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Support vector machines with two support vectors

Marcin Owczarczuk

Warsaw School of Economics

Abstract: In this article we present a new class of support vector nmashfor binary clas-
sification task. Our support vector machines are constucseng only two support vectors
and have very low Vapnik-Chervonenkis dimension, so theegadize well. Geometrically,
our approach is based on searching of a proper pair of olig@rsdrom different classes of
explained variable. Once this pair is found the discrimirtreyperplane becomes orthogonal
to the line connecting these observations. This methodsdeell with data sets with large
number of features and small number of observations like ggpression data. We illustrate
the performance of our classification method using geneessjn data and show that it is
superior to other classifiers especially to diagonal lirdiscriminant analysis ank-nearest
neighbor which achieved the lowest error rate in the prevgiudies of tumor classification.

Key words and phrases: support vector machines, Vapnik-Chervonenkis dimensiooroar-
ray experiment, tumor classification.

1. Introduction

Support vector machines (svm) introduced by Vapnik (1988Vary popular clas-
sification tool. Usually their construction is derived upigeometrical arguments - in
case of linearly separable classes we want to find a hyperpleai separates classes
and can be put into the maximally wide margin without pointanf the sample. In
case of classes that are not linearly separable, we wantdafhyperplane that real-
izes the compromise between the width of the margin and threafuhe distances of
missclassified observations from this margin.

However svm can be also derived using statistical decisieary. We are interested
in the error rate of the classifier on the test sample. In #tiing, the performance of the
classifier depends on the error rate on the train sample atttedvapnik-Chervonenkis
(VC) dimension of the classifier. VC dimension of the classifs defined as the maxi-
mal number of points it can shatter.

In order to generalize well and achieve low missclassificatate on the test sam-
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ple, the classifier should have a low missclassificationgatthe train sample and have
low VC dimension. The following inequality with probabilitt — ¢ holds (Vapnik 1989)

e(d) < egr(d)+ c(h) (1.2)
where o 1
e(h) = <h(ln s +h1) — log Z) 12)

Quantitiese(d) ander(d) are the error rate for the test and train sample of the clasgifi
respectivelyyn is the number of observations in the train samples the VC dimension
of the classifierl. The functione(h) is increasing.
Vapnik(1989) showed that hyperplanes with at legst wide margins have the
following VC dimension
h < min(R?A? q) + 1 (1.3)

wheregq is the dimension of the feature space d@nd the radius of the ball containing
all the vectors of features from the train sample.

In order to minimize the error rate(d) when the classes are separable, svm is
constructed in the following way. First we minimizg;(d). Classes are separable, so
er(d) = 0. Next we minimizec(h) using inequality (1.3). We minimize VC dimension
by maximizing the width of margin.

In this article we adopt a different strategy and reversedhiler. First we minimize
(in the certain sense) the VC dimension of the classifier had tve minimizeer(d) -
the error rate on the train sample.

This artice is organized as follows. In the next section wivdeour class of sup-
port vector classifiers and describe its statistical progmr Then we discuss numerical
issues concerning its computer implementation. In thetfosection we illustrate its
performance using gene expression data. The last sectimiudes the article.

2. The classifier
We introduce the following class of classifiers

d(x) = sign(y;x; x — ijJTX - ) (2.1)

whereb = y;x{ x; —y;x] x, yiy; = —1. Labels of the clasg are+1, —1. Our support
vector machines are expressed in terms of the dual form dfl&ssical svm. In order
to find the optimal decision rulé it is necessary to find;j andk.



Figure 2.1: Randomly chosen three pairs of points and octhakhyperplane they may generate.

The geometrical interpretation is as follows: we considely separating hyper-
planes that are orthogonal to lines connecting pairs oftpdiom the different classes
in the train sample. Of course for a given pair of points thera infinite number of
hyperplanes that are orthogonal to the line connectingptliis So we consider only hy-
perplanes that include at least one point from the train sandys far as the parametric
representatiom” x = b of the hyperplane is concerned, its normal vector is given by
a = y;x; — y;x; and the intercept by = a’ x,.. The described idea is shown on Figure
1.

Vapnik (1989), in order to keep the VC dimension of the sejpagehyperplane at
low level, introduced the restriction on the width of the giar Wider margins imply
lower VC dimension. We introduce the restriction on the ogimnality of the hyper-
planes to the lines connecting pairs of points. Now we shaw tihis class of hyper-
planes has the VC dimension 9 or lower.

Theorem 1. The VC dimension of the class of hyperplanes described by (2.1) is equal
at most 9.

Proof of Theorem 1
The VC dimension of the class of functions is equal to the makinumber of points it
can shatter. A class of functions shatters a set of pointc#n divide this set into two
subsets in all possible ways. The sethgboints can be divided into two subsets2h
ways. So the necessary condition for the class of functiomave the VC dimensioh
is that it can generat2 partitions ofh points. So let us calculate the maximal number
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of partitions the class described by (2.1) can generate. a¥e/t{h — 1) ordered pairs

of points. Each pair may generdigoartitions, because of the restriction that the hyper-
plane must include at least one point. So therehdfé — 1) partitions, not necessary
unique. But ifh > 9 then2” > h%(h — 1). So if there are more than 9 points, our
method cannot shatter them, because it cannot generaiesuffiumber of partitions.
So the VC dimension is equal 9 or les3.E.D.

Note that this bound on the VC dimension is very restrict@enerally, the unre-
stricted family of hyperplanes can shatte# 1 points wheregy is the dimension of the
feature vector, so the VC dimension of the hyperplanggfiins equalg + 1. The bound
(1.3) introduced by Vapnik for his class of hyperplanes maydached and equal to the
VC dimesion of the unrestricted hyperplanes. Our bounduskEgand it does not grow
when the dimension of the feature space grows. This is veppitant in applications
where the vector of features is very high for example in cdsgeoe expression data
where there are thousands of explanatory variables.

After introducing the family of hyperplanes with relatiydbw VC dimension we
may go to the second step of building the optimal hyperplamiaimizing the error rate
for the train dataset. We do it by exhaustive search: we densill possible pairs of
points from the clasg = —1 andy = +1 (there arex;n_; pairs) and for a given pair of
points we consider all possible hyperplanes that are oothalgto this pair and include
at least one point (there arepoints). So there are;n_1n hyperplanes to consider,
wheren; is the number of observations from clags= 1 andn_; is the number of
observations from clasg = —1. Finally we choose a hyperplane that achieved the
lowest error rate. This is our optimal hyperplane.

So the problem of finding the optimal hyperplane is reducefintting ¢, j and &
in (2.1). Our classifier needs no extra tuning and has noiadditparameters to set.
This is the contrast to the svm with soft margin where@heonstant must be set. This
constant is usually set using crossvalidation which exde¢hd computation time.

3. Implementation

The algorithm for finding the optimal hyperplane can be oetli in the following

steps

1.fori=1,...,n; do

2. forj=1,....,n_1 do



3. a=xj; — X_1j

4, by =alx,, k=1,....n

5. consider classification rules "#’x > b, theny = 1 elsey = —1",
k=1,...,n

6. end

7. end

8. choose rule that achieved lowest value of the error rate

We show how to modify this algorithm to diminish computatbturden corre-
sponding to the number of features.
Note thatfori =1,...,n1, j=1,...,n_1, k=1,...,n we have

alx, = (x1; — x_lj)Txk = xﬂ-xk — XTlixk, (3.2)

Let us consideiX,, ;. matrix whichi-th row consists of the vector of features feth
observationX;. = x!. Then

A = XXT = [a] (3.2)
Q5 = XZTXj (33)

SO
al'x, = A[li, k] — A[—1j, k] (3.4)

So in order to calculate scoradx it is sufficient to calculate the matrix at the begin-
ning of the computation and use its elements in the inner.loop

Then note that classifiers in the inner loop differ only in ithercept so in order to
find proper cut-off valué that minimizes the fraction of incorrectly classified olvser
tions it is sufficient to sort observations by x and calculate number of observations
from classy = 1 andy = —1 in subsets(x, ) : alx > b} and{(x,y) : alx < b},
whereb, = a’x;, k=1,...,n.

The overall average complexity of the algorithm is equ@l® Inn) + o(nk). We
haveo(n?) pairs of observations and we need tim@ Inn) to sort observations in
order to choose the cut-off value. In order to calculate tlarim A we need time
o(n?k) using the naive algorithm for matrix multiplication. Noteat the matrixA is



Table 4.1: Data sets statistics

data set No. of vars | No. of instances| Size of Classeg
Colon Tumor 2000 62 40/22
ALL-AML Leukemia 7129 72 47125

Central Nervous System 7129 60 21/39

Lung Cancer 12533 181 31/150
Prostate Cancer 12600 136 77159

Ovarian Cancer 15154 253 91/162

Breast Cancer 24481 97 46/51

calculated only once at the beginning of the algorithm amslttme is negligibly small
even for large data sets. So the overall complexity prdttices not depend on the
number of features, but strongly depends on the number of observations. Fonpbea
the algorithm needs about 0.5 second for data set with 108naditsons and about 1
minute for data set with 1000 observations (for "spam" detérem UC Irvine Machine
Learning Repository and randomly chosen 100 and 1000 odusemg respectively. The
code was written in C and we used Pentium 2.59GHz machindyul@ting XX for
97 x 24482 matrix takes about 1 second (this are dimensions of thedadpa set in
our study).

4. Empirical example

We used data sets from Kent Ridge Bio-medical Data Set Rippsi
(http://datam.i2r.a-star.edu.sg/datasets/krbd/).

We used only data sets with the binary response variable athdwt or with small
number of missing values. We used 7 data sets. A short déeari these sets is given
in Table 4.1. We used the following benchmarking classifi@mnsearest neighbor (knn)
with £ = 1 and diagonal linear discriminant analysis (dlda). Thesemaethods that
achieved lowest error rate in the study of Dudoit, FridlyaBdeed (2002).

Each data set was split randomly it in proportion 7:3 into tfaén and the test
subset. Then the each classifier was learned on the trairaparits correctness rate
was calculated on the test part. We repeated this procedreirBes and calculated
the mean of the correctness rate using these 300 repetifidrese values are reported
in tables. We used R software, especidhn function from class package andilda
from supclust. We implemented our classifier in C and in R but since the caatjounal
time was satisfactionary for R, we used this implementaiticall experiments. We also
tried to use different kernels for our algorithm but thereswa significant improvement



Table 4.2: Correctness rate

all variables 10 best variables

pair knn dida pair knn dida
Prostate Cancer 80.39| 78.32| 54.93 || 60.41| 60.54| 55.24
Ovarian Cancer 92.30| 92.36| 71.39|| 75.01| 70.92| 65.24
Lung Cancer 97.56| 93.49| 98.37|| 85.18| 83.58| 80.86
Colon Tumor 73.47| 73.12| 62.53|| 64.37| 63.47 | 57.05
Central Nervous System 60.65| 57.93 | 56.69 || 55.70| 54.59 | 50.28
Breast Cancer 60.14 | 58.79 | 52.68 || 55.47| 52.80| 56.76
ALL-AML Leukemia 87.15| 85.88| 87.26 || 67.89| 66.21| 69.92

Table 4.3: Correctness rate

50 best variables 100 best variables

pair | knn dida || pair | knn dida
Prostate Cancer 63.63| 65.14 | 55.07 || 66.42| 67.07 | 54.76
Ovarian Cancer 80.82| 78.73| 67.84 | 82.60| 81.54| 69.19
Lung Cancer 89.58| 89.91| 93.48|| 92.03| 91.70| 95.93
Colon Tumor 69.74| 68.75| 60.32|| 69.96| 69.81| 59.12
Central Nervous Systen} 57.74 | 55.54 | 52.57 || 57.94| 55.02| 53.17
Breast Cancer 58.31| 56.23| 57.47 || 59.66 | 57.82 | 55.54
ALL-AML Leukemia 72.32| 75.50| 80.18|| 74.86| 78.00| 83.08

over the linear kernel. We have choskn= 1 for knn and used Euclidean metrics.
All variables are standardized - we subtracted the mean aded by the standard
deviation.

We also repeated the experiment in several versions: witheaVariables, with 10,
50 and 100 best variables according to the ratio of the betwgesup to the withingroup
sums of squares, similarly to Dudoit, Fridlyand, Speed 20The correctness rate for
all experiments are shown in Table 2 and 3. In all tables collpair” refers to our
method. Best results are marked bold.

We may observe that our algorithm achieved the highest cimess rate for four
data sets out of seven in all the variants - when considetingaaables or when us-
ing only a subset of features. We may also note that redutiegqitimber of features
diminished the correctness rate.

5. Conclusions



In this artice we presented a new class of support vector imeghising only two
support vectors. Our approach has a very low VC dimensionsaadood classification
tool for the gene expression data. It has no additional pat@rsand needs no tuning. It
can also be easily implemented. Our implementation is viemplg, but it can be easily
parallelized which may be crucial for large datasets.

As far as the future work is concerned, it would be intergstim compare our
approach with other classifiers using different than thererate criterion. In some
applications, for example in credit scoring or direct mérgs the performance of the
classifier is measured by the area under the ROC curve ortlghbfts. In the second
step of our algorithm, when we choose the proper hyperplaneay replace the error
rate criterion by any other and achieve different classifiat is well suited for different
applications.
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