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Abstract

This paper presents maximum score type estimators forr]ibegeomial, tobit and truncated regression models. Thetmators
estimate the normalized vector of slopes and do not protidestimator of intercept, although it may appear in the h&tsong
consistency is proved. In addition, in the case of truncatetitobit regression models, maximum score estimatons adistriction
of the sample in order to make ordinary least squares methigistent.
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1. Introduction

Parametric methods of estimation, for example maximuniitiked method, require strong assumptions about the
data-generating process, for example normality of thereeron. Often, if these assumptions are not fulfilled, these
methods provide inconsistent estimators of the model patens This fact lead researchers to look for semiparametri
estimators, which rely on very weak assumptions about tkeg dapecially about the error term, but assume certain
functional form of the dependency between explained anthegpory variables, for example linear form.

Manski (1975, 1985) introduced the semiparametric maxinsgore estimator of parameters in the binary and
multinomial choice model which is consistent under verydhdssumptions. It allows for heteroskedascity of the
unknown form and arbitrary distribution of the error ternieTidea of this method is based on considering proper
"score function”. Because in applications we are oftenregdted in prediction which maximizes the accuracy, we
may search for vector of parameters which maximizes theifraof correctly predicted observations in the sample.
This is the "score function” for this case. It turns out thattor which maximizes the score function is a consistent
estimator of parameters of the model.

Properties of a maximum score estimator are well known. Miafi®©85) proved consistency. Kim and Pollard
(1990) derived asymptotic distribution and showed thas ihdnnormal. Huang, Abrevaya (2005) showed that the
bootstrap method does not provide consistent estimatdreafonfidence intervals. Moon (2004) analyzed the prob-
lem of nonstationary regressors and showed consistenbgpircase.

Horowitz (1992) replaced nondifferentiable indicatordtian in estimator of Manski by smooth cumulative distri-
bution function and achieved a smoothed maximum score agiimHorowitz (1992, 2002) showed that a smoothed
maximum score estimator has normal limit distribution ahnalt the bootstrap provides consistent estimates of the
confidence intervals.

In this article we generalize "score function” so that it empasses other regression models and allows consistent
estimation with the advantages of the estimator of Mandké drticle is organized as follows: in the next section we
introduce generalized score function and informally pné#e motivation. The next sections present formal comstru
tion of the models and theorems of consistency. The sevettioa addresses the problem of estimating using ols



to a sample restricted by maximum score. The eighth sectiesepts the results of a Monte Carlo study. In the last
section we present conclusions. Proofs of theorems areiaghendixes.

2. Generalized "score function”

Informally, the idea of our maximum score type estimatorbased on searching for the subset of observations
where the mean of the explained variable is as high as pessitit additional restriction on the number of observa-
tions in this subset. This subset is determined by the linestriction in terms of explanatory variables. It turns out
that the parameters of this restriction are consistennastirs of the parameters of the model. Instead of number of
observations of this subset, we may consider its measuresgd as a fraction or a percentage of the whole sample.
This parameter will be denoted by For different values of this parameter different estimsittan be obtained and
the quality of estimation may depend on choice of this patam€his problem is analyzed later in this paper.

Let us consider linear model= 3, + 87« + u. Then we consider, in the general population, the subsehiohw
variabley has a value greater thanWe have

{(z,y):y>ct={(z,y): o+ Tz +u>cy={(z,y): Bl +u>c+ P} Q)
If we imply that the measure of this subset is equat tthenc + (3, is a quantile of the order — 7 of the variable
BT x + .

If E[u] = 0, then the subset of size having the highest expected valueipofs described by conditiop” z >
c+ By = B-. So, if we search for a subset bounded by linear restrictiohheaving the highest mean of the explained
variabley, we may expect that the parameters of this condition aredms andj; .

More precisely, we are able to estimate parameters stafmgirtige explanatory variables and we are not able to
estimate the intercept. The reason is that we estiate ¢ + 3y not knowingc.

Similarly to models for binary choice, parameters are esi@n up to a multiplicative constant. In practice some
additional normalizing condition is added, which guarasidentification, for example, in probit regression the uni
variance of the error term is implied. We, similarly as in M&n(1985) imply unit length of the parameter vector, so
we estimated* = ﬁ.

The estimating model without an intercept and up to the ipligtitive constant is satisfactory in some applications.
It provides information about the direction of the relagdoetween variables (sign of the parameters) and allows
verifying hypotheses about the significance of variablealdo allows ranking of observations with respect to the
predicted value of the explained variable which is suffitiéor example, in credit scoring applications.

In the case of applications where estimating without anrgget is insufficient, there is a solution based on a
maximum score. In the case of the tobit and truncated reigressdel, it turns out that applying ordinary least squares
to a subset separated by our maximum score estimator, thatisubset determined by the restrictithz > So,
where Gy and Gyny are maximum score type estimators, provides a consistéiniager of the parameters of the
model without a multiplicative constant and with an intgricéleanwhile OLS applied to the whole sample generates
an inconsistent estimator. So the maximum score allowdidelef observations which cause inconsistency.

The consistent estimatof, of the normalized parameter vectot are achieved as solution of certain maximiza-
tion problems. Now we present the outline of the constrmatibestimator and outline of the proof of consistency for
linear regression. The formal description of the model atodfof consistency for linear regression and other models
are presented in next sections.

2.1. The outline of the construction and proof of consistencyafimum score type estimators for linear regression

We consider the following linear regression model
y=0+p"z+u @
The estimator is given by the following formula

N
A
(B, Bon] =  argmax Zyz 107 > bo) — p(5; Y _ 10725 > bo) — 1) (3)
b.bol: I1b,bo] =1V N~
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Its heuristic derivation is as follows. Our goal is to find &set of observations of fixed sizeand bounded by the
hyperplané”z > b, where the mean of the explained variaplis maximal in comparison to other subsets of size
and bounded by linear restriction. Since conditidn: > b, is fulfilled when multiplied by positive constantthat is

bl > by = cbTx > chy (5)
we add the condition which guaranties identificatjoby bo]|| = 1. As a result we obtain the following optimization
problem

1 & 1 &
max  — 1(bTx; > by) subjectto — > 1(bTx; >by) =7 6
b.bo]: ||[b,b0]H:1N;y ( > bo) | N ; ( > bo) (6)

In order to prove consistency, we want to apply the theoremookistency of M-estimators (Engle, McFadden
(1999), p. 2121). We cannot use it directly, because it ve®bbtaining estimators as a solution to certain optirtinat
problems under deterministic restricti6ne ©. In our case we have an additional restriction which dependhe
samplel SN 1(b7x; > by) = 7. We may construct the following, modified maximization pesh

1 a T 1 a T 2
.bol: ool I=1 N ;yzl(b 7i 2 bo) — g ;1(17 7i 2 bo) = 7] )

whereu > 0 is constant and is chosen by the researcher. Due to the thedreonvergence of the quadratic penalty
method ( Nocedal, Wright (1999), p. 494), the solution of fiioblem is close to the solution of the problem (6) for
high values of:. We simply substituted the restriction by the quadraticattyn

Next, we may apply the theorem of consistency of M-estingatorthe problem (7). It turns out, that having a
sufficiently large sample and choosing a sufficiently largkie of ., we may achieve, with an arbitrary high proba-
bility, estimators which are arbitrary close to the trueues of the parameteﬁg:g—j“. Since we are interested only

in g% = ﬁ, we takess = Hg—zll'

In equation (3) the valugyy is not the estimator offy. It is an additional parameter which dependsrofit is a
quantile of ordett — 7 of the variable3%z. So we are interested only in the first element of the i, Bon].-
Claim 1 The indicator functioriL(-) can be replaced by smooth cumulative distribution funcfiof) and we can
achieve a smoothed maximum score type estimator, similariforowitz (1992). In this case we must solve the
following optimization problem

N N
1 bTJ?i - bo . 1 bTJ,‘i — bo
max — /K (————) subjectto — K(—)=71 8
[b.bol: l[b.bol =1 N ;y ) s NI ) ©
3. Linear regression model
We consider the following linear regression model
y=0o+8"z+u (9)

3.1. Assumptions

We assume that

Assumption 2
() y=00+ Tz +u,xe RX (K >1),uis random scalarg, € R andj3 € R¥ are constant.
(i) The support of: is not contained in any proper linear subspacedf.
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(i) There exist at least onk € {1,..., K} such thatf; # 0 and for almost every value of

z = (z1,22,...,Tk-1,Tk+1,---, k) the conditional distribution of:; conditional oni has everywhere
positive Lebesgue density.

(iv) E(ulz) = 0 for almost every:
(V) Efz] <
(Vi) {yn,zn :n=1,..., N}israndom sample frorfy, z)

3.2. Estimator

The estimatogs}, of the parameter vectgt* = -2 is given by the following formula

[E
1 & L
By, Bon] = argmax — >y 1(b"w; > bo) — Zl (0T x; > bo) — 7)? (10)
[b:bol: [1[b,bolll=1-Y 5= 7:1
By
By =1 (11)
M BN

where parameter € (0,1) is arbitrary.
3.3. Consistency

The following theorem is satisfied

Theorem 3 Under Assumption 2 the estimatéf, defined by formula (10) and (11) is a strongly consistentrestidr
of the vector of parameters* = HBII in model (9).

4. Binary model

We consider the following binary regression model

_J1 when Go+pTz+u>0 (12)
~ |0 when Gy + Tz +u<0

4.1. Assumptions

We assume that
Assumption 4
(i) y=1(8o+ BTz +u>0),2 € RE (K >1),uis random scalar ang, € Ri 3 € R¥ is constant.
(i) The support of: is not contained in any proper linear subspacef.
(i) 0 < P(y = 1]z) < 1 almost everywhere.
(iv) There exists at least oriec {1, ..., K} such that3; # 0 and for almost every value of

Z=(x1,22,...,Tk—1,%k+1, - - -, Tx ) the conditional distributiorr), conditional onz: has everywhere positive
Lebesgue density.

) g(E[y]) = 8Tz + By, whereg : (0,1) — R is increasing
(Vi) {yn,zn : n=1,..., N}israndom sample frorfy, z)

4.2. The estimator

The estimatog3}; of the vector of parameters” = ”% is given by the following formula

1
(BN, Bon] =  argmax Zyz 10T x; > bo) — 21 (0T x; > bo) — 7)? (13)
[b,bol: lIlb,bo =1V N =
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where parameter € (0, 1) can be arbitrary.
4.3. Consistency

The following theorem is satisfied.

Theorem 5 Under assumption 4 the estimator defined by formula (13) &alié a strongly consistent estimator of
the vector of parameters* = ﬁ in model (12).

5. Tobit model

We consider the following tobit model

:{ﬁo+6Tx+ufor Bo+ Tz +u>0 (15)

0 for Bo+ BT +u<0
5.1. Assumptions

We assume that
Assumption 6
(i) v =max(0,80 + BTz +u), r € R (K > 1), uisrandom scalard, € R, 3 € RX.
(i) The support of: is not contained in any proper linear subspacef.
(iii) There exist at least onk € {1,..., K} such thatf; # 0 and for almost every value of

z = (z1,22,...,Tk-1,Tk+1,---, 2k ) the conditional distribution of:;, conditional onz has everywhere
positive Lebesgue density.

(iv) E(u|x) = 0 for almost every:

(v) Elz] < .

M) =remesrs fc Bo—p7a WdFuz — 001 By + 572 — oo
i) {yn,xn :n=1,...,N}is random sample frorty, x)

5.2. The estimator

The estimatog3}; of the vector of parameters” = -2 is given by the following formula

[
1 N
By, fon] =  argmax — 10 a; > bo) — p(= S 10672 > by) — 7)? (16)
[b.b0]: [1b,bolll=1 Z; ey ;
* ﬂN
N = 1BaTl (17)
AN

N—o0

where parametd®, 1) > 7 "—=" 0 and summation is only over noncensored observations.

Claim 7 We reduced the problem of estimation of the tobit model tmhlpm of estimation of a truncated regression
model.

5.3. Consistency

The following theorem is satisfied



Theorem 8 Under assumption 6 the estimator defined by (16) and (17)dagly consistent estimator of the vector
of parameterss* in the model (15).

Proof. The proof of this theorem is the same as proof of the theomntrdincated regression, according to the
Claim 7.

6. Truncated regression

We consider the following truncated regression model

y=0o+ Tz +u (18)

6.1. Assumptions

We assume that
Assumption 9
() y=p0o+ Tz +u ze RE () > 1),uis random scalarj, € R, 3 € RX, C'is constant(C is known.
(i) The support ofz is not contained in any proper linear subspacesf.
(iii) There exist at least onk € {1,..., K} such thatf; # 0 and for almost every value of

z = (z1,22,...,Tk-1,Tk+1,.-., Tk ) the conditional distribution ofz;, conditional onz has everywhere
positive Lebesgue density.

(iv) E(ulz) = 0for almost every:

(V) Elz] < o0

(vi) =P (C—Fo—F™) Joo Bo— BTz udF,, — 0 for By + BTx — o0
i) {yn,zn :n=1,...,N}israndom sample frorty, z)|y > C

6.2. The estimator

The estimatop?; of the vector of parametef® = -2 is given by the following formula

Il
1 & !
By, Bon] = argmax — >y l(b"x; > b) — 21 bl > bo) — 7)? (19)
[b,bol: I1[b,bollI=11V ;= N=
BN
By =t (20)
M Bw]

where(0,1) 3 7 =570
6.3. Consistency

The following theorem is satisfied

Theorem 10 Under assumption 9 the estimator given by the formula (1€)(@0) is a strongly consistent estimator
of the vector of parameteys* in model (18).

7. Applying OLS to restricted sample

In case of tobit and truncated regression the least squae#isoth used to the whole sample gives inconsistent
estimates of the parameters. However the OLS estimatioledpp subsample satisfying the restriction implied by
maximum scorgives consistent estimator of the unknown parameters.

Theorem 11 Under assumption 9, the OLS estimator applied to the sangiefsng conditionsyx > Gon Where
parametersiy and Gy are given by formula (19) is consistent estimator of the paaterss and 5, in model (18).

A similar theorem is valid for tobit model, because we mayuasthe problem of estimating the tobit model to the

problem of estimating truncated regression.
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Fig. 1. True, unobserved relation between variablesidz with estimated regression line.

7.1. Graphical illustration

The just described reasoning can be easily illustratechizafly. In this subsection we present it for tobit regressi
We generated a sample of 500 observations according to tbeviiog scheme

y=2+xz+¢ e~ N(0,1), x~ N(0,4) (21)

y* = max(0,y) (22)

The scatter plots for this sample are presented on FiguZzs3 and 4.

On graph 7.1 the true relationship between variablesmidy is presented. Estimating the regression of the form
y = ax + b+ e using OLS gives a consistent estimator of the unknown paense

However we have censoring and we observe a relation presentgraph 7.1. Applying OLS gives inconsistent
estimates. We obtain a line that has a smaller slope thamubedgression line. The reason for this is the fact that
points on the left side of the graph turn the line - this is tfieat of censoring.

However further restriction on the sample - deleting poartshe left side of the graph, that is points on the left of
the vertical line on Figure 7.1 causes OLS estimation ctersis\We simply delete observations causing smaller slope
of the regression line.

8. Monte Carlo simulation

In this section we present Monte Carlo simulations illustigasmall sample properties of the maximum score type
estimators. The scheme of experiments was as follows. Wedtdsmodels: linear, binomial, tobit and truncated re-
gression. In all experiments the number of observationssett® 1500. There were 1000 replications per experiment.
We used uniform, normal and Student with 3 degrees of freg@@mmalized to have unit variance) distributions for
the distribution of error term. The data generating proceas follows

y=14x1+x2+¢€ (23)

7
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Fig. 2. Observed relation betweeri andx with estimated regression line ( the line with smaller sjomed true regression line (the line with
greater slope).
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Fig. 3. Deleting observations on the left side of the lineceds bias of OLS.
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Fig. 4. The true regression line and regression line estichah a restricted sample. Lines match almost perfectly.

x1 ~ N(0,1) (24)
xa ~ N(0,1) (25)
e € {N(0,1),t3,U[-1,1]} (26)
Y for linear regression
. 1(y >0 for binomial regression
= (y = 0) 9 27)

max(y,0) for tobit regression
yly >0 for truncated regression

So the following models were estimated
y = Bo + B1w1 + Pazo (28)

provided thaiy*, z1, z2) is observed.
We used distributions without and with heteroskedasaitgdse of heteroskedascity, we introduced its following

form
€heteroskedastic — €/ |J31 + $2| (29)

8.1. Experiment 1 - estimating standardized vector of slopes

In this experiment we are interested in estimating the vegto—= ﬁ = ”{gi’gﬂ”. In proofs of consistency we

used normalizatiofi[3;, 3]|| = 1. Here, similarly to Horowitz (1992) we use a slighly diffatemormalization, namely
|51]] = 1. The reason is that we are not interested in estimating tieecept, and since there are only two slopes,
one of them is identified up to a sign knowing the second onédJsormalization||3;:|| = 1 we may focus on
small sample properties of estimates of only one param@jets true value is equal 1. We set= 0.5 for linear
and binomial regression and= 0.2 for truncated and tobit regression. Because of humericalpbexity, we used
smoothed maximum score version with normal kernel and batttywarameteh = 1.

In the case of linear regression we compared the maximune sstimator with OLS.

9



Table 1
Linear regression, bias of normalized slope

distribution |[maximum score  OLS
normal 0.002§ 0.0014
normal het. -0.0006-0.0004
ts 0.0007 0.0004
t3 het. 0.0034 0.0029
uniform 0.0003 0.0004
uniform het| 0.0019 0.0034
Table 2

Linear regression, rmse of normalized slope
distribution [maximum scorg OLS|
normal 0.05070.0367
normal het. 0.04490.0395
t3 0.05070.0365
t3 het. 0.04570.0369
uniform 0.05260.03671
uniform het| 0.04580.0382
Table 3

Binomial regression, bias of normalized slope

distribution |[maximum scorg logit

normal 0.00480.0062
normal het. 0.00270.0015
t3 0.00150.0017
t3 het. 0.00060.0029
uniform 0.00470.0023
uniform het| 0.00230.0031
Table 4

Binomial regression, rmse of normalized slope

distribution |[maximum scorg logit

normal 0.07510.0639
normal het. 0.06920.0654
t3 0.06680.0534
t3 het. 0.06570.0573
uniform 0.07660.0644
uniform het 0.06920.0642

In the case of binomial regression we compared the maximone &stimator with logistic regression.

In case of tobit and truncated regression we compared th@maxscore estimator with OLS and the maximum
likelihood method.

Despite this fact, that estimating the tobit model may beiced to truncated regression estimation by deleting
censored observations, in our experiments we used theafulpke for estimation. It resulted in slightly smaller mean
square errors of the estimators.

10



Table 5
Tobit regression, bias of normalized slope

distribution |[maximum score  olsimaximum likelihoo
normal 0.0026 0.0009 0.0007
normal het. 0.0046 0.0031 0.0019
t3 0.0024 0.0037 0.0020
t3 het. 0.0022-0.0007 -0.0014
uniform 0.0020 0.0023 0.0027
uniform het 0.0052 0.003( 0.0024
Table 6

Tobit regression, rmse of normalized slope

distribution |[maximum score  ols|maximum likelihoo
normal 0.05660.0442 0.0400
normal het. 0.05540.0452 0.0407
t3 0.05440.0422 0.0364
t3 het. 0.05240.0444 0.0381
uniform 0.05830.044¢ 0.0407
uniform het| 0.05800.0468 0.0424
Table 7

Truncated regression, bias of normalized slope
distribution |[maximum score  olsimaximum likelihoo
normal 0.0045 0.0034 0.0036
normal het. 0.0038 0.0014 0.0009
t3 0.0009 0.0001 0.0002
t3 het. 0.0017-0.0002 -0.0002
uniform 0.0048 0.0029 0.0023
uniform het| 0.0040 0.0017 0.0004
Table 8

Truncated regression, rmse of normalized slope

distribution |[maximum score  ols|maximum likelihoo
normal 0.07340.0486 0.0502
normal het. 0.07310.0513 0.0508
t3 0.07170.0441 0.0462
t3 het. 0.06900.0462 0.0461
uniform 0.08380.053( 0.0534
uniform het 0.07690.0549 0.0539

8.2. Experiment 2 - estimating full vector of parameters

As was mentioned earlier, in case of tobit and truncatecessgon, OLS applied to subsample separated by max-
imum score, gives a consistent estimator of the unknowmpeters of the model. In this experiment we compared
OLS applied to a subsample separated by maximum score to Gipled to the whole sample and maximum likeli-
hood method. We set parametes= 0.2.

We may observe that in the case of estimating a normalizedwvetcoefficients, all methods give approximately

11



Table 9
Tobit regression, bias of full vector of parameters

distribution |maximum score-ols |ols maximum likelihood

Bo B B2|  Bo B B2 Bo B B2
normal 0.0081-0.0011-0.00580.3033-0.2821-0.2822-0.0002 0.0004 0.0002
normal het.| 0.018§-0.0085-0.00180.2946-0.2975-0.2960 0.0491-0.06031-0.0591
ts 0.0286-0.0100-0.00790.2843-0.2706-0.2689-0.0146 0.0228 0.0242
t3 het. 0.0134 0.0107 0.00720.2797-0.2769-0.2782 0.0170-0.012¢-0.0143
uniform  {-0.0031 0.0032 0.00070.3073-0.2859-0.2849 0.0024-0.007§-0.0054
uniform het| 0.0078-0.0040-0.00390.2978-0.3033-0.3021 0.0693-0.082§-0.0811

Table 10
Tobit regression. rmse of full vector of parameters

distribution |maximum score-ols |ols maximum likelihood
Bo| Bl B2 Bo| Bi| B2| Bo| Bi| P
normal 0.17860.09570.09540.30420.28320.28320.02850.03090.0299
normal het.|0.27750.15630.15750.29550.29880.29730.05580.06960.069(
ts 0.17460.09160.09070.28510.27150.26990.03550.042(0.0446
t3 het. 0.25190.14560.14230.28050.27830.27960.03430.04460.0453
uniform  {0.19010.09930.09760.30810.28680.28590.03050.03190.03149
uniform het{0.28490.15780.15890.29860.30460.30330.07420.09050.0882

Table 11
Truncated regression. bias of full vector of parameters

distribution |maximum score-ols |ols maximum likelihood

Bo B B2|  Bo B B2 Bo B B2
normal 0.0256-0.0108-0.00810.4046-0.2461-0.2443 0.0005-0.0018 0.0005
normal het.| 0.0723-0.0064-0.004(0.3378-0.2451-0.2452-0.3619 0.1675 0.1664
t3 0.0622-0.0123-0.01440.3053-0.1816-0.1823-0.1815 0.0958§ 0.0947
t3 het. 0.0621 0.0105 0.01070.2735-0.1820-0.1829-0.4523 0.2233 0.2214
uniform 0.0062-0.0041-0.00010.4335-0.2692-0.2681 0.0337-0.0280-0.0272
uniform het{-0.0053 0.0048 0.00070.3451-0.2812-0.2811-0.4214 0.1635 0.1621

Table 12
Truncated regression. rmse of full vector of parameters

distribution |maximum score-ols |ols maximum likelihood
Bo| Bl  B2| Bo| PBi| B2 Bo| Bl B
normal 0.24620.11650.11650.40550.24780.24610.05560.04480.0437
normal het.|0.38000.18970.18610.33840.24830.248(0.37220.18130.1784
t3 0.24070.11160.11500.30670.18450.18520.76070.22060.2204
t3 het. 0.40520.19810.20410.27510.18670.18800.97060.32860.321(
uniform  |0.25820.12120.11980.43430.27070.26910.06700.051710.051d
uniform het|0.38600.19280.19820.346(0.28380.28310.42930.17560.1754
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unbiased estimates. This is very interesting, because as fastimating full vector of coefficients of truncated and
tobit regression is concerned, maximum likelihood is cstesit only in case of normal distribution without het-
eroskedascity. Monte Carlo experiments show that dedpgddct, this method provides approximately unbiased es-
timates of normalized vector of coefficients. A similar aiiion can be observed for ols and logistic regression. @&reen
(1981) analyzed estimating tobit and truncated regressorg ols. He proved consistency for normal distribution of
predictors and showed (only) by Monte Carlo experimenit these estimates are robust to this assumption. The
advantage of maximum score is that its robustness is prosednty empirically but also theoretically for a greater
class of data-generating processes. Maximum score hagh#l\slijreater variance than other methods.

In the case of estimating the full vector of coefficients dfit@nd truncated regression model, ols is always biased
and Monte Carlo experiments confirm this fact. Maximum lifkebd is consistent only in case of normal distribution
without heteroskedascity, but Monte Carlo experimentsasti@t it is robust to this assumption for tobit regres-
sion. In the case of the truncated model, maximum likelihgivés strongly biased estimates when normality and
homoskedascity assumption do not hold.

Meanwhile, ols applied to a subset separated by a maximure steays gives unbiased estimates. Its variance is
high due to the fact that the model is estimated on a smalfepla

It would be interesting to analyze choosingarameter in order to minimize root mean square error. Tioiklpm
is not addressed in this paper.

9. Conclusions

In this paper we presentedaximum score estimatofsr broad classes of regression models. The concept of our
method is based on generalizing "score function” of Mang@ka.proved consistency when estimating the normalized
vector of slopes and robustness to heteroskedascity ampe stiaistribution. We also showed how the maximum
score method can be used to remove bias of ols. Monte Carkriexgnts showed that other methods are also robust
when estimating a normalized vector of slopes and maximumredtad no particular advantage over them. In the case
of estimating a full vector of coefficients, it turned out tiize approach based on applying ols to a restricted sample
is superior to maximum likelihood. The result for the tobibael was not so straightforward.

As far as future work is concerned, it would be interestingléoive asymptotic distribution of maximum score
estimators similarly to Horowitz (1992) in the case of snieat maximum score and Kim and Pollard (1990) in the
case of maximum score. It would also be interesting to vefibootstrap gives consistent estimates of confidence
intervals similarly to Horowitz (2002) in the case of smaadhmaximum score and Huang, Abrevaya (2005) in the
case of maximum score. The problem of nonstationary regressimilarly to Moon (2004) can also be addressed.

10. Appendix A - consistency of maximum score for linear regession

First we show thatSy, o] is a strongly consistent estimator[qif, BT] = H%g:gjll' Then, on the basis of this fact
we show consistency gfy;.

The proof of this theorem is conducted in several steps anerg8y is based of verifying assumptions of the
theorem of consistency of M-estimators.

The natural choice of functiof,(#) from this theorem is the expected value of functign(d) defined by (10).

Qo(b,bo) = E[y1(bTx; > by)] — w(E[L(bTx; > by)] — 7)? (30)

10.1. The maxima of),(6)

We prove in Lemma 12 , that maxima &f,(¢) are contained in arbitrary small neighborhood of pdint3;],
where 3, is quantile of orde — 7 of variable 3”z. Due to this lemma we may use the theorem of consistency
of M-estimators with comment to this theorem about multiplaxima of the objective function (Engle, McFadden
(1999), p. 2122).

Lemma 12 Let
mod (b by) = E[y1(bTx > by)] subjectto E[1(bTx > by)] = 7 (31)
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Fugctioan“"d(b, bp) has exactly one maximum, which is located in p{ﬂfr;ﬁT], wheres; is quantile of orderl — 7
of 57 x.

Proof. Let us consider a different, arbitrary vectérd, ], which also satisfies conditioR[6”z > J,] = 7 and
I3, d-]]] = 1. We show that it has lower value of the criterion function.

Ely|6"x > B;] — Ely|6"x > &]
= Ely|6"z > ;] — Bly|6"x > &]
= E[Bo + B x4+ ulf2 > ;] — E[Bo + BT x + u|d" 2z > ]
= BBl > 6,] + E[fTz|6%z > B,]
+ Eu|fTz > B,] — E[Bo|6Tx > o)
— B[pT2|6Tx > 6o] — Elu|6Tx > 6]
= Bo + E[672|3Te > 5] + 0 — fo — E[BT 26T > 6] — 0
= EB[pTz|pT2z > 3,] — E[BTx|6Tx > 6] (32)
There are following cases to consider
(i) {z: BTz > B} ={x: 6Tz > b}
Then[g”, 3.] = 6,60, dueto: o
(a) condition of identification||[5, 5-]|| = |/[9, do]|| = 1, which exclude$d, éo] = ¢[5, 5] for somec.
(b) condition that the distribution af is not contained in any proper linear subspac&®6f, which excludes
collinear elements of vectarand parameters being linear combination of other parameter

(i) {z: BTa > B} #{x: 6Ta >}

We have

B[f"x|6Tx > Br] - B3 x]6" 2 > 6]

L BT (e > 8,)] - =

E[BT21(6" x > 60))

T P[Tr > ] PoTa > &)
_ %E 4T (1(5% > 8.) —1(6Tx > 50))]

= lE T (l(ﬂTx > B AT > 00) +1(8Tx > B A6 x < 5p)
o

10Tz > 60N Tx > B;) —1(6T2 > 6o N T2 < ﬁT))]

= %E -ﬂTx (l(ﬂTx > B, N6Tx < 8g) —1(6Tx > 6o N T2 < ﬁ7)>}

- % (E [5%1(5% > f N 6Tz < 50)} ~E [ﬂTxlew > s npTe < ﬂﬁD (33)

Note that ( the proof of this fact is shown later)
PlTz > B, NoTax < bg) = P[0T > 6o N 2 < B =c¢ (34)
The constant cannot be equal to zero, because the measure of this setaenogue to the assumption that the

conditional distribution ofc has everywhere positive density. So

%(E {5%1(5% > 6. NoTx < 50)} — E[ﬁTxl(éTx >0 ATz < BT)D

c

== (E [ﬁTa:KﬁTx > B, N6Tx < 50)} - E {ﬁm(a% > 60N pe < 57)]) (35)
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Note that

Bra|(BTx > B, N6Tx < 80) > BT 2|(6Tx > 6o A BT < Br) (36)
because on the left side there is conditithz > 3, and on the right”z < 3,. So
E|BT2|(BTx > B, NoTx < 50)} > E[BT:UK(ST;U > 60 ABTe < Br) (37)
So finally
Ely|"z > 8] — Elyl6"z > 6] > 0 (38)
S0 ) )
Ely|"z > 8] — Elyl6"z > 6] > 0 (39)

So[A7, 3,] is the only one maximum of (31).
Proof. Now we prove the following fact
P72z > B, N6Tax < 6g) = P[0Tx > 6o A Tz < 3] (40)

We have
P[Tz > B,] = Pl6Tz > ) = (41)

P67z > B, A6Tx < 8] + P[BTx > B, A6Tx > &)

=P[6T2 >0 A T2 > B.] + P67 > 0o A T2 < ;]

= P[ﬂTaj > By A ol < o)

= P67z > 6o A BTz < ;] (42)
Lemma 13 M - the set of maxima df, (b, by) - is contained in arbitrary small neighborhood of po[lzjl BT], that
is 1

VE>OHM>OM C B([ﬂ7 ﬂ‘r]a E) (43)

Proof. Due to the theorem of convergence of quadratic penalty odetre know that the set of maxima % (b, bo)

converges to the set of maxima &Fod(b, by), and due to the Lemma 12 we know that the set of maxima of
mod(b, by) is equal{[3, 3]}, which completes the proof.

10.2. Compactness @
The setb, bo] : ||[b, bo]|| = 1 is sphere inRE+1, which is closed and bounded so it is compact.
10.3. The continuity of)(0)

We have
Qo(b,bo) = Ely1(b"m; > bo)] — p(E[L(b" z; > bp)] — 7)? (44)
We show that the first component is continuous with respéggtto for b, # 0 and that the expression in the square
is also continuous with respettb, to for b, # 0, which gives the continuity of the whole function which is a
superposition of continuous functions.
Lemma 14 E[1(bTxz; > by)] under assumption 2 is continuous functiorbdf, for by, # 0.
Proof. We prove this lemma fd¥, > 0. The case wheby, < 0 is similar.

E[1(bTz > by)] = /

107 > bo)dF, = / 175 + brrs > bo)dF,
RK

RK

by bT@ ~ %0 i
~ [ [z =T nemdnar = [ [ fdaadodrs (@5)
RrRE-1JR by by Rpi—1 Jbo Tz
b, bg

L B(z, ) is ball with center inz and radius-.
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The inner integral is a function af, b i by which is continuous with respect tcandb,, measurable with respect fo
and uniformly bounded. Due to the Lebesgue convergenceetreB|1(b7z; > by)] is continuous function of and
bo whenb;, > 0 and whenb,, < 0.

Lemma 15 E[y1(bTx; > by)] under assumption 2 is continuous functiorb g, for by, # 0.

Proof. The proof is similar to proof of Lemma 14. We prove lemmatipr> 0.

Ely1(b"z > bo)] = E[(Bo + 8" + u)1(b"2; > bo)]
= E[fol(b"xi > bo)] + B[ x1(b" x; > bo)] + Elul(b"w; > bo)]

= BoE[1(bT ;i > bo)] + E[BT 21 (b x; > b)) + 0 (46)

The continuity of the first component is proved in Lemma 14.phtve continuity of E[3721(bTx; > bg)]. We
have

BT 210"z > b)) = | AT21(b"x > by)dF, = ﬁTarl(ETi: + b > bo)dF,
RK

/RK 1/6Tx1 Tk > — — b—)fk(a:k|a:)da:de~ = o 1/ BT fr, (xg|%)dxpdF; 47)

The inner integral is function of, b andbg, which is continuous with respect boandbo, measurable witk: and
uniformly bounded ( because the expected value@fists). So due to the Lebesgue dominated convergencetheor
E[y1(bTx; > bo)] is continuous function of andb,, whenb,, > 0 and wherb;, < 0.

10.4. Uniform convergence a,, (6) to Qo(6)

We prove thatQ,,(/s) — Q(6o) in probability and for every > 0 we haveQ,(0) < Qo(f) + € for every
0 € © with probability approaching 1. These are the conditioagest in comment to the theorem of convergence of
M-estimators (Engle, McFadden (1999), p. 2122). First

N
Iy Zyz Tai 2 Bo) -l DU fr) =
[yl(ﬁ z; > B-)) = (BB s > ;)] — 7)° as. (48)

from the Kolmogorov strong law of large numbers and from et that if the sequence converges almost surely, then
its continuous function converges almost surely to thetionaf its limit. S0Q,,(6y) — Q(6,) almost surely.

Now we may use the uniform law of large numbers for upper sentinuous functions ( Ferguson (1996), p. 109).
Function1(b”z > by) is upper semicontinuous and it has only two valués 1. So the assumptions of the uniform
law of large numbers for upper semicontinuous functionswaee So for every > 0, Qn(a) < QO(G) + ¢ for every
0 € © almost surely.

11. Appendix B - consistency of maximum score for binomial rgression

The proofis also based on verifying assumptions of the #re@f consistency of M-estimators. The natural choice
of the function@,(0) is expected value of the functiap,, (9) defined by equation(13).

Qo(b, bo) = Ely1(b"x > bo)] — p(E[L(b"z > bo)] — 7)? (49)
11.1. The maxima of),(0)

We prove in Lemma 16 that maxima of functig(6) are contained in an arbitrary small neighborhood of point
[B, ﬁf] = ”{g ZT]H , wherej, is quantile of ordefl — 7 of variable3” z. Due to this we may use the theorem of con-

sistency of M-estimators with comment about multiple maxiofi the objective function (Engle, McFadden (1999),
p. 2124). First we show auxiliary lemma
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Lemma 16 Let

mod (b, by) = Elyl(b"z > by)] subjectto E[1(b"x > by)] =7 (50)
Functiory*?(b, by) has exactly one maximum, which is in pdifit3,], whereg, is quantile of order — 7 of 37 z.
Proof. Let us consider other vectff, §,], which also satisfies conditioR[67x > 5] = 7 and||[6, 6, ]|| = 1. We

show that it has the lower value of the criterion function.
Ely|6"z > 5] — Elyls"x > 6]
= Ely|Tz > 8] — Ely|6"x > 6]
= Elg~'(8"2)|872 > 8] — Elg~'(672)|67 2 > 6] (51)
The following cases must be considered
(i) {z: BTz >p:} ={x: 6T > b}
Then[8"z, 3:] = [6,60), dueto: o
(a) condition of identification||[3, 5;]|| = ||[9, do]|| = 1, which exclude$d, 6o] = ¢[3, 5] for somec.
(b) condition, that the distributiom is not contained in any proper linear subspace?éf, which excludes
collinear elements of and parameters being a linear combination of other paramete
(i) {z: BTox >3} #{x: 6Tz > o}
We have
Elg=' (8" )| > 6] — Blg~ (87 x) |02 > 6]
1

- -t Ta: TJ: —
R COE S Nl
1

= 18]y 570 (17 2 5 - 1670 2 60

1
P[5T$ Z 50]

Blg™ (87 2)1(6"x = b))

= %E 'g_l(ﬂ%)<1(5% > Br A 67w > 80) + 1(6Ta > B, A 67w < &)

- 1(5T_x >0 AT > Br) =167z > 8o A BT < ﬁr)ﬂ

- %E -gl(ﬂTx)<1(5Tx > 6, N6Tx < 8) — 16Tz > 6o ATz < ﬂf))]

- %(E T e 6T < 00)| — Bl (a6t 2 b 7o < 5| ) 62)
Note that

P72 > B, N6Ta < bg) = P0Tx >SNl < Br] =c¢ (53)

The constant cannot be equal to zero because the measure of this set isrnpdze to the assumption that the
conditional distribution of: has everywhere positive density. So

%(E [9—1(5%)1(5% > B, N6Tx < 50)] - E[g_l(ﬁTx)l(éTx >0 ATz < ﬂT)D

c

- < (E [g-lw%w% > B noTa < 50)] - E[g‘l(ﬁTx)l(éTx > oA BT < &)D (54)

Note that

g (B )BT > B AnTx < bo) > g7 (BT @) (6T > 60 A BT w < ) (55)
because on the left side we have conditityn: > 3, and on the righ8” 2 < 3, and functiong—!(-) is increasing.

So
E[gl(ﬁTx)KﬁTx >3, N6 < 50)} > E[gl(ﬂTx)K&Tx > 60 A BTz < ﬁT)] (56)

So finally

Ely|6"z > 8] — E[yl6"x > ] > 0 (57)

S0
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Ely|6"z > B;] — E[yl6"x > 6] > 0 (58)

So[37, 3,] is the only one maximum of function (31). o
Lemma 17 M - the set of maxima @y (b, bo) - is contained in arbitrary small neighbour 8, /-]

ve>0§|u>0]\4 - B([ﬂ~7 B‘r]’ E) (59)

Proof. Due to the theorem of convergence of quadratic penalty odetlie know that the set of maxima % (b, bo)
converges to the set of maxima @f;'>%(b,by), and due to the Lemma 16 we know that the set of maxima of
mod(h by) is equal |3, 3]}, which completes proof.

11.2. Compactnes®

The setb, bo] : ||[b, bo]|| = 1 is a sphere irX+1, which is closed and bounded, so compact

11.3. The continuity of)(6)

We have
Qo(b,bo) = Ely1(b"x; > by)] — w(E[L(bTx; > by)] — 7)? (60)
We show that the first component is continuous with respeét tg for b, # 0. The expression in square is also
continuous with respect tb by for b, # 0 (this fact was shown in the proof for linear regression), chhgives
continuity of the whole function as superposition of thetommous functions.

Lemma 18 E[y1(bTx; > by)] under assumption 4 is continuous functiorb gf, for b, # 0.
Proof. The proof is similar to the proof of Lemma 14. Similarly weope lemma fob;, > 0.

E[y1(bTz > by)] = E[g~ (BT 2)1(b" z; > bo)] (61)

We have

By (B0 = bl = [ g7 010 > b)dF,

= / g7 (BT x)L(b" E + by, > bo)dFy
RK

T bo i 3
= g (B x)L(xg > — — —) fr(ag|T)derdF;
rE-1JR br b
— [ [ g ) e donar (62)
RK-1J20 _ bz
b, bp

The inner integral is a function af, b i by which is continuous with respect toandb,, measurable with respect
to Z and uniformly bounded, becauge! is bounded and measurable. Due to the Lebesgue converderurerin
E[1(bTx; > bo)] is a continuous function df andb, whenb;, > 0 and wherb;, < 0.

11.4. Uniform convergence a,, (6) to Qo(6)

We have
Ely1(bTz; > bo)] — p(E[1 (0T z; > bo)] — 7)?
P[Bo+ BTz +u>0AbTz > bl - )
= — S > —
PbTa > byl p(P[b" i > bo] — ) (63)
and
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—Zyl (bT2; > bo) — Zlbxl>bo—7)

_ PN[ﬁo+ﬁTx+u20/\bTa: Zbo] B
Py [bTx > bo]
Every set, the probability of which is calculated above, Isatfspace or a sum of two halfspaces. We may use the

theorem of Rao (Rao R. R. (1962), p. 675), and obtain thetrdgatlthe elements of (64) converge to corresponding
elements of (63) uniformly ih andby.

/.L(PN [bT.237 Z bo] - 7')2 (64)

12. Appendix C - consistency of maximum score for truncatedegression

The proof of this theorem is similar to the proof of consistefor linear regression. However it must be commented.
Claim 19 The conditional expected valuewin the truncated regression model is given by

Elyly > C]
1
= WE[yl(y > C)]
Pl ot us o L+ 8zt ul{fo+ B atu>0)
— 1 T " .
P[Bo + Tz +u > C] (E[(ﬂo—’—ﬂ 2)1(fo+ 4"z +u>C) + Eul(Bo+ 57z +u> C)])
— 1 T - .
Pl[Bo+ Tz +u > C] ((50+5 2)P[Bo + 07z +u > Cl + E[ul(fo + 8 x+u>C)]>
1 o0
- T
=0+ 0B x+ 1—F,(C—By—BTz) /0_50_5% udF, (65)
Note that for fixedr, we have
F,(C — By — BTx) — 0 for By + 'z — oo (66)
/OO UdFuHE[u]:Ofor 50+5T:C—>oo (67)
C—Bo—BTx

Note that the distributiort’, may depend on (heteroskedascity) so not always the last term in (65) cgieseto
zero whenj, + 37z increases. The additional set of assumptions is necessanysure this property. However if

1 /OO T
udF,,, — 0 for + 07— o0 68
1 — Fyo(C = Bo = Tx) Jo_py—pTa | ot (68)

then argmag), (9) whenr decreases, so for sufficiently large valuegigf- 37z, converges td3, 3,], like in case of
linear regression.

13. Appendix E - consistency of OLS applied to restricted sapie

Proof. We use Claim 19. Becausghy i Byn are consistent estimators/éfandBT then

]- *° n—oo

Fuja(C = Bon — By) Jo—pon—p2a
1 /00
udFy, 69
FUI:E(C - 60 - ﬁTﬂf) C—Bo—pTx | ( )
with probability 1.
Then X .
udFum—>Ofor6 —i—ﬂTJj—)oo 70
U\ (C ﬂO - ﬂTx) /CﬁoﬁTw | 0 ( )
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So using (69) and (70) we obtain

1 o0
lim lim / udFy . =0 (71)
N—oo ﬂL)N+/3]’1\;1'—>oo 1-— E,lT(C — ﬁON - ﬁ]j\;x) C_ﬂON—ﬂg.’E I
with probability 1.
We may use the theorem for omitted variable problem (Green@¥03), p. 148) and as omitted variakigfrom
this theorem we take

T ‘,‘(cl—ﬂo—ﬁ%) f(‘;"_ﬁo_ﬂ” udF,,. with parametef, = 1. So the bias convergesto zero fér— oo andr — 0.
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