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Abstract

When a pair of independent series are highly persistent, there is a spurious regression

bias in a regression between these series, closely related to the classic studies of Granger and

Newbold (1974). Although this is well known to occur with independent I(1) processes, this

paper finds evidences that spurious regressions also arise in the regressions between stable

AR(p) processes with structural breaks in the means and the trends. An intuition behind

this is that structural breaks can increase the persistence levels in the processes (see, e.g.,

Granger and Hyung (2004)), which then lead to spurious regressions. These phenomena occur

for general distributions and serial dependence of the innovation terms.
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Autoregressive processes
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1 Introduction

Simulation studies of Granger and Newbold (1974) warned that spurious relations may be found

between the levels of trending time series that are actually independent. Later, Phillips (1986,
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1998) provide an elegant asymptotic framework that vindicates the simulation results. Applied

economists become increasingly aware of this problem. For instance, Ferson et al. (2003) find that

many predictive stock return regressions in the literature, based on individual predicting variables,

may be spurious.

It has been known for some time that the spurious regressions do not hold only for independent

random walks, but also for other persistent processes, such as high-order integrated processes (see,

e.g., Marmol (1995), among others), fractionally integrated processes (see, e.g., Tsay and Chung

(1999), among others), I(1) processes with infinite variance errors (see Tsay (1999)), and positively

autocorrelated processes on long moving averages (see Granger et al. (2001)).

The goal of the current paper is to investigate the possible existence of spurious relations in a pair

of stable AR(p) processes with weakly dependent innovations and structural breaks in the means

and the trends. (It should be noted at this point that the term ‘stable’ has a specific meaning

in probability theory – ‘stable’ random variable means a random variable with infinite variance.

Here we use this term to mean that AR(p) processes, after being demeaned and detrended, become

strictly stationary.) It is shown, using both simulations and asymptotic theory, that the strength of

these spurious relationships varies a little with sample sizes. The proofs of our main results call for

the need of developing new strong laws of large numbers (SLLN) for weakly dependent processes and

their bivariate products. Therefore, the contribution of this paper is twofold. First, we prove general

SLLNs with minimum necessary conditions. Second, we apply these SLLNs to derive the asymptotic

properties of the well-known statistics for the bivariate regression models with independent response

and covariate variables.

Our analytical framework, although simplified in a number of respects – such as only one break

point is considered per se, proves tractable in addressing the main issues of spurious regressions. The

framework with many break points can be immediately extended without much efforts. Hitherto,

the plan of this paper is as follows: Section 2 deals with structural breaks in means; Section 3

deals with structural breaks in trends; Section 4 provides some simulation evidences; and Section

5 concludes this paper. Last but not least, results of technical flavor but essential for the paper are
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collected in the appendices at the end of the paper.

2 Spurious Regression with Structural Breaks in Mean

The data generating processes (DGPs) for two independent time series are defined as follows:

A(L)xt = αx1{t > [Tτx]}+ ut,

B(L)yt = αy1{t > [Tτy]}+ vt, (2.1)

where A(L) and B(L) are lag polynomials with roots outside the unit circle. Without any loss

of generality, let us assume that the break points satisfy τx ≤ τy; and the innovation terms are

contemporaneously independent and fulfill Assumption 1 stated below.

Assumption 1. The vector of stochastic sequences, Ut = (ut, vt), is strictly stationary with E[U0] =

0 and E[|U0|p] < ∞ for any p ≥ 2. Moreover, the mixing coefficient of Ut, φt or αt, satisfies the

following summability condition:

∞∑
t=1

φ
p−1

p

t <∞ or
∞∑

t=1

α
p−2

p

t <∞, respectively.

A typical example of stochastic sequences, satisfying Assumption 1, is a MA process
∑∞

j=0 ψjεt−j,

where εj are IID.

Eq. (2.1) can be rewritten as

xt = A−1(L)αx1{t > [Tτx]}+ A−1(L)ut,

yt = B−1(L)αy1{t > [Tτy]}+B−1(L)vt.

Let us define the following inverse lag operators: A∗(L) = A−1(L) and B∗(L) = B−1(L). An

application of the Beveridge-Nelson (BN) decomposition, A∗(L) = A∗(1)+A�(L)(1−L) andB∗(L) =
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B∗(1) +B�(L)(1− L), yields

A∗(L)ut = A∗(1)ut + ∆u∗t

B∗(L)vt = B∗(1)vt + ∆v∗t ,

where u∗t = A�(L)ut and v∗t = B�(L)vt with A� and B� having their roots outside the unit circle.

Now, let us consider the following regression equation:

yt = γ̂ + β̂xt + ŵt,

where γ̂, β̂ and ŵt are the OLS estimators, defined as

β̂ =

∑T
1 yt(xt − x)∑T
1 (xt − x)2

,

γ̂ = y − β̂x,

ŵt = yt − γ̂ − β̂xt.

The limiting behaviors of regression statistics are stated in Theorem 1 below.

Theorem 1. As the sample size T goes to infinity, we have

β̂
a.s.−→ A∗(1)B∗(1)αxαyτx(1− τy)

A∗2(1)σ2
u + Ω∆u∗ + τx(1− τx)A∗

2(1)α2
x + 2A∗(1)Ωu∆u∗

= B.

γ̂
a.s.−→ (1− τy)αyB

∗(1)−B(1− τx)αxA
∗(1) = D.

T−1/2tβ̂ =
β̂

ŝ
(
T−1

∑T
t=1(xt − x)2

)−1/2

a.s.−→ B

C
,
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where

ŝ2 = T−1

T∑
1

[
(y1 − y)− β̂(xt − x)

]2 a.s.−→ B∗(1)2σ2
v + σ2

∆v∗ + τy(1− τy)α
2
yB

∗2(1) + 2B∗(1)Ωv∆v∗

−
τ 2
x(1− τy)

2α2
xα

2
y [A∗(1)B∗(1)]2

A∗2(1)σ2
u + Ω∆u∗ + τx(1− τx)A∗

2(1)α2
x + 2A∗(1)Ωu∆u∗

= S

C =

{
A∗2(1)σ2

u + Ω∆u∗ + τx(1− τx)A
∗2(1)α2

x + 2A∗(1)Ωu∆u∗

S

}1/2

.

T−1/2tγ̂ =
γ̂

ŝ

(
T−1

∑T
t=1(xt − x)2

)1/2

(
T−1

∑T
t=1 x

2
t

)1/2

a.s.−→ D

E
,

with

E =

 S

1− (1−τx)2αxA∗(1)

A∗2(1)σ2
u+Ω∆u∗+τx(1−τx)A∗2(1)α2

x+2A∗(1)Ωu∆u∗


1/2

.

Finally, the sample autocorrelation of the residuals is given by

r̂s =

∑T
s+1 ŵtŵt−s∑T

1 ŵ
2
t

a.s.−→ F

S
,

where

F = B∗2(1)α2
yτy(1− τy) +B∗2(1)E[v0vs] + Ω∗∆v∗ +B∗(1)

(
Ω1.v∆v∗ + Ω2.v∆v∗

)
+ B2

(
A∗2(1)α2

xτx(1− τx) +B∗2(1)E[u0us] + Ω∗∆u∗ + A∗(1) (Ω1.v∆v∗ + Ω2.u∆u∗)
)

− B (τx(1− τy)αxαyA
∗(1)B∗(1) + τy(1− τx)αxαyA

∗(1)B∗(1)) .
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The variance covariance quantities are defined as follows:

lim
T−→∞

T−1

T∑
1

u2
t = σ2

u,

lim
T−→∞

T−1

T∑
1

∆2u∗t = Ω∆u∗ ,

lim
T−→∞

T−1

T∑
1

ut∆u
∗
t = Ωu∆u∗ ,

lim
T−→∞

T−1

T∑
1

ut∆u
∗
t+s = Ω1.u∆u∗ ,

lim
T−→∞

T−1

T∑
1

ut+s∆u
∗
t = Ω2.u∆u∗ ,

and lim
T−→∞

T−1

T∑
1

∆u∗t ∆u
∗
t+s = Ω∗∆u∗ .

Also note that covariance quantities, Ω∗∆u∗ , Ω∗∆v∗ , Ω1.u∆u∗ , Ω2.u∆u∗ , Ω1.v∆v∗, and Ω2.v∆v∗, vanish

when the time lag, s, approaches infinity.

Proof. The proof is presented in the appendix.

It is worth noting that, if there are no structural breaks in the means, in view of the previous

theorem we obtain

T−1

T∑
t=1

xtyt
a.s.−→ αxαyA

∗(1)B∗(1),

T−1

T∑
t=1

xt
a.s.−→ αxA

∗(1),

T−1

T∑
t=1

yt
a.s.−→ αyB

∗(1).
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And if xt has structural breaks whilst yt does not, we obtain

T−1

T∑
1

xtyt
a.s.−→ αxαy(1− τx)A

∗(1)B∗(1),

T−1

T∑
1

xt
a.s.−→ (1− τx)αxA

∗(1),

T−1

T∑
1

yt
a.s.−→ B∗(1)αy.

The above limits imply that β̂
a.s.−→ 0. Hence, no spurious regressions occur.

3 Spurious Regression with Structural Breaks in Trend

Let us consider the following DGPs:

A(L)xt = αx + µxt+ µx,b(t− [Tτx])1{t > [Tτx]}+ ut,

B(L)yt = αy + µyt+ µy,b(t− [Tτy])1{t > [Tτy]}+ vt, (3.1)

where lag polynomials, A(L) and B(L), have roots outside the unit circle. And τx < τy with the

innovation terms ut and vt, satisfying Assumption 1.

A BN decomposition of the inverse lag operator A∗(L) and B∗(L) yields

xt = A∗(1)αx + µx (A∗(1)t+ A�(1)) + µx,b (A∗(1)(t− [Tτx]) + A�(1))1{t > [Tτx]}+ A∗(1)ut + ∆u∗t ,

yt = B∗(1)αy + µy (B∗(1)t+B�(1)) + µy,b (B∗(1)(t− [Tτy]) +B�(1))1{t > [Tτy]}+B∗(1)vt + ∆v∗t ,

where u∗t , v
∗
t , A

�, and B� are defined in Section 2.

Now we can formulate the following regression equation:

yt = γ̂1 + γ̂2t+ β̂xt + ŵt,
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where the OLS estimates are given as


γ̂1

β̂

γ̂2

 =


T

∑T
1 xt

∑T
1 t∑T

1 xt

∑T
1 x

2
t

∑T
1 txt∑T

1 t
∑T

1 txt

∑T
1 t

2


−1 

∑T
1 yt∑T

1 xtyt∑T
1 tyt

 . (3.2)

The limiting behaviors of regression statistics are stated in Theorem 2 below.

Theorem 2. As the sample size T goes to infinity, we have

T−1γ̂1
a.s.−→ γ

(lim)
1 ,

β̂
a.s.−→ β(lim),

γ̂2
a.s.−→ γ

(lim)
2 ,

T−2ŝ2 a.s.−→ b4 + γ
(lim)
2

2
a33 + β(lim)2a22 − 2γ

(lim)
1 b1 − 2γ

(lim)
2 b3 − 2β(lim)b2 + 2γ

(lim)
2 γ

(lim)
1 a13

+ 2β(lim)γ
(lim)
1 a12 + 2γ

(lim)
2 β(lim)a23 = s(lim)2.

The limits of the t tests are given by

T−1/2tγ̂1

a.s.−→ γ
(lim)
1

σ
(lim)
γ1

,

T−1/2tβ̂
a.s.−→ β(lim)

σ
(lim)
β

,

T−1/2tγ̂2

a.s.−→ γ
(lim)
2

σ
(lim)
γ2

,

where 
γ

(lim)
1

β(lim)

γ
(lim)
2

 = A−1B,
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with A is a nonsingular symmetric matrix, defined as

A =


1 a12 a13

a21 a22 a23

a31 a32 a33


and

B′
= [b1, b2, b3] ,

(the definitions of A and B will be given in the proof.)

σ(lim)
γ1

2
= s(lim)I(1)A−1I′(1),

σ
(lim)
β

2
= s(lim)I(2)A−1I′(2),

σ(lim)
γ2

2
= s(lim)I(3)A−1I′(3),

(the notation I(i) denotes the vector in which the i-th element is 1 and the other elements are 0.)

The limit of the coefficient of determination is given by

R2 = β̂2

∑T
1 (xt − x)2∑T
1 (yt − y)2

a.s.−→ β(lim)

{
b1
a12

}2

.

The limit of the sample autocorrelation of residuals is given by

r̂s =

∑T
1+s ŵt−sŵt∑T

1 ŵ
2
t

a.s.−→

b4 + β(lim)2a22 − 2
{
β(lim)b2 − γ

(lim)
2 b3 − γ

(lim)
1 b1 + β(lim)γ

(lim)
1 a12

+β(lim)γ
(lim)
2 a23 + γ

(lim)
1 γ

(lim)
2

∫ 1

0
sds
}

+ γ
(lim)
1

2

s(lim)2
.

Note that, if xt has structural breaks whilst yt does not, the results in Theorem 2 still hold, with
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b1, b2, b3 and b4 being replaced by

b1 = µyB
∗(1)

∫ 1

0

sds,

b2 = A∗(1)B∗(1)

(
µxµy

∫ 1

0

s2ds+ µxbµy

(∫ 1

τx

s2ds− τx

∫ 1

τx

sds

))
,

b3 = µyB
∗(1)

∫ 1

0

s2ds,

b4 = µ2
yB

∗2(1)

∫ 1

0

s2ds.

4 Simulations

In this section, we present some small simulations to confirm the above theoretical findings. In the

sequel, we run two regressions

yt = γ + βxt + wt (4.1)

and

yt = γ1 + γ2t+ βxt + wt, (4.2)

where xt and yt follow AR(1) processes with structural breaks in the means and the trends, as

defined in Eq. (3.1). First, we consider the case with structural breaks in the mean (cf. (4.1)). Then,

we consider the case with structural breaks in the trend (cf. (4.2)).

Structural Break in Mean

We generate the two following processes:

xt = φxxt−1 + αx1{t > [Tτx]}+ ut,

yt = φyyt−1 + αy1{t > [Tτy]}+ vt, (4.3)

where τx = 0.4, τy = 0.8, αx = 1.0, αy = 2.0, φx = 0.8, and φy = 0.75. In this simulation,

we assume that the processes ut and vt are independent white noises for illustration purposes.
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This is unfortunately because simulations for general weakly dependent innovations may be quite

complicated to implement.

The processes (4.3) are initialized with x0 = 10 and y0 = 10. In order to show the conver-

gence of the estimates of the regression coefficients γ̂ and β̂, their t-statistics tγ and tβ, and serial

correlation coefficient r̂s to their limiting values, we simulate data with increasing sample size,

T = 1, 000 to 2, 000, 000, from the processes xt and yt. The true limiting values, the simulated mean

values of the OLS statistics, and their 95% confidence bounds are presented in Table 1 and Figure

1.

Structural Break in Trend

To illustrate the case with structural breaks in the trends, we simulate the following two processes:

xt = φxxt−1 + αx + µxt+ µx,b(t− [Tτx])1{t > [Tτx]}+ ut,

yt = φyyt−1 + αy + µyt+ µy,b(t− [Tτy])1{t > [Tτy]}+ vt, (4.4)

where τx = 0.4, τy = 0.8, αx = 1.0, αy = 2.0, φx = 0.8, φy = 0.75, µx = 0.2, µx,b = 0.1, µy = 0.3,

µy,b = 0.05, with ut and vt are, as before, independent white noises. Using the same initializations as

in the previous simulation, x0 = 10 and y0 = 10, we run the regression (4.2) with the data simulated

from (4.4) and estimate the OLS statistics. We repeat the simulation 1,000 times to compute the

mean values and the 95% confidence bounds of the OLS coefficients γ̂1, γ̂2 and β̂, their t-statistics,

the autocorrelation coefficient of the residuals, and the determination coefficient R2. The results are

provided in Table 2 and Figure 2.

5 Discussion and conclusion

Although the specification we adopt in this paper may omit some potential features of the data, such

as ARCH effects, we find that using this fairly standard AR(p) framework allows us to successfully

address the questions whether spurious regressions occur in the presence of structural breaks. In

summary, the main contributions in this paper are 1) to show the evidences of spurious regressions
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in the presence of structural breaks by proving the limiting properties of the standard OLS statistics

and 2), more importantly, to prove new SLLNs with minimum necessary conditions as the tools to

tackle the stochastic limits of the OLS statistics.
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Tables and Figures

Table 1: Simulation result: structural breaks in the mean

This table presents the simulation results for the OLS statistics convergence under a structural break
in the mean. We perform this exercise to demonstrate the convergence of the mean of OLS statistics to
their limiting values, computed from Theorem 1. First, two independent AR(1) processes, defined in Eq.
(4.3), are simulated, given τx = 0.4, τy = 0.8, αx = 1.0, αy = 2.0, φx = 0.8, φy = 0.75, x0 = 10, and
y0 = 10. Then the OLS coefficients, their t-statistics, and the serial correlations of regression residuals are
estimated from these simulated data. This procedure is repeated 1,000 times to generate standard errors
of the mean of estimates and their 95% confidence bounds. Standard errors are given in parentheses.

T γ̂ β̂ t̂γ t̂β r̂s, s = 1

1,000 0.373060
(2.1583·10−3)

0.484633
(7.7631·10−3)

0.330414
(2.0393·10−3)

0.101586
(1.6321·10−3)

0.935153
(1.9975·10−4)

10,000 0.364988
(6.6433·10−4)

0.503534
(2.3915·10−3)

0.321041
(6.2668·10−4)

0.105044
(5.0354·10−4)

0.942552
(6.0014·10−5)

50,000 0.364193
(2.9574·10−4)

0.506336
(1.0741·10−3)

0.320185
(2.7739·10−4)

0.105572
(2.2595·10−4)

0.943115
(2.6024·10−5)

100,000 0.364738
(2.0771·10−4)

0.505706
(7.3285·10−4)

0.320596
(1.9269·10−4)

0.105434
(1.5498·10−4)

0.943121
(1.8258·10−5)

200,000 0.364592
(1.5281·10−4)

0.506516
(5.5929·10−4)

0.320566
(1.4125·10−4)

0.105626
(1.1764·10−4)

0.943150
(1.2725·10−6)

500,000 0.364675
(9.3489·10−5)

0.506062
(3.3443·10−4)

0.320572
(8.6915·10−5)

0.105514
(7.0744·10−5)

0.943178
(8.2400·10−6)

1,000,000 0.364507
(6.7257·10−5)

0.506276
(2.4530·10−4)

0.320415
(6.3082·10−5)

0.105554
(5.1475·10−5)

0.943182
(5.7439·10−6)

2,000,000 0.364501
(4.9601·10−5)

0.506574
(1.7977·10−4)

0.320435
(4.5505·10−5)

0.105625
(3.8107·10−5)

0.943186
(4.1485·10−6)

5,000,000 0.364515
(2.9319·10−5)

0.506203
(1.0745·10−4)

0.320436
(2.7341·10−5)

0.105540
(2.2555·10−5)

0.943183
(2.5422·10−6)

Limit
Value

0.364557 0.506329 0.320468 0.105564 0.943194
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Figure 1: Convergence of the OLS statistics: structural breaks in the mean

This figure shows the plots of the mean OLS statistics (black line) and their 95% confidence bounds (red
lines) of the regression yt = γ +βxt +wt. The processes yt and xt are independent AR(1) processes, defined
in Eq. (4.3), with τx = 0.4, τy = 0.8, αx = 1.0, αy = 2.0, φx = 0.8, φy = 0.75, x0 = 10, and y0 = 10. As
the number of observations, T , increases, the OLS statistics converge to their limiting values (blue dashed
line), computed from Theorem 1.
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Figure 2: Convergence of estimates: stuctural breaks in trend

This figure shows the plots of the mean OLS statistics (black line) and their 95% confidence bounds (red
line) of the regression yt = γ + βxt + wt. The processes yt and xt are independent AR(1) processes, as
defined in Eq. (4.3), with τx = 0.4, τy = 0.8, αx = 1.0, αy = 2.0, φx = 0.8, φy = 0.75, µx = 0.2, µx,b = 0.1,
µy = 0.3, µy,b = 0.05, x0 = 10, and y0 = 10. As the number of observations, T , increases, the OLS statistics
converge to their limiting values (blue dashed line), computed from Theorem 2.

16



Appendices: Proofs

Useful lemmas

Proofs of Theorems 1 and 2 are based on the lemmas, which we shall state below.

Lemma 1 (SLLN for strictly stationary processes). Let Xt denote a strictly stationary process.

Suppose that

E[X0] = 0,

E[|X0|p] < ∞,

and
∞∑

t=1

γt(p) <∞ for some p ≥ 2, (5.1)

where γt(p) = ||E[Xt|F0]|| p
p−1

. (The notation ||X||p =
[
E[|X|p]

]1/p
stands for Holder’s norm.) Then

1

T

T∑
t=1

Xt
a.s.−→ 0.

Proof. Let us define the following random sequences:

ηt =
∑
s≥t

E[Xs|Ft],

ζt =
∑
s≥t

{E[Xs|Ft]− E[Xs|Ft−1]
}
.

Then,

1

T

T∑
t=1

Xt =
1

T

T∑
1

ζt +
η1 − ηT+1

T
.

First, we need to show that

η1 − ηT+1 = oa.s.(T ). (5.2)

17



By Holder’s inequality and (5.1), we have

||ηt|| p
p−1

= ||
∑
s≥0

E[Xs|F−1]|| p
p−1

= ||
∑
s≥0

E
[
E[Xs|F−1]|F0

]
|| p

p−1

≤
(∑

s≥0

E|E[Xs|F−1]|
p

p−1

) p−1
p
<∞.

Hence, in view of Lehmann and Romano (2005, Prob. 11.29), we obtain limT−→∞
h−→∞

{E[min(|η1 −

ηT+1|, h)]− E|η1 − ηT+1|} = 0. Then, an application of the Markov inequality yields (5.2).

Next, because E[ζt|Ft−1] = 0, ζt is a martingale difference sequence (mds). We need to show

that
1

T

T∑
t=1

ζt
a.s.−→ 0. (5.3)

By the SLLN for mds (see, e.g., White (1980, p. 58)), we only need to verify that E|ζ1|2 <∞, which

is straightforward in view of the following equality:

E|ζ1|2 = E[X2
0 ] + 2

∑
t≥1

E[X0Xt],

which is the standard formula for the variance of a strictly stationary stochastic sequence.

Let us recall definitions of the mixing coefficients φt, αt, and ρt (see, e.g., White (1980)).

1. The uniform strongly mixing coefficient:

φt = sup
A∈Ft

0, B∈F∞t+1

|P (B|A)− P (B)|, (5.4)

where F t
s = σ{Xs, Xs+1, . . . , Xt}.

2. The strongly mixing coefficient:

αt = sup
A∈Ft

0, B∈F∞t+1

|P (A
⋂

B)− P (A)P (B)|. (5.5)

18



3. The maximal correlation coefficient:

ρt = sup
X∈Ft

0, Y ∈F∞t+1

Cov(X,Y ) (5.6)

Corollary 1. Let E|X0|p <∞. Suppose that one of the following assumptions holds:

∞∑
t=1

φ
p−1

p

t < ∞ for some p ≥ 2. (5.7)

∞∑
t=1

α
p−1

p

t < ∞ for some p > 2. (5.8)

∞∑
t=1

ρ
1/2
t < ∞. (5.9)

Then
1

T

T∑
t=1

Xt
a.s.−→ 0.

Proof of Corollary 1. The proof follows from Lemma 1 and the following inequalities:

γt(p) ≤ 2φ
p−1

p

t ||X0||p for some p ≥ 2, (5.10)

γt(p) ≤ 2(21/p + 1)α
p−2

p

t ||X0||p for some p > 2, (5.11)

γt(2) ≤ ρ
1/2
t . (5.12)

(See, e.g., McLeish (1975).)

Corollary 1 is the same as the SLLN established by McLeish (1975). Nevertheless, the absolute

moments condition (5.1) is much weaker than the mixing coefficients conditions (5.7) - (5.9). This

is because the conditions (5.7) - (5.9) implies the condition (5.1), and the converse is not so true.

Corollary 2. Let one of the assumptions stated in Corollary 1 hold. Then, we have

1

T

T∑
t=1

XtXt+s
a.s.−→ E[X0Xs].

19



In addition, suppose that ||A(1)||1 <∞. Then, we have

1

T

T∑
t=1

Xt+sX
∗
t

a.s.−→ A(L)E[X0Xs],

where X∗
t = A(L)Xt.

Proof of Corollary 2. Let us define

S∗T =
1

T

T∑
t=1

{XtXt+s − E[X0Xs]},

where, by strict stationarity, E[XtXt+s] = E[X0Xs]. For the first part, in view of Lemma 1 we need

to verify the following two conditions:

E[X0Xs − E[X0Xs]]
p <∞ (5.13)

and
∞∑

t=1

γ∗t (p) <∞, (5.14)

where γ∗t (p) = ||E[X0Xs|Fs−t]− E[X0Xs]|| p
p−1

.

First, by Minkowski’s inequality, we obtain

||X0Xs − E[X0Xs]||p ≤ E[X0Xs] + ||X0Xs||p.

Holder’s inequality yields

||X0Xs||p ≤ ||X2
0 ||p <∞ for any p ≥ 1.

Hence, Eq. (5.13) is proved.

Next, by the inequalities for mixingales in (McLeish, 1975), we obtain

∞∑
t=1

||E[X0Xs|Fs−t]− E[X0Xs]|| p
p−1

≤ 2φ̂
p−1

p (F+∞
s ,F s−t

−∞)||X0Xs||p for some p > 2,

∞∑
t=1

||E[X0Xs|Fs−t]− E[X0Xs]|| p
p−1

≤ 2(21/p + 1)α̂
p−2

p

t (F+∞
s ,F s−t

−∞)||X0Xs||p.

20



Because Xs is Fs measurable and X0Xs is a finite stretch of Xs, the product process X0Xs is also

Fs measurable. Hence, the mixing coefficients φT −→ 0 and αT −→ 0 imply φ̂T −→ 0 and α̂T −→ 0,

respectively. As a result, the summability of φ̂t and α̂t holds. Eq. (5.14) follows.

For the second part, let A(L) =
∑K

s=0AsL
s. The second part follows by applying the first part

K times. The condition ||A(1)||2 <∞ purports to ensure that
∑K

s=0AsL
sE[X0Xt] <∞.

Corollary 3. Let all the assumptions in Lemma 1 hold. Then

1

T

T∑
t=1

XtXt+s
a.s.−→ 0, as s −→∞.

Proof of Corollary 3. We need to show that

∞∑
t=1

γ∗t <∞, as s −→∞. (5.15)

Eq. (5.15) can be rewritten as

∞∑
t=1

γ∗t (p) ≤
s∑

t=1

||E[X0Xs|Fs−t]− E[X0Xs]|| p
p−1︸ ︷︷ ︸

I

+
∞∑

t=s+1

||E[X0Xs|Fs−t]− E[X0Xs]|| p
p−1︸ ︷︷ ︸

II

.(5.16)

By strictly stationarity, The first term, I, can be rewritten as

I ≤ ||X0|| p
p−1

s∑
t=1

||E[X0|F−t||p

Noting that, under the assumptions of Lemma 1, it is straightforward to verify that E[X0|F−∞] =

limT−→∞ |E[X0|F−T | = 0 a.s.. Accordingly, we obtain

I <∞ as s −→∞.

An application of Minkowski’s inequality yields

||E[X0Xs|Fs−t]|| p
p−1

≤ ||E[X0Xs|Fs−t]|| p
p−1

+ E[X0Xs].
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Furthermore, by Holder’s inequality we have

E[X0Xs|Fs−t] ≤
{
E[|X0|

p
p−1 |Fs−t]

} p−1
p
{
E [|E[Xs|F0]|p|Fs−t]

} 1
p ,

for t > s and p > 1. Hence

||E[X0Xs|Fs−t]|| p
p−1

≤ |E[Xs|F0]|
{
E
∣∣∣E[|X0|

p
p−1 |Fs−t]

∣∣∣ p−1
p−2 } p−2

p .

for some p > 2. By a similar argument, we have

E[X0Xs] = E[X0E[Xs|F0]] ≤ ||X0|| p
p−1
||E[Xs|F0]||p.

It follows that the second term, II, satisfies

II ≤ (T − s)||X0|| p
p−1
||E[Xs|F0]||p + |E[Xs|F0]|

∞∑
t=1+s

{
E
∣∣∣E[|X0|

p
p−1 |Fs−t]

∣∣∣ p−1
p−2 } p−2

p .

By strictly stationarity condition and the assumptions of Lemma 1, we obtain E[X0|F−∞] =

E[X+∞|F0] = 0. Accordingly,

II = 0

Therefore, (5.15) is proved.
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Proof of Theorem 1

The OLS estimates of the regression coefficients can be rewritten as

β̂ =
T−1

∑T
1 xtyt − xy

T−1
∑T

1 (xt − x)2
, (5.17)

γ̂ = y − β̂x, (5.18)

ŝ2 = T−1

T∑
1

(yt − y)2 − β̂2T−1

T∑
1

(xt − x)2, (5.19)

T−1/2tβ̂ =
β̂

s
(
T−1

∑T
1 (xt − x)2

)−1/2
, (5.20)

T−1/2tγ̂ =
α̂

ŝ

(
T−1

∑T
1 (xt − x)2

)1/2

(
T−1

∑T
1 x

2
t

)1/2
, (5.21)

r̂s =

∑T
1+s ŵtŵt−s∑T

1 ŵ
2
t

, (5.22)

where

T−1

T∑
1

(xt − x)2 = x2 − (x)2.

1.

T−1

T∑
1

xtyt = T−1

[Tτx]∑
1

+

[Tτy ]∑
[Tτx]+1

+
T∑

[Tτy ]+1

xtyt = T−1

[Tτx]∑
1

(A∗(1)ut + ∆u∗t )(B
∗(1)vt + ∆v∗t )

+ T−1

[Tτy ]∑
[Tτx]+1

(A∗(1)αx + A∗(1)ut + ∆u∗t )(B
∗(1)vt + ∆v∗t ) + T−1

T∑
[Tτy ]+1

(A∗(1)αx

+ A∗(1)ut + ∆u∗t )(B
∗(1)αy +B∗vt + ∆v∗t ) = I + II + III.

Since ut and vt are independent, ||E[utvt|F0]|| p
p−1

= ||E[ut|F0]|| p
p−1
||E[vt|F0]|| p

p−1
. Thus, As-

sumption 1 implies that utvt satisfies Condition 5.1, i.e. T−1
∑T

1 utvt
a.s.−→ 0. Similarly, we have
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T−1
∑T

1 ∆u∗t ∆v
∗
t

a.s.−→ 0. This results in

I
a.s.−→ 0,

II
a.s.−→ 0,

III
a.s.−→ A∗(1)B∗(1)αxαy(1− τy).

Thus,

T−1

T∑
1

xtyt
a.s.−→ A∗(1)B∗(1)αxαy(1− τy). (5.23)

A similar argument yields

T−1

T∑
1

xt
a.s.−→ (1− τx)A

∗(1)αx, (5.24)

T−1

T∑
1

yt
a.s.−→ (1− τy)B

∗(1)αy. (5.25)

2. Since

x2
t = A∗2(1)α2

x1{t > [Tτx]}+ A∗2(1)u2
t + ∆2u∗t

+ 2A∗2αx1{t > [Tτx]}ut + 2A∗(1)∆u∗t1{t > [Tτx]}+ 2A∗(1)ut∆u
∗
t

and

T−1

T∑
1

u2
t

a.s.−→ σ2
u,

T−1

T∑
1

∆2u∗t
a.s.−→ Ω∆u∗ ,

T−1

T∑
1

ut∆u
∗
t

a.s.−→ Ωu∆u∗

24



by Corollary 1 and 2, we have

T−1

T∑
1

x2
t

a.s.−→ A∗2(1)σ2
u + Ω∆u∗ + τx(1− τx)A

∗2(1)α2
x + 2A∗(1)Ωu∆u∗ . (5.26)

A similar argument yields

T−1

T∑
1

y2
t

a.s.−→ B∗2(1)σ2
v + Ω∆u∗ + τy(1− τy)B

∗2(1)α2
y + 2B∗(1)Ωu∆u∗ . (5.27)

3.

T−1

T∑
s+1

ŵtŵt−s = T−1

T∑
s+1

(yt − y)(yt−s − y) + β̂2T−1

T∑
s+1

(xt − x)(xt−s − x)

− β̂T−1
[ T∑

s+1

(yt − y)(xt−s − x) +
T∑

s+1

(yt−s − y)(xt − x)
]

= I + II − β̂(III + IV ).

First, we have

I = T−1

T∑
s+1

ytyt−s + y

(
T−1

T∑
s+1

yt + T−1

T∑
s+1

yt−s

)
,

II = T−1

T∑
s+1

xtxt−s − x

(
T−1

T∑
s+1

xt + T−1

T∑
s+1

yt−s

)
,

III = T−1

T∑
s+1

xt−syt − x y,

IV = T−1

T∑
s+1

xtyt−s − x y.
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An application of Corollary 2 yields

T−1

T∑
1

vtvt+s
a.s.−→ E[v0vs],

T−1

T∑
1

∆v∗t ∆v
∗
t+s

a.s.−→ Ω∗∆v∗ ,

T−1

T∑
1

vt∆v
∗
t+s

a.s.−→ Ω1.v∆v∗ ,

T−1

T∑
1

vt+s∆v
∗
t

a.s.−→ Ω2.v∆v∗ .

Therefore, we have

I
a.s.−→ B∗2(1)α2

yτy(1− τy) +B∗2(1)E[v0vs] + Ω∗∆v∗ +B∗ [Ω1.v∆v∗ + Ω2.v∆v∗ ] . (5.28)

A similar argument and Corollary 2 yield

II
a.s.−→ A∗2(1)α2

xτx(1− τx) +B∗2(1)E[u0us] + Ω∗∆u∗ + A∗(1) [Ω1.u∆u∗ + Ω2.u∆u∗ ] ,(5.29)

III
a.s.−→ A∗(1)B∗(1)αxαy(1− τy)− (1− τx)(1− τy)αxαyA

∗(1)B∗(1), (5.30)

IV
a.s.−→ A∗(1)B∗(1)αxαy(1− τx)− (1− τx)(1− τy)αxαyA

∗(1)B∗(1). (5.31)

Substituting (5.23)-(5.31) into (5.17)-(5.22) yields the main results.
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Proof of Theorem 2

Eq. (3.2) is equivalent to


T−1γ̂1

β̂

γ̂2

 =


T 0 0

0 1 0

0 0 1



γ̂1

β̂

γ̂2



=




1 0 0

0 T−1 0

0 0 T−1




T
∑T

1 xt

∑T
1 t∑T

1 xt

∑T
1 x

2
t

∑T
1 txt∑T

1 t
∑T

1 txt

∑T
1 t

2



T−1 0 0

0 T−2 0

0 0 T−2




−1


T−2 0 0

0 T−3 0

0 0 T−3



∑T

1 yt∑T
1 xtyt∑T
1 tyt



=


1 T−2

∑T
1 xt T−2

∑T
1 t

T−2
∑T

1 xt T−3
∑T

1 x
2
t T−3

∑T
1 txt

T−2
∑T

1 t T−3
∑T

1 txt T−3
∑T

1 t
2


−1 

T−2
∑T

1 yt

T−3
∑T

1 xtyt

T−3
∑T

1 tyt

 . (5.32)

Moreover, we have

T−1σ2
γ̂1

= {T−2ŝ2}I(1)


1 T−2

∑T
1 xt T−2

∑T
1 t

T−2
∑T

1 xt T−3
∑T

1 x
2
t T−3

∑T
1 txt

T−2
∑T

1 t T−3
∑T

1 txt T−3
∑T

1 t
2


−1

I′(1), (5.33)

Tσ2
β̂

= {T−2ŝ2}I(2)


1 T−2

∑T
1 xt T−2

∑T
1 t

T−2
∑T

1 xt T−3
∑T

1 x
2
t T−3

∑T
1 txt

T−2
∑T

1 t T−3
∑T

1 txt T−3
∑T

1 t
2


−1

I′(2), (5.34)

Tσ2
γ̂2

= {T−2ŝ2}I(3)


1 T−2

∑T
1 xt T−2

∑T
1 t

T−2
∑T

1 xt T−3
∑T

1 x
2
t T−3

∑T
1 txt

T−2
∑T

1 t T−3
∑T

1 txt T−3
∑T

1 t
2


−1

I′(3), (5.35)
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and

T∑
1+s

ŵt−sŵt =
T∑

1+s

ytyt+s + β̂2

T∑
1+s

xtxt+s − β̂

(
T∑

1+s

xtyt−s +
T∑

1+s

xt−syt

)

− γ̂2

(
T∑

1+s

tyt+s +
T∑

1+s

(t− s)yt

)
− γ̂1

(
T∑

1+s

yt +
T∑

1+s

yt−s

)
+ γ̂1β̂

(
T∑

1+s

xt +
T∑

1+s

xt−s

)

+ γ̂2β̂

(
T∑

1+s

(t− s)xt +
T∑

1+s

txt−s

)
+ γ̂1γ̂2

T∑
1+s

(2t− s) + T γ̂2
1 , (5.36)

T∑
1

ŵ2
t (= ŝ2) =

T∑
1

(
yt − γ̂1 − γ̂2t− β̂xt

)2
. (5.37)

By applying Corollary 1 and Corollary 2, the terms involving the time averages of ut, vt, ∆u∗t and

∆v∗t when t = 1, .., T converge almost sure at rate O(1). Therefore, we obtain

T−2

T∑
1

xt
a.s.−→ µxA

∗(1)

∫ τx

0

sds+ A∗(1)(µx + µxb)

∫ 1

τx

sds (= a12), (5.38)

T−3

T∑
1

x2
t

a.s.−→ µ2
xA

∗2(1)

∫ τx

0

s2ds+ A∗2(1)(µx + µxb)
2

∫ 1

τx

s2ds

− µxbA
∗(1)τx

∫ 1

τx

sds (= a22), (5.39)

T−2

T∑
1

t
a.s.−→

∫ 1

0

sds (= a13), (5.40)

T−3

T∑
1

txt
a.s.−→ µxA

∗(1)

∫ τx

0

s2ds+ A∗(1)(µx + µxb)

∫ 1

τx

s2ds

− µxbA
∗(1)τx

∫ 1

τx

sds (= a23), (5.41)

T−3

T∑
1

t2
a.s.−→

∫ 1

0

s2ds (= a33), (5.42)

T−2

T∑
1

yt
a.s.−→ µyB

∗(1)

∫ τy

0

sds+B∗(1)(µy + µyb)

∫ 1

τy

sds (= b1), (5.43)
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T−3

T∑
1

xtyt
a.s.−→

∫ τx

0

s2ds+ µy(µx + µxb)A
∗(1)B∗(1)

∫ τy

τx

s2ds− µxbµyτxA
∗(1)B∗(1)

∫ τy

τx

sds

+ A∗(1)B∗(1)(µx + µxb)(µy + µyb)

∫ 1

τy

s2ds− µybA
∗(1)B∗(1)(µx + µxb)τy

∫ 1

τy

sds

− µxbA
∗(1)B∗(1)(µy + µyb)τx

∫ 1

τy

sds (= b2), (5.44)

T−2

T∑
1

tyt
a.s.−→ µyB

∗(1)

∫ τy

0

s2ds+B∗(1)(µy + µyb)

∫ 1

τy

s2ds− µybB
∗(1)τy

∫ 1

τy

sds (= b3),(5.45)

T−2

T∑
1

y2
t

a.s.−→ µ2
yB

∗2(1)

∫ τy

0

s2ds+B∗2(1)(µy + µyb)
2

∫ 1

τy

s2ds

− µybB
∗(1)τy

∫ 1

τy

sds (= b4). (5.46)

By substituting (5.38)-(5.46) into (5.32)-(5.37), we obtain the results stated.
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