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Abstract

Discriminant analysis is mostly used to predict the valua discrete dependent variable of an ob-
servation on the basis of a set of predictors. The commordg asterion of the predictive power
is the fraction of incorrectly predicted cases in the samipléhis article we construct a model for a
modified discriminant problem. Namely to find a subpopulatéba given size having the highest
percentage of observations of a chosen class. Our modefmzes the following criterion of the

predictive power: the fraction of observations from choslkass in the found subpopulation.
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1 Introduction

The aim of discriminant analysis is to predict the value afcdete explained variablg on the
basis of explanatory variabl® = (X, ..., Xx), . We may also treat discriminant analysis as a
model the aim of which is to split the space of observatiotstiwo regions: the first characterized
by dominance of observations from cla$s= 0 and second characterized by = 1.

In this article we formulate the task in a different manner:

Suppose we are given the parameterthe fraction of population. We want to split the population
with respect to explanatory variables into two groups: thstfone withr of all observations and
the second one withi — 7) of all observations. The group of sizeshould have as high percentage
of observations characterized by = 1 as possible. In other words we want to find population of
sizer which has the highest number of observations from class 1 in the family of all subsets
of sizer.

Our model is modification ofmaximum score estimatof Manski (1975) angmoothed maxi-
mum score estimataf Horowitz (1992). In case of their estimators the aim isgbtshe popu-
lation into two groups characterized by = 1 andY = 0 respectively, in order to minimize the
fraction of incorrectly classified observations in the séndp We also want to minimize number
of incorrectly classified observations but only in the grelgssified by the model as havihig= 1
with additional condition on the size of this group.

This problem arises in many areas, for example in creditisgaand marketing campaigns.
In these applications the aim is to separate a small, fixexdgiaup of clients with relative high
probability of a positive value of a response variable. Isecaf marketing campaigns one wants to
find a group of clients, on the basis of their features, whaawst likely to respond to campaign -
the target group. In case of credit scoring the policy of taekomay be based on assumption that
a certain fraction of worst clients, for example 5% shoultllm®granted a loan. In that case one
should find 5% of customers with highest probability of défau

This problem can be solved usifig- an estimator of the probabilityy(Y = 1). It can be

calculated for example using logistic regression. We mayths following construction:
1. sort observations in ascending sequenge of

2. chooser observations with highegt

Lin this paper, for simplicity, we restrict ourselves onlybiaary explained variable and denote its levelstby= 1 andY = 0.
2Their estimators are parameterizeddy (0,1). Fora = % the fraction of incorrectly classified observations in thengle is minimized.
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This method has intuitive grounds: observations with highae more likely to come from class
Y =1, so in the group with high will be more observations from cla3s= 1. Unfortunately we

do not have guarantee that the chosen group will be optimal.

2 Problem formulation

We assume, as in case of classical discriminant analysisifiary responsésthatX < R* and
Y € {0,1}. X andY are random variables.

We denote
e A-the family of all measurable subsetsif.
e f, - the distribution of random variab|(Y = 1)
e fj - the distribution of random variab¥|(Y = 0)
e Bin(m ) - the distribution of random variable
Formally our goal is to find subset that maximizes:
aedl i P I EA @
We also assume that we have a random sample
X11y ...y X1p, fOr y=1
X01, - - -5 Xon, fOr y =20

n =mni + ng

3 Modd construction

In this section we show solution to problem described in tleipus section.

3.1 Casel. Predictorsarenormally distributed with common covariance matrix

This is probably most regular case. We assume that predibimre normal distribution with a
common covariance matrix and probably different means gnotasses. These assumptions are

the same as in case of Fisher linear discriminant analysis.

3see for example Hastie, Tibshirani, Friedman (2001)



e X|(Y =1) ~ N(m,;,2)*
e X|(Y =0) ~ N(my, X)
e Y ~ Bin(m)
Theorem 3.1. Under above assumptions the optimal solution to problenis(1)
A={X:(m; —my)'ZT X >0

whereb is quantile of orderl — 7 of the random variablém; — m)”X7'X

Proof.
max PY =1XeA) =
A€n: P(A)=r
PY=1AXe€A) m 4 fi
Aen: P(A)=r P(X € A) aen:PAy=rm [, i+ (L —m) [, fo
1
= max —_—
Aen: P(A)=r | 4. A=m) JaJo
“ 1+ 1 fA?l
Note that
1 ™ fA fl
argmax —————— = argmax ———~"———
Aen: P(A)=r 1 + 7(1_T})%f0 aen: p(a)=r (1 =) [, fo
T Ja

Then observe that fractiog% has a constant value on the line

1 —1(x—m)T="1(x—my)
o mAhk) _ MenkmEt T C
S (l-m)fo(x)  (1— 1L =5 (cmo) S (x—mo)
( 1) fo(x) (1 7T1)(2ﬂ)%|z‘%e 3 0 0
e 5 (x—m)TE 7 (x—m,)
T (1 m)e S m R Geomo)
T
In(c) = ln(1 —17T1) —(x—m)"E (x—my) + (x —mp)" T (x —my) =
T _ 1 _
— ln(1 17r )+ (m; —mg)" 2 x — §(m1 —my)" S (m; + my)
—
s 1
In(c) — 11[1(1 lﬁ )+ §(m1 —mgy)'E " (m; +my) = (m; — my)" B 'x
—m

4W ~ g denotes that random variabl¥ has distributiony

(2)

3)

(4)

(5)

(6)
(7)



which defines linear equation s

So problem (1) has solution
A= {X . (m1 — mO)TE_lX Z b} (8)

whereb is chosen so thaP({X : (m; — my)"X7!X > b}) = 7. In other words b is quantile of
orderl — 7 of the random variablem; — m;)"27!X. =
Parametery:, m; andm, are usually unknown and have to be estimated from data. Azse of

Fisher discriminant analysis we estimate

) 1 «
m; = 71_1 ;Xu (9)
) 1 &
my = n_o ;Xoi (10)
A 1 1 ng A o
Y = n—9 kzo [;(sz — mk)(x;“ — mk) (11)

We may note that the optimal discriminant line is paralledotution of Fisher linear discriminant

analysis. Our model has a form:
oy = (ml - mO)Tzilx =alx = a1y + -+ apT

o if y*>0btheny =1

o if y* <btheny =0

3.2 Case?2. Predictorsarenormally distributed with unequal covariance matrix

We assume that predictors have normal distribution butdliartance matrix differs among classes.

These assumptions are the same as in case of quadraticrdinsert analysis.
e X|(Y=1) ~ N(my, )
e X|(Y =0) ~ N(mg, %)
e Y ~ Bin(m)
Theorem 3.2. Under above assumptions the optimal solution to problenms(1)

1
A={X :X"(Z'm; — ¥;'mg) — 5XT(zzfl -3 HX > b} (12)



whereb is quantile of orderl — 7 of the random variabl&X” (2 'm; — £7'm,) — X7 (=] -
2, HX

Proof.
The proof is similar to proof of Theorem 3.1. We may obsenet the fraction% is
constant on the curve
1 7l(x7m1)T21_1(x7m1)
—e 2
__mh(® _ "enimd (13)

—%(x—mo)TZEI(x—mo)

(I=m)fo(x)  (1-m)

——T €
1
(2m) 5 |20|2

H\EO\
|31

m

1 1 1
In(c) = In —i—XT(Eflml—E(}lmo)—ixT(Efl—Egl)x—émlTEflml—i-émoTEglmo

(14)

+11
1—7T1 2

1 1 |20| 1

1 1
In(c)—In — In m—i—im?Eflml—ﬁngalmo = XT(Eflml—Ealmo)—ixT(Efl—Eal)x
(15)
which defines a quadratic equationkn
So problem (1) has solution
1
A={X:X"(Z'm; — ;' my) - éXT(El‘1 — 3 HX > b} (16)

whereb is chosen so tha?({X : X”(E7'm; — 7'm) — X7 (= — £71)X}) = 7. In other

wordsb is quantile of ordet — 7 of the variableX” (£ 'm; — X7 'mg) — X7 (Z7' -2 HX. =

Parameter&;, m;, 3y andmg are usually unknown and have to be estimated from data. As

in case of quadratic discriminant analysis we estimate

. 1
m; = 71_1 ;Xu (17)
) 1 &
my = n_o ;Xoi (18)
. 1 1 . o
21 = Ny — 1 ;(Xh‘ — ml)(xli — ml) (19)
. 1 0 . o
o= no — 1 ;(Xm - mO)(XOi - mo) (20)



We may note that the optimal discriminant line is paralle$otution of quadratic discriminant
analysis.
In this case our model has a form:

. _ _ _ _ k k k
oy =x"(Z'my — X7 my) — %XT(El P-3h)x = Dot W%+ Zj:l D ic1 QiTiT;
o if y* > btheny =1

o if y* <btheny =0

3.3 Case 3. Semiparametric model

In case we cannot make additional assumptions about thébdisdbn of predictors, the problem
(1) becomes NP-hard. So we must restrict ourselves to sulAsaft particular form. In this sub-

section we show semiparametric optimal solution in cassedubis bounded by a hyperplane:

A={(X1,..., Xp) e X1 +asXo+ -+ ap Xy, > b} = {X:a'X > b} (21)

for somea,, as,...,a;, b € R. In other words we want to construct linear discriminantchion.
Since inequalitya” X > b holds when multiplied by any positive constant we imply nalization
lafl = 1.

Comment

Let us recall the definition ahaximum score estimatof Manski (1975):

n

1
&= 2Y; — 1) — (1 — 2a)]1(a’x; 22
max Sy n;[( i—1)—(1-2a)1(a"x) (22)
subject tol|a|| =1 (23)

which in caser = ; takes form
1] <

2 ==Y (2, - D1(a’x, 24
max S nZ( )1(a"x;) (24)
subject tol|a|| =1 (25)

Our problem can be formulated as

n

1 T
rr;%xSn - EI(QY; 1)1(a X; b) (26)
subjecttoflal| =1 and b =q,_.(a’xy,...,a’x,) (27)
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Our model has the same form as in Case 1:

o Y\ =171 + -+ apTg

o if y* > btheny =1

o if y* <btheny =0

To derive optimal solution let us recall its formulation

Aeml:npa(i)ﬂ P(Y =1|(Xy,...,X,) € A) (28)

We may write

max P(Y =1Xe€A)= max PY =1ja’X > b) =

A€n: P(A)=r lal|=1,b: P(aTX>b)=T

P(Y =1naTX >1b)
max
lal|l=1,b: P(aTX>b)=r P(a’X > b)
1 — Farxjy=1(b)

= max =
lla]|l=1,b: P(aTX>b)=T T

- 1 — Farxjy-1(b) (29)

max
lall=1,b: 1—F, 7 (b)=" T
In case the distributiong,, fo,, and Bin(m;) are known, problem (29) is a deterministic opti-

mization problem of the form:

1-F, _1(b
max aTX\Y_l( ) (30)
acRPbER T
subject to
1—Furx(b) =1 (32)
lafl =1 (32)

In case distributiong;, fo, andBin(m;) are not known, they have to be estimated from data.
Cumulative distribution functiong’xy—, and Fxy—; can be estimated consistently by either

empirical cdf or by kernel cdf. In both cases problem (3®}(3 replaced by

1 — Foyrxy—1(b
max aTX\Y_l( ) (33)

acRP.bER T




subject to
1-— FaTx(b) =T (34)

laf =1 (35)

In case of differentiable kernels it is a differentiableiopzation problem and can be easily solved
numerically by standard gradient techniques.

Let us denote by andb the solution of the problem (33)-(35). The following theworiolds
Theorem 3.3. Assume that

e (33)-(35) has almost sure one unique solution,

¢ (30)-(32) has one unique solution

e [ () and FaTx‘yzl(b) are continuous functions afb andx.

e f; and f, are continuous
Thena andb are consistent estimators afandb.

Lemma 3.1. If f : R" x R™ — R is continuous andB € R" is bounded and closed, then

max.cp f(z,y) = g(y) is continuous.
Lemma3.2. If X,, 2 X, fis continuous oml and P(X € A) = 1 thenf(X,) 5 f(X)

Proof of Theorem 3.3

We may note that for any fixeal' andb*

~

1-— Fa*TX\Y:I(b*> L 1-— Fa*TX\Y:I(b*>

(36)
T T
1= Fprx (%) =25 1 — Fporx (6% (37)
We may use Lemma 3.2 and Lemma 3.1 and write
I FaTX|Y:1(b) P I FaTX|Y:1(b)
max — max (38)
acRP.bER T acRP.bER T
|
Comment

Let us recall the definition afmoothed maximum score estimawbiHorowitz (1992) foro = 3:

1 1 — a’x;
max Sif = — ;(216- - 1)K( - ) (39)



subject to||al| = 1 (40)

whereK (-) is smooth cdf. Our model can be formulated as

1 & b—a'x;
max $, = ZIYK<T) (41)
subject tdja|| =1 and 1 i g i B (42)
J all = n o h = T

4 Examples of model performance

In this section we show some examples of the model perforemanartificial data. We compare
our semiparametric model described in the previous settidogistic regression, which is also
linear. We set- = 10% , that is both models should find subpopulation of size 10%a highest
fraction of Y = 1. Our model finds the best subpopulation directly. In cas@giktic regression
we find optimalr% of observations by technique described in introductiamely we calculate
for each obervatiom;, the estimator ofP(Y; = 1), i = 1,...,n and choose% observations
with highestp;. The smoothing parametérin semiparametric model is set to 1. There are 5%
observations witl” = 1 in the sample. The observations come from the mixture ofiwaulate

normal distributions.
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4.0.1 Examplel

We generated the following sample:

-1 3 0
(Xl,XQ)NN y y Y:1, n =110
-1 0 3
9 3 0
(X1, X)) ~ N , , Y=1 n=90
9 0 3
— (43)
10 30
(Xl,X2>NN y y Y:]_, n = 100
4 0 3
4 10 0
(X1, X)) ~ N ) , Y =0, n=>5700
4 0 10
\
The graph of this sample is shown on Figure 1.
4.0.2 Example2
We generated the following sample:
1 3 0
(X1, X)) ~ N , , Y=1 n=300
7 0 3
\ CoTT (44)
4 10 0
(X1, X)) ~ N , , Y =0, n=>5700
2 0 10

\

The graph of this sample is shown on Figure 2.

We may note that in case of predictors having normal didtiobuboth models achieve sim-

ilar results but in multimodal case such as mixture of nordialributions within class, logistic

11



20
|

15
|

10
|

-5

Figure 1: Example 1. The thick line represents the boundatigeoseparated region for semiparametric model and
thin line for logistic regression. Fraction &f = 1 in subpopulation separated by logistic regression: 8.83%ction

of Y = 1 in subpopulation separated by semiparametric model: 22.3%
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Figure 2: Example 2. The thick line represents the boundatigeoseparated region for semiparametric model and
thin line for logistic regression. Fraction &f = 1 in subpopulation separated by logistic regression: 37.89%ction

of Y = 1 in subpopulation separated by semiparametric model: 84.19

regression is outperformed by semiparametric model. Imipta 1 linear discriminant function
is probably not optimal but still reasonable. These resdtsbe generalized due to Theorem 3.3,
that is for large samples, semiparametric model is almastyghbetter or at least as good as logistic

regression.

5 Conclusions

The paper shows the solution to modified discriminant amalysoblem. We proved that when
predictors have normal distribution, the optimal soluti®parallel to Fisher linear and quadratic
discriminant analysis in case of equal and unequal covegiamatrix, respectively. When predic-
tors are not Gaussian we have shown how to build an optimapseametric linear discriminant

function . Semiparametric model is superior to logisticresgion, especially when distributions
are multimodal. In some cases linear functions are not @tbat our approach can be easily

generalized to neural networks in order to capture nontitieain the data.
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