target variable of the survey. Once we characterize this first
layer of decision making, we can then ask how to use efficiently the informational
content present in expectation surveys. Our answer uses structural microfounded
models, whereas the previous literature had focused on a reduced-form approach.

If the final user of that information (the second layer of decision making) em-
ploys a mean-squared-error (MSE) risk function, which is typically the case for the
government, a central bank, a large risk-neutral firm, etc., then, it is natural to
extract from the survey the conditional expectation of the target variable! — the
optimal forecast from the point-of-view of the final user, e.g., an econometrician.
Because we had an affine model for the optimal respondent’s decision, the second-
layer problem reduces to a signal-extraction problem, where potentially the number
of respondents and of time-series observations is large, i.e., N and T grow without
bound. In this context, we show how to solve this problem using Hansen’s (1982)
generalized method of moments (GMM) in the sequential asymptotic framework of
Phillips and Moon (1999), i.e., our method identifies and proposes consistent and
efficient estimates of the optimal forecast of the target variable under the MSE risk
function. Moreover, we also propose a solution for the case in which T diverges
but N is fixed, which applies to some long standing surveys with a fixed number of
respondents throughout time.?

Although the affine model of the first-layer decision making is a function of a
latent variable (the conditional expectation), we are able to substitute it for the
target variable itself minus a martingale-difference sequence (MDS) error term, thus
expressing the cross-sectional moment condition in terms of this MDS, where its
unforecastable properties can then be exploited using GMM. So, the moment con-

dition can ultimately be cast only in terms of observables and parameters. In this

LOf course, different risk functions in the second layer would imply extracting a different target.
This is not a problem here, given that we have properly characterized the first-layer decisions.

2For example, the Livingston Survey of the Philadelphia FED, the Wall Street Journal Survey
of Forecasters, and the Survey of Professional Forecasters.



setting, we confront forecasts with realizations to be able to identify and estimate
consistently functions of the parameters of the affine model when the number of
time-series observations gets large — large 7. Our results hold in two different con-
texts regarding the number of survey responses: when they are large (N — o0) and
when N is fixed.

Obviously, our primary focus is on forecasting. As Einav and Levin (2013) put
it, “The most common uses of “big data” by companies are for tracking business
processes and outcomes, and for building a wide array of predictive models. While
business analytics is a big deal and surely has improved the efficiency of many
organizations, predictive modeling lies behind many striking information products
and services introduced in recent years.” However, since our techniques allow the
identification and estimation of the conditional expectation of the target variable, it
immediately allows for the identification of economic shocks to these target variables,
which are key variables especially in macroeconomics and finance; see the discussion
in Diebold (2012).

We should stress that we avoid dealing with sparse-data issues in big data,
e.g., Belloni and Chernozhukov (2011, 2013) and Belloni, Chernozhukov, and Wang
(2011), because our focus narrows down to the relationship between optimal fore-
casts and the conditional expectation of the target variable in the survey. Implicitly,
each survey respondent could use several different covariates to compute their opti-
mal forecast. Indeed, all of these may be unknown to the user in the second layer of
decision making (the econometrician). Because the number of respondents diverge,
our techniques benefits from the information implicit in all of these forecasts, and
could ultimately be interpreted as an optimal forecast-combination method. Thus,
our approach to big data is not related to data reduction techniques — where the
key issue is the availability of too many regressors (Varian, 2014) — but on how to
optimally combine information.

The ideas in this paper are related to research done in three different fields.
From econometrics, it is related to the common-features literature after Engle and
Kozicki (1993). Indeed, we attempt to bridge the gap between a large literature on
common features applied to macroeconomics, e.g., Vahid and Engle (1993, 1997),
Issler and Vahid (2001, 2006) and Vahid and Issler (2002), Athanasopoulos et al.

(2011), and the econometrics literature on forecasting related either to common fac-



tors or to forecast combination, perhaps best represented by the work of Bates and
Granger (1969), Granger and Ramanathan (1984), Palm and Zellner (1992), Davies
and Lahiri (1995), Forni et al. (2000, 2005), Stock and Watson (2002a,b, 2006),
Elliott and Timmermann (2004, 2005), Timmermann (2006), Patton and Timmer-
mann (2007), Issler and Lima (2009), Gaglianone et al. (2011), Gaglianone and Lima
(2012, 2014), and Lahiri, Peng, and Sheng (2013). From the theoretical literature
on the incentives leading to optimal forecasts, our paper is related to the work of
Laster et al. (1999), Ottaviani and Sorensen (2006), and Batchelor (2007). In this
context, it is also related to the literature on the role of loss functions, e.g., Elliott
et al. (2008) and Capistrdan and Timmermann (2009), and to the novel literature on
informational rigidities, e.g., Mankiw and Reis (2010), Coibion and Gorodnichenko
(2012), and Andrade and Le Bihan (2013). From big data econometrics it is related
to the work of Diebold (2012), Einav and Levin (2013), Varian (2014), Warin and
Sanger (2014), and Joseph et al. (2014), although we could not find papers dealing
directly on how to optimally combine forecasts in the context of big data. Indeed,
most of this literature is interested in dimension-reduction techniques for poten-
tial regressors, such as classification and regression trees (CART), random forests,
penalized-regression techniques such as the least absolute shrinkage and selection
operator (LASSO) and least-angle regression (LARS), and elastic nets.

The rest of the paper is divided as follows. Section 2 introduces a microfounded-
based framework to study the forecast error under risk functions more general than
the usual MSE. Section 3 presents a real-time forecasting exercise with data from a
survey of Brazilian inflation expectations using the methods proposed here, compar-
ing the out-of-sample performance of different bias-correction approaches. Section

4 concludes.

2 Econometric Setup

2.1 Microfounded forecasting under a general risk function

The techniques discussed in this section are appropriate for forecasting a weakly
stationary and ergodic univariate process {y;} using a large number of forecasts.
For the moment, we restrict these forecasts to be the result of an opinion poll on the

variable in question. We can also imagine that some (or all) of these poll responses
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are generated using econometric models, but then the econometrician that observes
these forecasts has no knowledge of them.

We label individual forecasts of y;, computed using information sets lagged h
periods, by fi”‘t, 1=1,2,...,N,and t = 1,2,...,T. Therefore, {ft are h-step-ahead
forecasts of 1, formed at period t — h, and N is the number of respondents of this
opinion poll regarding 1;. In this section, we show that, in a variety of interesting
cases, optimal forecasts are related to E; ,(y;) — the conditional expectation of y;,

computed using information lagged h periods — by an affine function of the form?:
fi},Lt = Q?Et—h(yt) + kzh + 5?,# (1)

As is well known, Granger (1969) was a pioneer in this literature. He considered
that forecasters minimize a cost function, and that “cost functions that arise in
practice in economics and management situations are not likely to be quadratic in
form, and frequently will be non-symmetric.” If the cost function is symmetric, and
additional regularity conditions hold for the density of y;, then B, ,(y;) is obtained
as the optimal forecast. In some special cases, optimal forecasts require a bias-
correction term as in By, (y;) + kP

The subsequent literature on forecast optimization, e.g., Christoffersen and Diebold
(1997), Elliott and Timmermann (2004), Patton and Timmermann (2007), and El-
liott, Komunjer, and Timmermann (2008), have shown the inappropriateness of
using the conditional mean under a more general setup, which includes the use of
an asymmetric loss function and even an unknown loss function.

In what follows, we consider a setup which has two layers of decisions to be
made. In the first layer, individuals (survey respondents) form their optimal point
forecasts of a random variable y; by using a specific loss function under different
assumptions about knowledge of the DGP of 3. These optimal forecasts f;', will
be available as survey results, where the number of respondents is potentially large,
i,e., N — oo, and these surveys can be periodically taken on a large number of
different occasions, i.e., T" — oo. This setup describes reasonably well the current
abundance of knowledge in the big data literature. In the second layer of decisions,

an econometrician will be the final user of this large number of forecasts. We as-

3Indeed, (1) is an encompassing model. Some results we derive below represent restrictions on
this general formula.



sume that she/he operates under an MSE risk function, but this assumption can be
modified if need be. However, we believe it covers reasonably well some interesting
cases, which are of practical importance, e.g., the government, a central bank, a
large risk-neutral firm, etc. Hence, her/his optimal forecast in this second layer of
decision making is E;_p, (y¢).

The challenge here is to uncover E;_j (y;) — the optimal forecast of the second
layer of decision making — from a potentially large set of survey responses, where
cases of potential asymmetries or unknown loss functions previously studied are
taken into account. We investigate the relationship between the optimal forecast
and the conditional expectation, based on the following cases: (1) Loss function
known to the econometrician and DGP known by individual ¢, where the DGP may
take an analytic parametric form; (2) Loss function known to the econometrician
and DGP known by individual i, where the DGP is approximated by a location-
scale model with known parameters; (3) Loss unknown to the econometrician and
parameters of DGP unknown by individual i, the latter being estimated by the

individual using standard quantile-regression techniques and a location-scale model.

Loss and DGP known — (Cases (1) and (2))

Assume that there is an amount of individuals forecasting y; conditional on F;_j,
where F;_; is the sigma algebra of all the variables contained in the conditioning
set used by all the agents. Each individual chooses an optimal forecast Nlht by
minimizing their respective expected loss function L‘, e.g., Granger and Newbold
(1986). In this section, we assume that the agent in the second layer of decision
making — the econometrician — has full knowledge of the Loss function used by
individual agents. So, there is full disclosure not only of survey-forecast results but
also of the Loss function from the part of survey respondents. This last assumption

will be relaxed in the next section.

Assumption A1 (Loss function) L’ depends solely* on the forecast error e}, , =

ys — fl, that is, L' = L(ej},_,).

K3

4This is the same Assumption L1 of Patton and Timmermann (2007). According to them,
although it rules out certain loss functions (e.g., those which also depend on the level of the
predicted variable), many common loss functions are of this form.



Therefore, the optimal (point) individual forecasts of y; are obtained as follows:
fl, = arg ?nin E (L' (ye; f) | Fien) (2)

where f € R are all possible choices of the i-th forecaster and E(. | F;_p) denotes
the conditional expectation given F;_j,.

An important issue regarding the information set used by each agent is that all
use the same information, which should be regarded as public information. Hence,
there is no private information in our context, and different forecasts arise because
agents use a different Loss function. Also, we treat public information as free,
since the minimization problem in (2) has no constraints regarding its cost. These
features will have bearing when we discuss our theoretical results vis-a-vis those of
the macroeconomics literature on forecasting.

A natural assumption about the shape of the agent’s loss function is that if one
forecasts without error, then no forecast loss arises, but, if there is an error, the

larger it is, the greater will be the loss:

Assumption A2 (Shape of the Loss function) The loss function exhibits the fol-
lowing properties: (i) L'(0) = 0; (ii) L'(e;) is continuous, homogeneous and
non-negative Ve; € R; and (iii) L'(e;) is monotonic non-decreasing (for e; > 0

or ¢; < 0), and differentiable at least twice almost everywhere.

In practical terms, the symmetry of the loss function might be a restrictive
hypothesis to be considered by an econometrician. Granger and Newbold (1986,
p.125) provide two examples of situations where nonsymmetrical cost functions arise.
In these cases, it would be interesting to check if the agent forecast is optimal under
a broader class of loss functions. A simple way to consider an asymmetric function,

and account for some "degree of asymmetry", is given by the following assumption:

Assumption A3 (Asymmetry of the Loss function) The loss function L'(e;) can
be decomposed as Li(e;) = g'(e;)h(e;), where g'(e;) is a non-negative and
symmetric function about e; = 0; g”(e;) and ¢g”'(e;) exist almost everywhere;

, L e<0 o
h'(e;) = B% where {(7; 85} are positive constants.
612 ; e,>0



Assumption A4 (DGP - stationarity and regularity of the CDF) The univariate
time series y; is a weakly stationary and ergodic process and the conditional
cumulative distribution function (CDF) of y,, given F;_;, (denoted by Fy ;4 (+)
or Fy(- | Fi—n)), is absolutely continuous, with continuous densities f;;j uni-
formly bounded away from 0 and oo at the points Ft_ti W(7), V7 € (0;1), where

7 denotes the quantile level with respect to the (conditional) CDF of ;.

Assumptions A2 and A3 are standard in the literature (e.g. Granger and New-
bold, 1986; Patton and Timmermann, 2007). Note that A3 includes the symmetric
case when (3, = f,. It is quite general, covering a great deal of loss functions
commonly mentioned in the literature, such as: mean squared error (MSE), mean
absolute error (MAE), asymmetric linear (Lin-Lin), asymmetric quadratic, among
many others. A4 is just a technical assumption on the DGP of y;.

Based on assumptions Al-A4, we next present Proposition 1, which generalizes
the results in Granger (1969) and states two important results: (i) asymmetric loss
functions generate departures of the optimal forecast from the central tendency (e.g.
median) of the conditional distribution of y;; and (ii) for the same DGP, the higher
the degree of asymmetry in the loss function the greater will be the distance between

the optimal forecast and the conditional median.

Proposition 1 (Asymmetric Loss) Denote by Med, ,(y;) the conditional median
of ye. If A1-A4 hold, then: (i) If B, # B4 then Ft,t—h(:-]?t) # 0.5, where Fy;_y, is the
conditional CDF of y;; (ii) If 5, > (B4 then :ht < Med,_y(y); (ii1) If B, < By then
th > Med,_,(y,); and (iv) for two forecasters i and j such that 5% /8, < 3/8} < 1,
then, :ht > f;ht > Med;—p(yt).

Corollary 2 (Symmetric Loss) If A1-Aj hold, and 3, = (3, then {ft = Med;_p(ys).
Hence, without asymmetry, i.e., if 5, = [,, then, the optimal forecast is the
conditional median of y;. By considering additional assumptions on the DGP of y;,

we obtain the well-known optimality result of the conditional mean, due to Granger

(1969, Theorem 2).

Corollary 3 (Granger (1969): Optimality of the Conditional Mean) If A1-A4 hold

and the conditional density function (PDF) of vy, is a unimodal, continuous and



symmetric function about its conditional mean By_p(y:) = [ yefee—n(y)dy, and if
By = By then fzht = Ei—n(ve)-

It is interesting to note that an optimal forecast obtained from a symmetric loss
function such as MSE implies that Nzht = E;_n(y:). Moreover, the classical result
of Granger (1969), in which the optimal forecast equals the conditional mean of ¥,
under a MSE loss function, can be viewed as a special case of Proposition 1.

The exact relationship between the optimal forecast’s quantile level 7;, with
respect to the CDF of y;, and the parameters {/3;; 55} can be obtained if one con-
siders a more restrictive assumption on the class of loss functions. The next corollary

presents an example.

Corollary 4 (Granger and Newbold (1986): Linear loss function) If A1-A4 hold
—pe; ;€ <0
and the loss function is a Lin-Lin function, i.e., if L(e;) = 0 s e=0
Boe; ; €; >0
where By, By > 0, then, Nlht = thl_h(’i'i) in which T; = By/(51 + Bs)-

Under a symmetric loss function such as the MSE, the only forecast that is unbi-
ased® is the optimal forecast given by f;ht = E;_1(y:). However, under an asymmetric
loss function, we should expect that the optimal forecast will differ from the con-
ditional mean. Intuitively, an asymmetric loss with, say, 3, > f3,, indicates that
the negative forecast errors are relatively more costly to the forecaster. Thus, an
individual forecaster will choose an optimal forecast that corresponds to some low
quantile of y; (i.e., 7, < 0.5) and therefore it is natural to obtain a result where
positive errors are more likely to be observed with historical data — which explains
the forecast bias.

Granger (1969) argues that symmetry of both the loss function and the condi-
tional density of y; is not a sufficient condition for the optimum predictor to be
equal to the conditional mean. In fact, he provides a counter-example in which
the conditional mean would be sub-optimal under symmetric functions (both loss
and the PDF). In order to better understand the relationship between the optimal
forecast and the conditional mean, we next assume specific parametric versions for
the DGP, as follows:

5See Granger and Newbold (1986, p.144).
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Proposition 5 (DGP - parametric PDFs) If A1-A4 hold and the conditional PDF
of yi is: (1) Gaussian, Two-piece Normal, or Logistic, then, :ht = kM + B n(ye);
(ii) Log-normal or Weibull, then, :ht = B'"Ey_n(y); (i) Beta(a = 1,b > 0), then,
fZ}t = k" + B"By_n(y); (iv) Beta(a > 0,b = 1), then, :ht = B o(By_n(y4); 75), where

P(Ben(y); 7i) = exp(grids) and 7 = Fyy n(f1)-

With the exception of case (iv) above, it is instructive to note that Proposition

5 delivers an encompassing result that:

= BBy n(y) + K, (3)

where different parametric CDF's deliver different restrictions on either intercepts
and/or slopes of the affine function (3). Different intercepts and slopes are usually
a result of the interaction between the DGP and the Loss function, in some cases
being linked to asymmetry of the Loss function. If both are asymmetric, as in (iv)
above, we do not obtain an affine function, but a nonlinear factor model on E;_j (y;).

Knowledge of the Loss function (by the econometrician) and the DGP (by the
agent) is too stringent an assumption, making it of little practical interest. Thus, we
now turn into a more realistic case where we assume a location-scale model for the
DGP of y;. This broad class of DGPs was used by Patton and Timmermann (2007),
among others. Several parametric DGPs belong to it, such as the Normal distrib-
ution, Elliptical, Cauchy, Uniform, Logistic, Student’s ¢, and Generalized extreme
value. The class also includes most common volatility processes, such as ARCH and
stochastic volatility. It is not only broad but also very convenient, because it can
naturally be investigated through the lens of the quantile-regression framework with

linear conditional quantiles.®

Assumption A5 (DGP - location-scale) The DGP of y; follows a location-scale
model, with conditional mean and variance dynamics defined as y; = X{, ,0+
(X{,_p) m;, in which (n,|Fi_y) ~ i.i.d. F,;(0,1), where F, 5 (0,1) is some
distribution with zero mean and unit variance, which depends on h but does
not depend on Fy_p; Xyt € Fip is a m x 1 vector of covariates (which

includes the intercept, and that can be predicted using information available

6The linear quantile regression setup could be further extended to consider models with depen-
dency and mixing conditions (e.g. Cai and Xiao, 2012; Galvao and Wang, 2015).
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at time t — h) and & = [00;01;..;0m_1] and v = [Vo; Y15 i Vum_y] are m x 1

vectors of parameters.’

Notice that no parametric structure is placed on F, j, (-) and the covariates affect
both the location and the scale of the conditional distribution of y;. Moreover, A5
implies that: (1) Q- (v | Fi—n) = ao(7) + a1(7)xt—p for some 7 € [0, 1]; and (ii)
E(y: | Fien) = Ey_n(yr) = ag + aqxy—p; where Q-(.) is the conditional quantile
of yi, [ao(7); 1(7)] depends on (4;7), L and F,;(0,1); and a; = }()éj(T)dT for
j = {0;1}. The previous expressions for both the conditional quani?iles and the

conditional expectation of y; (under A5) will be exploited next to deliver a linear

connection between the optimal forecast and the conditional mean.

Proposition 6 (Location-scale model) If A1-A5 hold, then: (i) the optimal forecast

is a linear function of the conditional mean of y;, so that :ht = kM + BBy (w0); (i)
in the absence of scale effects on the DGP (v, = vy = ... = ,,_1 = 0) it follows that

ﬁ? =1, for alli, i.e., :ht =kl + Een(y1).

Here, scale effects generate heterogeneity on the slopes of the affine structure. On
the other hand, the intercept is a function of both scale and location parameters. We
now turn into the case where the Loss function is unknown by the econometrician.
Moreover, the DGP is also unknown by the agent and the econometrician. However,
it can be approximated using the location-scale model by the agent in forming
her/his optimal forecast. In other words, the parameters ¢ and -, associated with

the location-scale model, can be consistently estimated as we shall see next.

Loss unknown and parameters of DGP unknown (Case (3))

So far, we have assumed that the Loss function is known by the econometrician and
that the DGP of y; is known to the survey respondent who is forecasting y;. In
practice, only the survey respondent knows her/his own Loss function, but not the
econometrician. Moreover, it is not realistic to assume that either the respondent or
the econometrician know the DGP. In this context, we consider the case where the

econometrician only observes a survey of individual forecasts and the target variable

"For ease of notation, and without loss of generality, we assume that Xt/)tih = (1,x¢4-p) is a
I

2 x 1 vector, § = (Jo,61)’, and v = (79,7;)

12



yt, but has no information at all about the individual loss functions previously used in
the first layer of decision making. Moreover, in the first layer, the survey respondent
does not know the DGP and has to estimate the parameters of the location-scale
approximation.

Now, an optimal forecast of the form:

f:‘}?t = k' + B/ Bun(y), (4)

obtained in the previous section, is not feasible. Despite that, because the class of
location-scale models is relatively broad, we assume that the unknown DGP falls
within this class (A5) and that survey respondents employ the location-scale model
to approximate the unknown DGP, which parameters must then be estimated.

A natural way for survey respondents to estimate (4) is by using quantile-
regression techniques, pioneered by Koenker and Bassett (1978), with further devel-
opments discussed in Koenker (2005). Indeed, under standard assumptions about
the data, which are likely to hold in our context, it is possible for the survey re-
spondent to estimate consistently £, f , and E;_p(y;). If we denote by l;}, @, and
IAEt,h(yt) the respective estimators of k”, 5, and E,_j (1), the optimal (feasible)
survey responses are:

fz'ht = k{l + B?Et—h<yt)7 (5)

)

given the assumption that survey respondents use the location-scale model as an
approximation.

Notice that we have made the distinction between the optimal forecast jht and
its feasible counterpart f;, which requires the estimation of k7, B and By_p (1),
i.e., equation (4) versus (5). We now use a technical assumption that guarantees the

existence of quantile-regression consistent estimates.

Assumption A6 Define [k; 3] = [a(7;) — 3;3@1@.); U], where [ (r,); @1 (7))
are the resulting estimates (intercept and slope) of a standard linear quantile
regression of y; onto [1; x;,—5] at quantile level 7;. In addition, let the average
coefficients alj = Zle a;(1x) ATy, for j = {0;1}, be computed as Riemann
sums over a grid of K equidistant quantile levels 74 € [T, 7o, ..., Tk|, such that

k

Tk = g and At = 5 for k = [1,..., K]. Also assume that regularity

conditions A1-A2 of Koenker (2005, p.120) on x;,_j are met, and that () is
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continuous and Riemann-integrable on [0, 1].

Proposition 7 If A1-A6 hold, then, the optimal (feasible) forecast of y, conditioned
on Fiy is of the form: fl, = k! + BBy (ye) + ely, where €], accounts for finite
/]

sample parameter uncertainty, and [kI; 5?] are consistent estimates of [kI'; 57].

Notice that the case of unknown Loss function and DGP is similar to the two

previous cases. Adding and subtracting & + 37E,_s(y) to (5), leads to:
fi}}t = l%h + ﬁ?Et—h(yt) + 5?,,:, (6)

where it becomes clear that ¢!, = [k‘th - kﬂ + [@Et_h(yt) - B?Et_h(yt)] reflects
the small-sample error in approximating the unknown DGP®. Indeed, with one ex-
ception, (6) encompasses all cases covered above, which are special cases reflecting
specific parameter restrictions. Next, we will employ the encompassing model (6)
as a starting point to propose a way to identify and estimate consistently (and
efficiently in a GMM context) the random variable E;_,(y;).

As is clear from above, quantile-regression techniques allowed the estimation of
Et_h(yt), k:h and @, but this is only available for the individual forecaster in the
first layer of decision making, since we assumed that only the survey respondent
knows her/his own Loss function, but not the econometrician. The respondent will
deliver a bias and error ridden conditional expectation to the final user of the survey
in the second layer — the econometrician, i.e., equation (6). So, from the point of
view of the second layer, we are facing a typical signal-extraction problem, which
we solve exploiting the fact that forecasts are functions of F;_j, leading naturally to

errors that do not depend on F;_j. This can be the basis of a generalized-method-

of-moment estimate of E;_,(y;) as we discuss next.

Identification and GMM estimation of E, j(v;)

Consider an econometrician who only observes a survey of individual forecasts i’?t
(all optimal and feasible, in principle) and the target variable y;, but has no in-

formation at all about the DGP and the individual loss functions previously used

8 As it is clear from the text, an optimal forecast "approximation error" e?, = fl, — fI, arises
.l k) bl

in (6). In the Appendix, we provide a full account of these error terms using as examples a few
parametric DGPs.
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in the first layer of decision making. Because the class of location-scale models is
relatively broad, we assume that the econometrician will employ this class of models
to approximate the unknown DGP?. From our previous results, it is natural for the

econometrician to use:

fi},lt = kzh + B?Et—h(yt) + gzh,t‘ (7)

As argued above, this encompasses the previous cases of Loss and DGP known,
and of Loss and DGP unknown'’. Equation (7) is a three-dimensional panel, with
t=1,...T,i=1,...,N,and h = 1,..., H. Although the horizon can in principle
increase without bound, when forecasting one usually keeps H small. Recall that,
in a stationary-ergodic world, as H increases, conditional forecasts rapidly converge
to their unconditional counterparts, making the case for large H unappealing. So,
our framework entails two interesting cases. The first is 7" — oo, N — oo, and
small H, which applies to large surveys taken across time''. The second is T —
oo, with small N and H, which applies to some long standing surveys with an
almost constant number of respondents throughout time, e.g., the Livingston Survey
of the Philadelphia FED, available since 1959 on a biannual basis, the Survey of
Professional Forecasters, available since 1968 on a quarterly basis, or the Wall Street
Journal Survey of Forecasters, available since 2003 on a monthly basis.

Even if H is small, the system of equations (7) has too many parameters when
N is large, which poses a problem for identification of B, 1 (y;). However, we do not
need the identification of all k! and B?, i =1,...,N, to be able to identify B, ().

Indeed, under suitable conditions, we only need to know their respective means.
N

Averaging (7) across i, assuming that % Zsz’ft 20, allows identifying E;_,(y;) as
i=1

as function of three means alone:

B; 4(y:) = plim | —= = , (8)

9The use of the location-scale class can be generalized, in principle, but we leave this for future
research.

10There is one exception noted above.

1 Examples include large cross-sectional repeated surveys, where individuals are re-sampled with
a small probability, allowing the construction of pseudo-panels (or synthetic panels) of individuals.
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as long as all the terms in parenthesis in (8) converge in probability. The only
N

N
problem here is that k" = % Z k' and g = % Z 5? are not known. Next, we
i=1 i=1

discuss their estimation.

Our proposed approach to identify and estimate B, j(y;) is to employ the gen-
eralized method of moments (GMM), relying on T' asymptotics. However, the fact
that E;_,(y;) is a latent variable is a serious drawback, since the moments used in
GMM estimation must be a function of observables and parameters alone. Following
Issler and Lima (2009), one can always decompose the series y; into E;_p,(y:) and an

unforecastable martingale-difference component 7, such that E;_j(n?) = 0, so that:

v = Een(ys) — 1} (9)
Thus, combining (7) and (9) leads to:

fly = K+ By + ) + el (10)
= kf—l—ﬁ?yt—i—v?’t, (11)

where o', = B0} + l, is a composite error term. Notice that, by construction,

E (n? | ft_h) =0, so, E (vl’ft | ft_h) = 0 if one assumes that E(szt | Fiep) = 0. In
the context where T, N — oo, it is reasonable to expect that the approximation
error 521% vanishes.

Starting with E (vfft | ]:t_h) = 0, using the law of iterated expectations and valid

observable instruments z;_,, where z;_5 € F;_,, s > h, we obtain:

E[(fl, = k' = Biy) @ z-5) =0, (12)

which is valid foralli =1,...,N,t=1,...,7,and h = 1, ..., H. The system (12) has
2N H parameters and (at least) 2N H moment conditions, provided that dim(z;_s) >
2, which is critical for identification. Despite that, one problem remains: as N — oo,
the amount of parameters in (12) diverges, which goes against consistency. Notice,
however, that T" — oo poses no such problem.

In a somewhat similar framework, Driscoll and Kraay (1998) discuss the curse
of dimensionality for panel regressions estimated by GMM. Their focus is on the

conditions under which spatial dependence implies a controlled environment for
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time-series dependence. It relies on T-asymptotics and applies for the case where
N is fixed and the case where N — oo. Notice that these are exactly the two
interesting cases alluded above. We first discuss T' — oo, N — oo, with small
H. Driscoll and Kraay’s solution to the curse of dimensionality was to take cross-
sectional averages of terms such as ( I — k- nyt) ® 2;—s. In their context, the
parameters to be estimated by GMM did not depend on i, although the data did.
Here, both parameters and the data depend on ¢. Despite that, one can still use

cross-sectional averages to reduce parameter dimensionality'?, leading to:

E [(ﬁ — kP — Bhyt> ® zt_s] =0, (13)

N N
t=1,...,7, and h = 1,..., H, where fht = %Zfi]}w kh = %Zkzh and " =
i=1 i=1

N

1 h .

¥ E B, represent cross-sectional averages for each h.
=1

As argued above, since we need not know the individual coefficients k! and 7,
but only their means to be able to identify and estimate E;_p(y;) from a survey of
forecasts, and since E;_(y;) does not vary across i, averaging across i as in (13) is
an interesting strategy to recover B, ,(y;). As long as these cross-sectional averages
converge, GMM using time-series restrictions delivers consistent estimates of the
respective parameter means. Once one deals successfully with consistency, one can
start worrying about efficiency in a GMM context.

One way to exploit all possible moment conditions implicit in (13) is to stack all

the restrictions across h (finite) as:

f._{{—k_H—B_Hyt

where our problem collapses to one where we have H x dim(z;_;) restrictions and 2H
parameters to estimate. As before, over-identification requires that dim(z;—s) > 2.

Given a choice of H, GMM estimation of (14) is efficient. A less efficient alternative

12Provided that z,_, does not depend on 7, which is implied by our notation.
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to estimate the whole stacked system (14) is to estimate separately (13) for every
horizon h, which could also be attempted for computational reasons.

In the context of N,T" — oo, with H small, we now discuss the less stringent
case where we first let N — oo and then let T — oo, using the sequential as-
ymptotic framework of Phillips and Moon (1999). Under suitable conditions, the

cross-sectional averages in (13) and (14) would converge in probability to a unique
N

limit as N — oo, i.e., plim h hogh 0, 8" < oo, plim+ kb = kM,
D NZB = 3", " # 0, |8 Jg%N;z

N—o0
‘kh} < 00, and Elirilo%z_l:fft = f,’}t, ‘fht‘ < oo, for all t = 1,2,--- ,T. Then, a

key condition for T-consistent estimation is that (13) and (14), evaluated at these
limits are a unique solution for each of them respectively. Take now moments (13),

considering that N — oo:

E [(f}ft - h _Bhyt) ®Zt s} = 07 or, (15)
(ﬁ +]€1_1210N28”)®Zt s|] =0 (16)

If, in addition, + Zezt — 0, as N — o0, (16) collapses to:
i=1

E [8"n} ® 2] =0, (17)

t=1,....,T,and h = 1,..., H, where (17) is attained by construction, since n} is a
martingale-difference and must be orthogonal to all series dated ¢ — h or before. In
this context, GMM provides a consistent estimate for parameter means as T — oo.

To prove it, first define " = [k”; ") and consider the following assumptions:

Assumption A7 Let €] = (¢}, ... €k,)  be a N x 1 vector stacking the errors

5?,t associated with all possible forecasts. Assume that the vector process
{s?} is covariance-stationary and ergodic for the first and second moments,
uniformly on N, and that E (5%) = ( for all ¢ and ¢, given h. Furthermore,

we assume that NN
ISR ILICENEL 19

for all ¢t and s, given h.
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Assumption A8 We assume that plim ¥ Z Bh

N—oo

|<oo pthZkh
kh |/<;h| < 00, and plimﬁz o=, ’f,{lt‘ <oo, forallt=1,2---,T.
N—oo iy

Assumption A9 We assume that the identification conditions for GMM estimation
are met and that there is a unique set of values 05 = [kl 8, h=1,2,--- , H,
that solve either (14) or (13) for each h separately’®. We further assume
that the additional regularity conditions used by Hansen (1982) in proving

T-consistency of GMM estimates 6" — [kh ﬁ ] are met as well.

Assumption A7 guarantees that the errors 51@ can be diversified away, and that

cross-sectional dependence is not a problem. It is required in a GMM context in
N

order to ensure that B, j, ( plim+ ¥ Z lt) = (. This serves as a basis to obtain
N—o00 —1

either (13) or (14), when N — ooc. Notice that, although this is an assumption here,
it can be tested using standard over-identifying restrictions tests. Assumption A8
just requires finite convergence of different cross-sectional averages, which bounds
the degree of cross-sectional and time-series dependence due to spatial dependence.
They are expected to hold on a stationary-ergodic context. Assumption A9 deals
with GMM identification and is standard in the literature. We can now state an

important result, which allows for consistent estimation of B, 5, (y;).

Proposition 8 If A1-A9 hold, then, the feasible Extended BCAF (Bias Corrected

1 a f'ht_ﬁ . . 71 o /Z !
Average Forecast) Z “7 , based on T'-consistent GMM estimates 0" = [k:h; 15} ]

s
obeys  plim (117 Z f“f > =B,y (y), where (N, T — 00)seq denotes the se-

(N,T*)OO)seq
quential asymptotic approach proposed by Phillips and Moon (1999), when we let

first N — oo, and then let T — oo.

We now turn into the more complicated case where in the sequential asymptotics
we let first T' — oo, and then N — oo, or, that we let 7" — oo with N fixed. The
critical issue of letting T' — oo first is that, when we take cross-sectional averages as

n (13) or (14), but N is not large, we have to guarantee that all possible ensemble

13Since the restrictions are linear, the 93, h =1,2,---, H, are identified up to nonzero scalar
multiplication.
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averages are identified. When we assume the opposite sequential order, we have

only to worry about identification of a single limit case.
N

An added complication is that % Z 52,; does not vanish in probability. Despite

i=1
that, A7 imposes that B (e/,) = 0 for all 7 and ¢, given h. This is not sufficient to

guarantee that moments (13) and (14) can be cast in terms of 1/ alone. However,
employing the more restrictive assumption that E(e}, | Fi—s) = 0 is sufficient to

validate (13) and (14). Thus, we employ the following assumptions outlined next:

Assumption A10 Let e} = (b, ¢k, ... €k,)" be a N x 1 vector stacking the errors
5;} associated with all possible forecasts. Assume that the vector process
{5?} is covariance-stationary and ergodic for the first and second moments,

uniformly on N, and that E(e? | F;_;) = 0 for all ¢, given h.

Assumption A1l Define + Z Bh Bh and ~ Z Kl = k. We assume that, for

all NV, the identification Condltlons for GMM estlmatlon are met and that there
is a unique set of values o = [/{O;BO] ,h=1,2,---, H, that solves either (14)
or (13) for each h separately. We further assume that the additional regularity
conditions used by Hansen (1982) in proving consistency of GMM are met as

well.

We now turn to the analogous estimation result when we reverse the order of

sequential asymptotics: first 7' — oo and then N — oo, or, that we let T — oo with

N fixed.

Proposition 9 If A1-A6 and A10-A11 hold, then, the feasible Extended BCAF

N =
h_Th
(Bias Corrected Average Forecast) % g f’“tihk , based on T-consistent GMM esti-
: B
=1

~ —/ N _
= o~ h _Lh
mates O" = [/{:h;ﬁh] , obeys plim ( L fia k ) =E; 1 (y), where we let T — oo,

N h
T=o0 =1 B
with N fixed. The convergence to By (y;) also happens when we let first T —
N

(T,N—>OO)seq i=1
(T, N — 00)seq denotes the sequential asymptotic approach proposed by Phillips and

Moon (1999).

h _:h
oo and later let N — oo, that is,  plim <%Z f“tghk ) = By (y:), where
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Notice that assumptions A10 and A1l suffice to provide T-consistent GMM
estimates for all bounded N. Indeed, fixed N is a special case of (T, N — 00)seq,
where we do not let N diverge after 7" — oo, the context being identical otherwise.

So far, under double asymptotics, we discussed the sequential convergence ap-
proach, either (N, T — 00)seq OF (T, N — 00)seq, for the Extended BCAF estimator.
Next, we ask under which conditions we can establish a link between sequential
convergence and joint convergence. Following Phillips and Moon (1999), we state
the formal conditions for the sequential convergence to imply joint convergence in

our setup.

Letting now T — oo, this defines plimY; = Y, = =1 =1 O If

T—o00 —
1 R
N E Bz

i=1
both N,T — oo, this defines plim Y; = Y3 = y; + 0 = E;_5(y;). We as-
N, T—o0

sume that Y7, Y5, and Y3 are random variables on the same probability space
(Q,F,P).

Assumption A13 limsupP {||Y: — Ya2| > ¢} = 0,Ve > 0, where ||A]| is the Euclid-
N,T

can norm (tr (A'A))">.

h _:
Proposition 10 If A1-A13 hold, then, both feasible extended BCAF's (% Z fi’t/;kh>
-1 P

N ~ —~

h _Lh — =

and (% E f%,\k ), based respectively on T-consistent GMM estimates 0" = [kzh; ﬂh]
i=1

N = N —~
~h ~ h _7h h _Lh
and ' = [ 6"| obey ptim | £3EEE) = plim (L3 ELE ) < B (),
(T,N—o0) i=1 Gl (N,T—00) i=1
regardless of the order in which N and T diverge.

Under different assumptions, our results above imply that we can estimate con-

sistently B, p, (y:), respectively, as follows:

N rh -
~ 1 fl—kh
B (p) = N Z ’tThv or,
=1
N h -
En(yp) = + > =
=1 pgh
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depending on whether we let first N — oo, and then let T — oo, or, we either let
first T — oo, and then let N — oo, or hold N fixed after T" — oo. In any case, esti-
mation of [kh, ﬁh] or of [ﬁ, ﬁ} is performed by GMM under T-asymptotics. These
estimates of ;_j (y;) can be viewed as bias-corrected versions of survey forecasts.

If the mean k" <or ﬁ) is zero and the mean 8" <0r ﬁ) is unity, these estimates

N

converge to the same probability limit of the average (consensus) forecast % Z i’ft,

i=1
which has a long history in the forecasting literature.

2.2 Discussion

When considering a survey of forecasts where the number of respondents and of
time observations is large — big data, and also the case where the number of time
observations is large but the number of respondents is fixed — standard continuous
macroeconomic surveys, we apply the tools of the literature on optimal forecasts in
the time-series dimension and model the forecasting decision of an individual from
first principles. This constitutes the first layer of decision making. In our con-
text, heterogeneity is a consequence of agents using different Loss functions, which
generate cross-sectionally diverse optimal forecasts. Despite that, each forecast is
related to the conditional expectation of the target variable in the survey by an
affine structure, where there is an intercept and slope bias due to the interaction
between an asymmetric Loss and knowledge of the DGP. This affine factor setup
can be exploited as a structural model for the conditional expectation.

Focusing on the conditional expectation defines the object of the second layer of
decision making, when the user of the final information in the survey has an MSE
risk function, e.g., central banks, the government, large firms, etc. The way we
identify the conditional expectation can be viewed as a combination of cross-sectional
averages with standard GMM moment conditions along the time dimension, where
the affine structure offers natural orthogonality restrictions allowing the estimation
of bias-correction terms. We circumvent the curse of dimensionality that arises
from the factor structure (large N) by employing these cross-sectional averages. In
a big-data context, this allows the use of all the information contained in the survey,
while entailing the estimation of a parsimonious factor model.

Alternative identification strategies could be pursued, e.g., a within-group method.
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For instance, one could explore the panel-data model proposed by Bai (2009), which
allows for the joint presence of additive and interactive effects. In our notation, it
would be:

fl=Xoy + 4+ K+t + BB () + ey (19)

One could think that our affine structure could be viewed as a special case of Bai’s
model, where X;; = 0 and p = 0. However, identification of Bai’s latent factor
(By_p () here) requires constraining S~ A" = 0 and Y By 5 () = 0. So,
although identification is possible, Bai’s method imposes implausible restrictions
either on structural parameters and/or on latent factors, which our method avoids!*.

We extend the previous literature of forecasting within a panel-data framework,
e.g., Palm and Zellner (1992), Davies and Lahiri (1995), Davies (2006), Issler and
Lima (2009), Lahiri, Peng, and Sheng (2013), and Gaglianone and Lima (2014). Our
setup encompasses that of Davies and Lahiri (and Davies), reproduced below with
our notation:

v = fin=— (K i +ely), (20)

by imposing ﬁ? =1foralli=1,..,N and all h =1, ..., H. Also, we generalize the
results in Issler and Lima, where 5? = 1foralli =1,..., N. Here, we have two sources
of bias correction: intercept and slope. Notice that both arise from a structural affine
function that links individual forecasts to the conditional expectation. In itself, this
provides a general framework that can be used whenever a panel of forecasts is
available.

For a given horizon h, the orthogonality conditions (13) can be estimated using
N

instrumental variables (IV), considering the average forecast % = & Z fl as ade-
1

pendent variable and the target variable 3, and an intercept as explanf;t:ory variables,
where the elements in z;_, are all valid instruments. Here, f_ht can be viewed as a
consensus forecast, where the IV regression recovers the average intercept and slope
biases. One can also solve the IV regression for y;, obtaining an inverse regression

relating the latter with fot, and apply the usual Mincer and Zarnowitz (1969) tests of

4 Other possible route is the approach of Moreira (2009) which proposes a marginal likelihood
approach to solve the incidental parameter problem based on the the maximum invariance principle.
The idea is to find a group of transformations that preserves the structural parameters and yields
a reduction in the incidental parameter space to a finite dimension. The methodology can be used
to construct an estimator for dynamic panel data, which is consistent as (N,T — oo) regardless of
the relative rate of N and T. We leave these potential routes as suggestions for future research.
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no bias involving zero intercept and unit slope. Estimation is usually done by least
squares and can serve as a basis for “rationality” tests of survey expectations. It is
worth noting that our setup also allows a zero-bias test within a GMM framework.
If the null of zero bias is not rejected we validate the use of the consensus forecast
as a consistent estimate for the conditional expectation.

On the macroeconomic literature dealing with rational inattention and sticky in-
formation, a key result is that inertia in updating information generates predictable
forecast errors. Implicitly or explicitly, inertia is due to the cost of updating infor-
mation from the point-of-view of the agent producing forecasts. In our context, all
information is public and free. So, there is no cost of acquiring it. Nevertheless, we
still obtain predictable forecast errors. Take equation (10) for [}t, subtract it from

y:, and take conditional expectations to obtain:

E—n (fzht - ?Jt) = kzh + (5? - 1) K¢ p (yt) )

which is nonzero unless the restrictions k7 = 0 and £ = 1 are valid for all i and h.
In our setup, what generates predictable forecast errors is the interaction between
an asymmetric Loss function and an unknown DGP, but not the cost of information,
which is nil. So, we conclude that finding predictable forecast errors cannot be used
to validate sticky information, since it also happens in models of costless information
such as ours.

Still, in macroeconomics, being able to identify B, 5 (y;) is important for iden-
tifying economic shocks to y;, i.e., v, — By p (y;). Although we do not go to the
length of identifying structural shocks to y;, e.g., supply or demand shocks to y;, we
still identify shocks in a broader sense that can serve as a benchmark for alternative
identifications schemes relying on specific economic models.

Finally, our method avoids dealing with sparsity in big data in the sense of Bel-
loni and Chernozhukov (2011, 2013) and Belloni, Chernozhukov, and Wang (2011).
The key issue is that one can think of our techniques as a combination device for
survey information. Hence, agents are the ones dealing with sparse-model issues
and dimension reduction techniques in producing their forecasts. We simply com-
bine them as final users. Despite that, sparsity can arise within our context if we

were unable to sample the same individuals over time in our surveys, which would
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generate missing data and unbalanced panels. Nonetheless, if surveys are a random
sample on the cross-sectional dimension, such that all ensemble averages converge to
the same limit, sparsity will pose no problem to identify and estimate our structural
parameters. We leave the discussion of the more complicated case of non-random

sampling for future research.

3 Empirical Application

3.1 Data

The Focus Survey of forecasts is a unique panel database put together by the Central
Bank of Brazil (BCB), which collects daily information from professional forecasters
of commercial banks, asset management firms, consulting firms and non-financial in-
stitutions, followed throughout time with a reasonable turnover. As new participants
are often added to the survey, and others drop out, the panel of survey forecasts
is unbalanced. Thus, from a set of 254 registered institutions in the system, there
is a smaller active group of around 100 institutions that frequently update their
nowcasts and forecasts. These are supplied over different forecast horizons and for
a large array of macroeconomic time series; see Carvalho and Minella (2012).

Our target variable in this forecasting exercise is Brazilian inflation, as measured
by the Broad National Consumer Price Index (IPCA), which is collected at the
monthly frequency. IPCA inflation is a key variable for the Brazilian Inflation-
Targeting Regime, since it is the official inflation-target variable.

If the number of survey respondents were very large, this could potentially serve
to approximate a large N, T environment, since our data covers forecasts collected
every working day from the period of January 2nd, 2006, to February 7th, 2014
(2,020 working days)'®>. However, since we must rely (with respect to nowcasts)
on the active group of about 100 institutions to comprise the cross section, the
framework here is that of a large T" with fixed N, or, at best, one in which we let
first T' — o0, and then let N — oo.

In every working day considered within our sample, market agents, ¢ = 1,..., N,

15The Focus Survey database has been collected since 1999, the year in which the Brazilian
inflation-targeting regime was created. However, in its inception, the survey had only a small
coverage (small N), that being the reason why we start the forecasting exercise in 2006.

25



inform their expectations regarding inflation rates all the way up to the next 14
months. For instance, survey respondent ¢ informs on January 2nd, 2006 her "back-
cast" for the inflation rate of December, 2005 (only released on January 12th, 2006),
as well as her "nowcast" for January, 2006, and the forecasts for the following 12
months, ending in January, 2007. Next working day, January 3rd, 2006, the same
agent may (or may not) update the forecasts for the same inflation rates, which are
treated here as events.

On January 12th, 2006 — the day in which the inflation rate of December 2005 is
released — survey respondents start informing their forecasts for a different set of 14
events, now beginning in January, 2006, and ending in February, 2007. Thus, our
sample covers forecasts for events (i.e. monthly IPCA inflation rates) from December
2005 to January 2014 (T' = 98 months or events), which represents a period of stable
inflation in Brazil, and the forecast horizon h ranges from one day up to H = 400
days. Therefore, t = 1,...,T, indexes months, while h = 1, ..., H, indexes days.

The raw data contains forecasts for "fixed-events" and varying forecast horizons;
see Bakhshi et al. (2005). To fit the setup discussed in (13) and (14), the original
forecasts are re-organized to form time-series of fixed horizons h and time-varying
events (t = 1,...,7 = 98 months). As a result, the dataset forms an unbalanced panel
(N xT x H) containing an amount of 2, 732, 827 observations. The final dataset used
in this paper contains 1,486,559 observations, since we only considered forecasts
from agents that participate on the survey in a regular basis forming a balanced
panel. Decomposing our total of 1,486,559 observations into N, T', and H, gives
the following breakdown: ¢t = 1,...,7 = 98 months (or events), h = 1,..., H = 400
days (or forecast horizons), and an average of i = 1,..., N = 37.9 forecasters, when
considering the full term-structure of 14 monthly forecasts. We must also stress
that the great majority of survey respondents provided nowcasts and/or short-term
forecasts, but only a smaller set of respondents inform their forecasts for the full
term-structure of forecasts, up to the longest horizon.

Despite not fitting exactly the large N and 7" environment in big data, the fore-
casting gains we report below are non-trivial, and should be expected to increase on
a truly big-data framework. So, results here can serve as a benchmark to the lower
bound of gains expected to be present on a big-data environment.

To implement our forecasting exercise, we split our time-series sample into two
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consecutive sub-periods: the first (t = 1,...,77) is labeled as “training sample”,
where realizations of y; are usually confronted with forecasts provided by the survey,
and potential bias-correction terms are estimated using either (13) or (14). We
choose T7 = 60 months. The second sub-period is where genuine out-of-sample
forecasts are entertained. This period comprises the last P observations of our
sample (t = T1+1,...,T) — where P = T'—T; = 38 months. These P observations are
6

thus used to compare different forecasts, computing forecast-accuracy measures. '

T 2
To evaluate a given forecast method, we compute MSE) = 1% > (yt - Jﬂtl ) J
t=T1+1

where f!' is the h-step ahead forecast (of y, formed at period t — h) of any given
method. Here, we considered four types of forecast methods. The first is the one
proposed in this paper — which we have labelled the extended bias-corrected average
forecast (BCAF'), or extended BCAF' for short. The second is the simple cross-
sectional average forecast — average forecast (AF) for short. It has a long tradition
in econometrics, all the way from Granger (1969), to Stock and Watson (2006), and
Capistran and Timmermann (2009), among others. The third is the bias-corrected
average forecast — BCAF for short. It was proposed by Issler and Lima (2009)
and performs an intercept correction of the average forecast. The last method is
the AR (1) model. Within the ARMA class of models, it is the best one-step ahead
predictor of Brazilian Inflation for our sample, according to several different measures
of Information Criteria. It will be used here as our basic benchmark.

In constructing the extended BCAF, we used a set of instruments containing
lagged inflation 7; and interest i; rates (IPCA and Selic, respectively). Interest rates
are transformed by first-differences of logs. The results are based on the following
set of instruments: z,_s = [1;m_o;Ty_s 0;T—s 5; Alni, o 5|" with s = 14 months
for the longest horizon and s = 1 month for the shortest. In GMM estimation, the
key averages of parameters in the extended BCAF were estimated by using (13) for
each horizon (h), instead of using its stacked version — equation (14). In practice,
estimation of the stacked version (14) was not feasible. The empirical exercise was

conducted using the R software (version 3.0.1), and the package "GMM" encoding

16We use a recursive estimation scheme (i.e., increasing training sample size). In this context,
each model is initially estimated using the first 77 = 60 observations (excepting the average forecast
method) and the out-of-sample point forecasts of yp, 1p, h = 1,..., H, are generated. We, then, add
an additional observation at the end of the training sample, re-estimate the models and generate
again out-of-sample forecasts. This process is repeated along the remaining data.
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the "two step" approach of Hansen (1982) was employed, although the "iterative"

procedure of Hansen et al. (1996) yielded very similar results.

3.2 Empirical Results

The results of our empirical exercise are next presented. Figure 1 shows monthly
IPCA inflation as well as its respective 12-month moving average. Despite a spike
around 2003, inflation seems to conform to a stationary-ergodic process. For exam-
ple, all tests for unit roots reject I (1)ness. As noted before, within the ARMA class,
inflation is best described by an AR (1) model with an estimated AR (1) coefficient
of 0.621 — estimated standard error of 0.068. Figure 2 plots monthly inflation and
the respective daily forecast for survey respondents at horizons h = 30, 60, 180, 360
days. It also presents the AR(1) forecasts, the average forecasts, the BCAF, and
the extended BCAF, at these same horizons.

Figure 1 - CPI inflation rate in Brazil (y;)
Monthly (left plot) and twelve-month (right plot) accumulated rates (%)
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Table 1 reports GMM estimates for the extended BCAF. Although estimates
of the average intercept are close to zero, and estimates of the average slope are
close to unity, they are all highly significantly different to zero at any given horizon.
A Wald-test for zero average intercept and unity average slope highly rejects the
null at all horizons, showing the usefulness of the approach proposed in this paper.
Figure 3 plots these two estimates across daily (working days) horizons with 95%

confidence bands.
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Figure 2 - Inflation rate y; and inflation forecasts for selected horizons

(h = 30, 60, 180 and 360 days, respectively)
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Yellow lines present the AR(1) forecasts. Gray lines show the forecasts iht of survey participant 7

for Yt made at period t — h. Red lines represent the average forecast, and the green and blue lines show,

respectively, the BCAF and the Extended BCAF forecasts. Black line is the inflation rate ;.

Table 1 - GMM estimation results

horizon h (days) | k" ﬁ Wald test (p-value) | OIR test (p-value)

10 0.0036 | 0.9638 1.1E — 13 0.7059
(0.0009) | (0.0276)

20 0.0071 | 0.9312 3.0F — 12 0.7038
(0.0016) | (0.0399)

30 0.0118 | 0.8929 75E — 16 0.6237
(0.0026) | (0.0481)

60 0.0173 | 0.8541 9.6F — 11 0.6532
(0.0033) | (0.0583)

90 0.0180 | 0.8647 1.8 — 12 0.7095
(0.003) | (0.0763)

180 0.0176 | 0.8486 28E —11 0.6884
(0.003) | (0.0884)

360 0.0199 | 0.8275 29E — 15 0.5893
(0.0025) | (0.088)

Note: Robust standard errors in parentheses. Wald test refers to 0 : [kh, 6’7'] = [0, 1]

Last column shows the p-value of the Over-Identifying Restriction (OIR) J-test due to Hansen (1982).
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Figure 3 - Estimates k" (left panel) and ﬁ (right panel)

and 95% confidence intervals
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We compare the out-of-sample MSE of each of the four forecast methods em-
ployed here: the AF, the BCAF, the extended BCAF and the AR (1) model as well
as the minimum and maximum MSEs across all survey respondents included in our
sample. Figure 4 plots the daily results for these methods!”. The first interesting
feature is the comparison between the AR (1) model and the forecast-combination
techniques discussed here — the AF, the BCAF, and the extended BCAF. Strikingly,
notice that the AR (1) model is usually close to upper bound of the MSE, while the
first three methods are all close to the lower bound. This shows that forecast combi-
nation works in practice — in our case, the optimal combination of survey forecasts.
These are exactly the results obtained by Ang et al. (2007) and Faust and Wright
(2013).

Next, when we compare the MSE of the four methods discussed above there is an
obvious pecking order: the extended BCAF is superior to the BCAF, which in turn
dominates the AF, which in turn dominates the AR (1) model. This validates the
view that the bias corrections performed either by the BCAF, or by the extended
BCAF, are a useful device for forecasting using surveys. As shown in Table 2 and
Figure 5 (left panel), when we compare the extended BCAF, or the BCAF, with
the AF, forecasting MSE reductions can reach up to 25% at some horizons for the
extended BCAF, and can reach up to 15% for the BCAF, although they are usually
at the 10%-15% range. Reductions vis-a-vis the MSE associated with forecasts of
the AR (1) model for inflation can reach up to 50% for the extended BCAF.

I"Recall that the AR(1) model is estimated at the monthly frequency.
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Figure 4 - Mean Squared Error (MSE)
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Note: Max (Min) denotes the maximum (minimum) MSE, for each horizon,

across all forecasters. Average refers to the MSE of the consensus forecast.

Table 2 - Mean Squared Error (MSE)

) Average Extended
horizon h (days) AR(1) BCAF

Forecast BCAF

30 0.0328x 0.0177 0.0166 0.0164
[0.000] (0.105) (0.247)

60 0.0475x 0.0248x 0.0234 0.0226
[0.001] (0.081) (0.206)

90 0.0523% 0.0267 0.0254 0.0249
[0.005] (0.119) (0.261)

180 0.0466x 0.0312 0.0294 0.0293
[0.049] (0.124) (0.297)

270 0.0415x% 0.0328x 0.0293x 0.0281
[0.046] (0.056) (0.099)

360 0.0452% 0.0357% 0.0309% 0.0275
[0.019] (0.028) (0.000)

Notes: The second column shows [in brackets] the p-values of the equal variances’ test of Diebold-Mariano (1995)
between the AR(1) and the Extended BCAF. The third and fourth columns show (in parenthesis) the p-values
of the equal-predictive accuracy test of Clark and West (2007), which compares the Extended BCAF

and the forecast in each column. In all cases, * indicates a rejection of the null at a 10% level.

Finally, we test whether or not forecast errors differ in a statistical sense. Fig-
ure 5 (right panel) presents the equal-predictive-accuracy test of Clark and West
(2007) for nested models at different horizons. Results suggest that, vis-a-vis the
average forecast, both bias-correction devices (BCAF and the extended BCAF) can
statistically reduce (at the 10% significance level) out-of-sample MSE for horizons
above 9 months, and marginally reduce the MSE for h ranging between 1 and 3
months. The Clark-West test also indicates that the extended BCAF can statisti-

cally improve out-of-sample predictability over the original BCAF for longer horizons
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(h > 10 months). Comparisons of the extended BCAF with the AR (1) model us-
ing a Diebold-Mariano test for equal variances shows that the former is statistically

superior to the latter (at the 10% significance level) at all horizons.

Figure 5 - MSE comparison (left panel) and
Clark and West (2007) test (p-values, right panel)
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Note: On the right panel, the red line represents a p-value of 0.10 and Ho: equal predictive accuracy.

4 Conclusion

In a world where there is an increasing availability of reliable data provided elec-
tronically, it is interesting to examine how one could efficiently use this wealth of
information — big data. Our focus here is on the abundant information contained in
expectation surveys that can now be built on thousands (or millions) of respondents
on an almost continuous-time basis, and how it can be used efficiently for forecasting
purposes. We think of this problem as having two layers. In the first layer, there
is the decision of survey respondents on what forecast should be supplied, consid-
ering a given target variable of the survey. On the second layer, there is a user of
the survey who wants to forecast efficiently the target variable using all the survey
information. We think of the latter as the econometrician.

For the decision in the first layer, we employ standard microeconomic and econo-
metric techniques to model the optimal survey response. Under suitable conditions
that are standard in the literature, we show that the optimal forecast of a given
survey respondent is an affine function of the conditional expectation of the target
variable of the survey. Assuming that the final user of that information has a mean-
squared-error (MSE) risk function, we show how to estimate the optimal forecast
(conditional expectation) from the point-of-view of the econometrician. Our solu-
tion can be viewed as a solution to a signal-extraction problem, where potentially

the number of respondents and of time-series observations is large, i.e., N and T
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grow without bound. We show how to solve this problem using Hansen’s (1982)
generalized method of moments (GMM) in the sequential asymptotic context of
Phillips and Moon (1999). We also solve the simpler problem where N is fixed,
which applies to current macroeconomic surveys where there is a limited number
of surveys respondents, e.g., the Livingston Survey of the Philadelphia FED or the
Survey of Professional Forecasters.

Our solution can be viewed as forecast-combination technique for large N and
T (or large T and fixed N). Since individual forecasts have an intercept and a
slope bias vis-a-vis the conditional expectation, the optimal forecast of the second
layer of decision making must correct survey forecasts accordingly. We show how to
avoid the curse of dimensionality in implementing these bias corrections using the
aggregation techniques proposed in Driscoll and Kraay (1998).

We apply the techniques advanced in this paper to forecast Brazilian CPI Infla-
tion using the Focus Survey, constructed and kept by the Central Bank of Brazil. It
is a unique panel database, which could potentially collect daily information from
254 registered professional institutions, which are followed throughout time with
a reasonable turnover. There is a smaller active group of about 100 institutions
that frequently update their forecasts. Forecasts are supplied at the daily frequency
for a large array of macroeconomic time-series at different forecast horizons. Our
sample covers forecasts for inflation rates from December 2005 to January 2014
(t =1,...,7 = 98 months), and the forecast horizons range from h =1, ..., H = 400
days. The final dataset used in this paper contains 1,486, 559 observations, since we
only considered the forecasts from agents that participate on the survey in a regular
basis, i.e., forming a balanced panel'®.

We compare the truly out-of-sample MSE of four different forecast methods —
three of them widely used in this literature: the method proposed here — the extended
bias-corrected average forecast (BCAF), the average forecast, the BCAF, and the
forecast of the AR (1) model for inflation. There is pecking order: the extended
BCAF is superior to the BCAF, which in turn dominates the AF, which in turn
dominates the AR (1) model. When we compare the extended BCAF with the AF,
MSE reductions can reach up to 25% at some horizons. Reductions vis-a-vis the

MSE associated with forecasts of the AR (1) model can reach up to 50%.

18Dealing with unbalanced panel issues could increase the sample size to 2, 732, 827 observations.
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Possible extensions of this paper include investigating the dynamics of the fore-

cast revision process, i.e., of f, — f/;*' and/or fI, — fl.,, and to pursue alternative

identification and estimation strategies than the ones proposed here.
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A Appendix

A.1 Proofs of Propositions
Proof of Proposition 1. Define the objective function ®(y) = E (L(y — ) | Fi_n)

f L(y=y)f(y)dy = fﬁlg y=u)f(y dy+f529 y—y)f (y)dy, where the last equal-

ity is due to A3. D1fferent1at1ng ®(y) with respect to ¥ and equating it to zero gives us
the optimal forecast y* and the respective value of the minimum expected loss ®(y*).

Thus, it follows that 8®(3)/0y = 0..-. 3, 7 9(y—y)f(y)dy = —Bgfg’(y—ﬁ*)f (y)dy.
—00 y*

'g*
Recall that (by A3) {5;0,} > 0, and denote v, = [ ¢'(y — y*)f(y)dy < 0, since
f(y) > 0 for all y € R and, based on assumptions Ab—A?; g’(e) <0 for all e <0,
which is equivalent to y € (—oo; y*]. In addition, denote v, = f d(y—v")f(y)dy >0,

since f(y) > 0 for all y € R and, also based on assumptions A2 A3, ¢'(e) > 0 for all
e > 0, which is equivalent to y € [y*; 00). Thus 7, = —f57, or Bl( 1) = By >
0.

~k

Y

(ii) If By > B, then, (=7,) < 7, This way, [ —g'(y —y")f(y)dy < [g'(y —
—00 y*
y*)f(y)dy. Since (by A3) g(e) is a symmetric function about e = 0, that is
g(e) = g(—e), and its first derivative ¢'(e) exists almost everywhere, then, it fol-
lows that ¢'(e) must be an antisymmetric function about e = 0, or y = y*, so that
@'*
g'(e) = —g'(—e). One can rewrite the previous inequality as [ ¢1(y — §*) f(y)dy <

—00
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[e%e] _ A .
~f 91y — ¥*)f(y)dy, where gi(e) = { g“f]éj) _’ €€><00 is a symmetric and non-
y* )

negative function around e = 0, or y = y*, which implies (by using the symme-

y* 00
try of g; and a mean value theorem for integration) that [ f(y)dy < [ f(y)dy
7 7 %)
[ fy)dy <1— [ f(y)dy since (by definition of a pdf) we have that [ f(y)dy = 1.

y* y* ~
Thus, [ f(y)dy <05 .. [ f(y)dy = Fi1—n(y*) =7, <0.5 .. [ft < Med;_p(yy)-

(iii) If B, < p,, then, based on a similar argument, it follows that Nzht >
Medt—h(yt)'
(i) Now, it trivially follows that if 5, # (3, then F}, ,(y*) # 0.5.
(iv) Since 81/8 < 1 .. ", > Medy_y(y). Since 3, (—7y,) = Byy, > 0, and if
. . . . . . . . . g5
B1/By < B1/Bh, then, 7h/ (=71) < 7/ (1) - =17 < —vim . [ —dy -

yNj*)f(y)dyoj?g’(y— ) f()dy < [ —gy—u")f( dyfg y —y;" ) f(y)dy. Thus,

f 91y =757 ) f( dyfg y—ui ) f(y)dy < f —9'(y—ui" ) f( dyf91 y—y;" ) f(y)dy
g jgl(y—ﬂj )f( dyf91 y—9i ) f(y)dy < yf g(y—ui") f( dyf91 y—y;" ) f(y)dy.

vi" y]
Slnce g1(ej) is a symmetrlc function about e; = 0, or y = y;", following proof in

(ii), it follows that ff dyfgly—yZ Vf(y)dy < fg1 y—1i) ydyjfy

- Ui*

Now, since gl(e,) is a symmetric function about ¢; = 0, or y = ;" it also fol-

ows that | £y ] 1)y < | Sy T 5y 2. T 1)y (1—7 f(y)dy> <

yf f(y)dy (1—7 f(y)dy> yj fly)dy < y] fWdy - Foon(y”) < Fron(i)

A;ht < fzht and from (iii) f;ht > Medy—p(yt) fzt > fh o> Med, ,(y,). ®

Proof of Corollary 2. Based on Proposition 1, we have the nice result that if
By > By then 7; < 0.5, but if 5, < S5 then 7; > 0.5. Since by definition we have
that 7, = Fypn( f”) and from A4, Fi, ; is a continuous function, it follows that

when 3, = [, we must also have that 7; = 0.5 ", jht = Med;_p(y;). m

Proof of Corollary 3.  From Proposition 2, we have that (symmetric case)
7; = 0.5. In addition, if the conditional density function (PDF) of y; is a unimodal,
continuous and symmetric function about its conditional mean, then we also have
that the conditional mean of y; must coincide with the respective conditional median.
In other words, it follows that [ft = Fy_t1 (0.5 | Fipn) = Medy—n(yt) = Byp(y;). m
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Proof of Corollary 4. Part of this proof comes from Granger and Newbold (1986,
p.126). Firstly, note (from A3) that the Lin-Lin loss function can be represented

. . —e ; e<0 -1 ; e<0
by L(e) = g(e)h(e), in which g(e) = e e>0 and g’(e):{ 1 e>0

y .
Thus, from the proof of Proposition 1, we have that v, = [ ¢'(y — ¥")f(y)dy =

[e.o] [e.o]

=[50y = @) = = s and 5, = Tty = )7y = 1y =

1— yfl f(y)dy =1—F;; 4(y") = 1—7;. In addition, we also have that 5,7, = — 57,
=BT == Bo(l = 7)) = =By + BoTi . By = (By + Ba)Ti . Ti = By/ (B + By). ™

Proof of Proposition 5. From Proposition 1, recall that under an asymmetric
loss function (8, # f,) it follows that the optimal forecast f ', is a conditional
quantile of y; other than the median, such that 7, = Ft7t,h(fi7t).

(ia) Gaussian distribution (u, 0?): Eht = g + 0t n® (1) = Byon (i) + K,
where k' = o, ,® *(7;). Notice that under symmetry (8; = f3,) it follows that
k=04 n® (1, = 0.5) = 0.

(ib) Two-piece normal (u,0%, 03): according to Julio (2007), the conditional
quantiles of a two-piece normal distribution, where ;1 denotes'® B;_;(y;), are given
by: p—+/2/7(0g —01) + 0P (5o5=;) where C' = \/7(01 +0y) " for 7 < Prlz <

1 — /2/m(oa — 01)] ; or equal to pt — \/2/m(0y — 1) + 0P (%:Zz’l) for
7 > Pr[z < pu— +/2/m(02 — 01)]. In both cases, notice that fZ‘t =By n(y:) + kI

(ic) Logistic distribution (a,b): The conditional quantiles are given by a +
bln (IZ—T), where a = By_p(y) .. ﬁht = By_n(y) + kI, where kI = bln(1 n)
Notice that under symmetry (3, = f3,) of the loss function it follows that Ak =
bln ( 5) =0.

(ua) Log-normal (p, 0%): The conditional quantiles are given by exp(;H—UCIf (1)),
thus, zt = exp(Hy—p + Utt n® (7)), whereas By _p(y:) = exp(fy—p + Utt n/2)-
Therefore, it follows that f!, = B E,_4(y:), where 8] = exp(o—,® (1) — 07 n/2)

(iib) Weibull (b,k): The conditional quantiles are given by b[—In(1 — T)]l/ k.
thus, f Y =b[—In(1 — 7;)]"/*, whereas B,_(y,) = b'(1 + 1/k). Therefore, it follows

n(l—7; 1/k
that f" = BIB;_n(y:), where 5] = %

(111) Beta (a = 1,b > 0) The conditional quantiles are given by 1 — (1 — 7)
then, h = k' + B"By_1(y); where k! = —(1 —7,)'/°

1/b
)
whereas By, (y:) = 45 = 1+b,

and B =" =1+0.
(iv) Beta (a > 0,b = 1): The conditional quantiles are given by 7/, then,

In(7;)

Thy 1/ay . _ In(ry) : e _ a WGl
In(fy) = In(r;"") . a = () Since By _pn(y:) = ab = a1 — Hll,,((ﬁ)) =
Ut

19 Julio (2007) uses p to denote the mode, whereas in this proof we use u to denote the mean =

mode + /2/7 (02 — 01).
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In(7;) . hy . _In(r) )
In(7¢)+In(fl,) * In ”) T Ein(ye) In(7;)

fl, = exp(z"Uiks) exp(—In(7,)). Therefore, fl, = Bl'o(Ey—p(y)), in which

By—n(yt)
A" = exp(—1In(7;)) and ¢ is the non-linear function @(B,_p (1)) = exp(Eiri(}T(;t)).

Proof of Proposition 6. (i) Parts of this proof follows Granger (1969), Patton
and Timmermann (2007) and Gaglianone and Lima (2012). Recall that, without loss
of generality, we assumed that X/, , = (1,24 4) is a 2 x 1 vector and ¢ = (do, 61)
: v = (79,7,). By homogeneity of the loss function and DGP given by A5, the
optimal forecast can be represented in the following way:

5 arg min

fiv = 7 /Li(y —y)dF,-n(y)

-1
arg min/ 1 i 1
= ~ 9\ < L'+ y—y) | dfenly

- [g(woﬂllxt,t_h))]1Li(<vo+vllxt,t_h> =) sty
e B e e ) LA

Yy Yo + '715Et,t—h)

arg min . 1
= N L 0o + 01Tpe—p, + + VT — dF, .
7 / ((%Jr%wt,t_h)( 0 12tt—h T Yolly T V1Lt ,t—hTl; @) n,h(n)

Now represent a forecast y of y; made at period t—h by do+012¢t—n+ (Vo + V1%t—n) 7-
This way, the optimal forecast fft is given by:

5 arg min ; 1
i o= 00+ 01X n+ (Yo ViTei-n) - ~ /L( 00 + 0144
f,t 0 1Ttt—h (’Yo Y1Ttt h) 3 (%_i_%xt,tih) ( 0 1Tt t—h

+ (Yo + M1Tea-n) My — 00 — 01Tt sn — (Vo + V1Tes-n) 7)) dFy (1)
arg min

= 00+ 61%—n + (Vo + V1 %re-n) - 5 /Li (n, —7) dF,n(n)

= 8o+ YoVh + 01%ei—h + V1Tri-hVh
= apo(7;) + o (7i)we -, where ag(T;) = (50 + ’Yo’Y;L) and ay(7;) = (01 + 7175,

in which we have used the fact that F) ;(n) is time-invariant by definition, and

Vi, = B [ LT (n, — §) dF,, or, equivalently, v, = F, ! (1) since fli, = F;;1, (m2).

Therefore, the location-scale assumption for the DGP implies that the optimal fore-
cast can be viewed as a linear conditional quantile of y;, evaluated at the specific
quantile 7; € [0,1], so that f, = ao(7;) + 1 (75) T4

On the other hand, we know that integrating a conditional quantile function of y;
over the entire domain 7 € [0, 1] yields the conditional mean of y;; see Koenker (2005,
p.302). In other words, provided that v, is given by a location-scale model (Ab), it

follows that a conditional quantile of yt is given by Ftt W(T) = ao(T) + aq(T)ze4—p,
1

, for some 7 € [0,1] .. BEy_pn(y:) f L (T)dr = [(ao(T) + ar(1)xrs—p) dT =
0
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@y + a1z —p, where a; = faj ydr; j = {0;1}. Thus, By p(y:) = @ + @rzee—n

. alﬁ'i)E (yt) a1(ﬂ) + a2

o (T
aq ar ar

:a_()—i_a_ailxth_’_(

Loen . LB () + (ao(r:) — Zaa(ry))
— —Oal(ﬂ)) = ap(m;) + a1(Ti) @ = fzht
Therefore, if one defines kI = (ao(n) - a:?oq(n)) and AP = 247 it follows that

al
th = k' + B"E,_1,(1,). Notice that k! and 5% are functions of a(7) and v (7), which
depend on the parameters § and 7 of the location-scale model and on +4, which is a
constant that depends only on the distribution F} 5 (0,1) and the loss function L'.
(ii) In the case of no scale effects on the DGP, it follows that only the intercept
function ag(7) varies across the quantile levels 7 and, thus, it follows that a4 (7) = a7
forall7€[0,1]. .8 =1. =

Proof of Proposition 7. From Proposition 6, it follows that h = kM-8 _n(yy),
where k' = <a0(n) — :041(7'2-)> and ' = O“T:Z), ao(Ti) = (50“‘70%)3 ay(1y) =

(61 4+ 717h); @5 = faj )dr for j = {0;1}. In addition, the location-scale model

implies that E;_ h(yt) = 0 + a1 . Notice that kP and B are functions of ag(7;)
and a4 (7;), which (in turn) depend on the parameters ¢ and v of the location-scale
model and on 74, which is a constant that only depends on the distribution £}, 1, (0,1)
and on the loss L’. Nonetheless, the optimal (feasible) forecast f; of Ye € condltloned

on the information set available at period (¢ — h) is given by f", h — kh+6i Et_h(yt). If

we define the error term €', as the difference between the optlmal (feasible) forecast

and the optimal forecast, it follows that ], = f/,— :ht = fh—kl—BIEp(ye) . [l =

I+ BIEe_p(y1) + by, where ef', # 0, provided that dg(T) — ag(7) # 0 and @y (1) —

ap(7) # 0, for all 7 € [0; 1], due to parameter uncertainty, under a finite sample with

T observations of {y;; z; ¢} ,. Now, in order to prove consistency of [kh 7, define

a(1) = [ap(7); a1(7)]. Koenker (2005, Theorem 4.1, p.120) shows that the estimator

Qn(7) =argminy ;" | p (y: — ap — a1T¢4—p), where p_ is defined as in Koenker and
2

Tu,u >0
Basset (1978) by p, (u) = { (r—1u,u<0’

in linear conditional quantile functions as long as n — oo (under conditions Al-
A2 of Koenker (2005, p.120)). This way, it follows that @ = S0 a(r3)A7; 2
Zle o) AT, provided that a(r) 2 a(r) for all 7 € [0,1]. Now, applying the
second fundamental theorem of calculus (or the Newton Leibniz axiom) on the later

is a consistent estimator for «(r),

sum, it follows that I;im <Zk Lo(Tk) A7k> f a(t)dr = @, where a Riemann

integral is obtained in the limit X' — oo (see Apostol 1967) and the partitions
ATy = K%Ll get finer (i.e., A7, — 0 as long as K — 00). Therefore, it follows that
Bl = (Go(rs) = Zan(r)) 5 k= (ao(r) = Zau(r)) and B} = 2 2 gt —

ai(1;)
a1

Proof of Proposition 8. Assumptions A1-A6 and Proposition 7 are neces-
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sary to justify an optimal feasible forecast of y; conditioned on F;_; of the form
Io= kI + BIEy_p(y:) + €. Then, assumptions A7-A9 are used to achieve the
set of orthogonality conditions (13) or (14), which are used to estimate the set of
parameters 0" = [k"; "]’ within a T-consistent GMM context To show that, first
consider the affine function ff, = kI" + BBy (ye) + el =k + By 4 Bl + e,
Taking the cross-sectional average and letting N — oo, it follows (from A8) that
N
,fft = k" + gy, + Bhnf} + plim% Z 5?,15- Now, evaluate the previous equation at re-
N—oo i—1
R - N
spective GMM estimates 6" = [k"; 3", such that: fh = kb + 6 Y + pth Z v”,
N—oo
N N
where plim+ Zvﬁt = —|— plim Zezt Notice that also letting " — oo

N—o0 ~, N—oo
=1

in the previous equation, it follows that  plim szt = plim% Zvﬁt =

(N, T_’OO seq N—oo =1
N
Bhn? (NIT31i %Z ? B"n n4 I]ghm N Zszt 5’1?7,’}, since from A7 and
—00)seq i—1 —00

N
Lemma 1 of Issler and Lima (2009), it follows that plim ( ¥ Zsm) = 0. Thus,

N—oo i—1

N N
plim ZU n o= = ("nf. On the other hand, recall that plim4 Zvﬁt = fh -

(NT—00)seq 523 N=oo iy
N
— "y, and, thus, | = =y + =L Now, letting T" — o0, it follows
) ) ah ah ) )
N N
h_ph 151_1210% Z ol (N,YPEIOI:)% N Z ol

that  pli Lt = I =1 = =

a plim = =y +pm| —————| =y + —= =

(N,T—00)seq B T—o00 B plim (ﬁ )

T—oo

Y + g ”t = E;_n(y), since (from A8-A9) it follows that plim (ﬁh> =gl = [38 # 0,

T—o0
Where (for notation purposes) we used 8" = [k"; 3"]' to denote the populational
parameters (of the microfounded model for the optimal forecast) and 0 = [kf; 30’
as the unique set of values that solves (within a GMM setup) either (13) or (14) for
each h separately. m

Proof of Proposition 9. From A10, and based on the definition of n?, it fol-
lows that E;_j, (sﬁt) = E;_p (77?) = 0. Thus, for a given survey respondent ¢ and
respective set of parameters 0" = [kP; 5]’ it follows that E,_ n(fl— kP — Bly) =

Bep, (Bl +ely) = BlBey (o) + Eip (el4) = 0 and, thus, 5 B () = (fff;;’“?),

N
for all 4, ¢ and given h. It also follows that E;_;, (y;) = f = % Z i’;fhkh,
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where the first equality is simply the cross-section average applied to the equation

[
B n (y:) = <fi’t5,_Lkl ), and the second equality comes from A1l (definition of aver-

age parameters o = ﬁ'ﬁ’ . Now evaluate the previous equation at respective
g

Then, let

GMM estimates ﬁ = [_ , such that: Et n(y) = L

—

= N _
h h _1Lh
T — oo to obtain plim (% E Tk ) %E :fz,t Mo E: n (y:), due to All

T—o0 i1

~ —~

o~ /
(consistency of 8" = [kh, I6; 1 estimates for all V). In addition, letting (sequen-

tially) N — oo does not change the convergence to the conditional mean, that
h_Th _Lh
is, plim Z T ) = N Z f” - _n (y:), provided that (also from
(TN_’OO)seq i=1 Bh

A11), for all N, there is a unique set of values Hh [k:g, 60] that solves either (13)
or (14) for each h separately. m

Proof of Proposition 10. Assumptions A1-A11 provide sufficient conditions for
the sequential convergences (N, T — 00)seq and (7', N — 00)seq t0 hold in our setup
(see Propositions 8 and 9, respectively). By also assuming conditions A12 and A13,
joint convergence directly follows from Lemma 6a of Phillips and Moon (1999). =

A.2 Parameter uncertainty

Example 1 - Suppose that:

(i) DGP is given by (ytlt—h) ~ N (g, o?);

(i) Loss function of individual ¢ is the MSE function;

(iii) Individual i (correctly) assumes that the DGP is given by a Gaussian dis-
tribution with conditional mean dynamics, however, due to finite sample, she/he
estimates (Ziy;_p, aAz)

In this case, from (i) and (ii), the optimal forecast (Granger, 1969) is N” =
Bt 1 (y:) = gy However, the best that 1nd1v1dua1 ¢ can do is to approximate the

"optimal forecast" by using (ii) and (iii) so that f = E,_,(y,) = Hyjy—p,- Thus, the

optimal forecast "approximation error" is given by 5m = flht fzht = ,ut|t h— Hgje—h-

Provided that i, _, is a consistent estimator for j1,,_,,, it follows that plim ( ft) =0.
T—o00

Example 2 - Suppose that:

(i) DGP is given by (yt|t—h) ~ N(Nﬂt—ha o?);

(ii) Loss of individual 7 is the Lin-Lin asymmetric function of Corollary 4;

(iii) Individual i (correctly) assumes that the DGP is given by a Gaussian dis-
tribution with conditional mean dynamics, however, due to finite sample, she/he
estimates (Ly;_p, 0 A).

In thls  case, from (i) and (i), the optimal forecast (see Proposition 5 and Corol-
lary 4) is I = kI + By _1(y;), where k! = 0®~1(7;) and 7; = 8,/(5; + 3,). However,
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individual i approximates the "optimal forecast" by using (ii) and (iii), so that

flv = Ty, + @@ (7;). Thus, the optimal forecast "approximation error" is given

by 5?,t = z'}}t - fz'},lt = (ﬁﬂt—h - Mt\t—h) + (0 —o0) @—1(7—1.)' Provided that (ﬁt|t—h7 o?)
are consistent estimators for (j1,;,_, 0?), it follows that plim (5%) =0.
T—o0

Example 3 - Suppose that:

(i) DGP is given by (yui—n) ~ Weibull(b, k);

(ii) Loss of individual 7 is the Lin-Lin asymmetric function of Corollary 4;

(iii) Individual i (wrongly) assumes that the DGP is given by a Gaussian distri-
bution with conditional mean dynamics and, thus, she/he estimates (fi;;_, UA?)

In this case, from (i) and (ii), the optimal forecast (see proof of Proposition
5) is :ht — b[—1In(1 — 7,)]""*, where 7; = 8,/(8, + 8,). However, individual i try
to approximate the "optimal forecast" by using (ii) and (iii), so that f/, = i, +
@~ (7). This way, e}, = fl,— fls = iy 5971 (r:) = [~ In(1 = B/ (B, + B))]"*
and, thus, plim (8Zt) #0.

T—o00
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