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Abstract

When a pair of independent series are highly persistent, there is a spurious regression
bias in a regression between these series, closely related to the classic studies of Granger and
Newbold (1974). Although this is well known to occur with independent I(1) processes, this
paper finds evidences that spurious regressions also arise in the regressions between stable
AR(p) processes with structural breaks in the means and the trends. An intuition behind
this is that structural breaks can increase the persistence levels in the processes (see, e.g.,
Granger and Hyung (2004)), which then lead to spurious regressions. These phenomena occur
for general distributions and serial dependence of the innovation terms.
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1 Introduction

Simulation studies of Granger and Newbold (1974) warned that spurious relations may be found

between the levels of trending time series that are actually independent. Later, Phillips (1986,
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1998) provide an elegant asymptotic framework that vindicates the simulation results. Applied
economists become increasingly aware of this problem. For instance, Ferson et al. (2003) find that
many predictive stock return regressions in the literature, based on individual predicting variables,
may be spurious.

It has been known for some time that the spurious regressions do not hold only for independent
random walks, but also for other persistent processes, such as high-order integrated processes (see,
e.g., Marmol (1995), among others), fractionally integrated processes (see, e.g., Tsay and Chung
(1999), among others), I(1) processes with infinite variance errors (see Tsay (1999)), and positively
autocorrelated processes on long moving averages (see Granger et al. (2001)).

The goal of the current paper is to investigate the possible existence of spurious relations in a pair
of stable AR(p) processes with weakly dependent innovations and structural breaks in the means
and the trends. (It should be noted at this point that the term ‘stable’ has a specific meaning
in probability theory — ‘stable’ random variable means a random variable with infinite variance.
Here we use this term to mean that AR(p) processes, after being demeaned and detrended, become
strictly stationary.) It is shown, using both simulations and asymptotic theory, that the strength of
these spurious relationships varies a little with sample sizes. The proofs of our main results call for
the need of developing new strong laws of large numbers (SLLN) for weakly dependent processes and
their bivariate products. Therefore, the contribution of this paper is twofold. First, we prove general
SLLNs with minimum necessary conditions. Second, we apply these SLLNs to derive the asymptotic
properties of the well-known statistics for the bivariate regression models with independent response
and covariate variables.

Our analytical framework, although simplified in a number of respects — such as only one break
point is considered per se, proves tractable in addressing the main issues of spurious regressions. The
framework with many break points can be immediately extended without much efforts. Hitherto,
the plan of this paper is as follows: Section 2 deals with structural breaks in means; Section 3
deals with structural breaks in trends; Section 4 provides some simulation evidences; and Section

5 concludes this paper. Last but not least, results of technical flavor but essential for the paper are



collected in the appendices at the end of the paper.

2 Spurious Regression with Structural Breaks in Mean

The data generating processes (DGPs) for two independent time series are defined as follows:

ALz, = a,1{t > [T7|} + w,

B(L)yyy = a,1{t > [T1,]} + v, (2.1)

where A(L) and B(L) are lag polynomials with roots outside the unit circle. Without any loss
of generality, let us assume that the break points satisfy 7, < 7,; and the innovation terms are

contemporaneously independent and fulfill Assumption 1 stated below.

Assumption 1. The vector of stochastic sequences, Uy = (uy, vy), is strictly stationary with E|Uy| =
0 and E[|UplP] < oo for any p > 2. Moreover, the mizing coefficient of U, ¢y or o, satisfies the

following summability condition:

° p—1 ° p=2
E ¢," < ooor E o,” < oo, respectively.
t=1 t=1

A typical example of stochastic sequences, satisfying Assumption 1, is a MA process Z;’io Vi€,
where €; are IID.

Eq. (2.1) can be rewritten as

v, = AN (Lo {t > [T1,)} + AN (L)uy,

y. = B Y(L)a,1{t > [T1,]} + B~ (L)v,.

Let us define the following inverse lag operators: A*(L) = A~Y(L) and B*(L) = B '(L). An
application of the Beveridge-Nelson (BN) decomposition, A*(L) = A*(1)+A°(L)(1—L) and B*(L) =



B*(1) + B°(L)(1 — L), yields

A*(Lyuy = A*(Dug + Auy

B*(L)vy = B*(1)v + Avy,

where uj = A°(L)u; and v} = B®(L)v; with A® and B® having their roots outside the unit circle.

Now, let us consider the following regression equation:
Ye = + Bay + vy,

where 4, B and w; are the OLS estimators, defined as

Syl —T)

B - . 9
> (2 —T)?
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Wy = Y=y — th

The limiting behaviors of regression statistics are stated in Theorem 1 below.

Theorem 1. As the sample size T goes to infinity, we have
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where
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Finally, the sample autocorrelation of the residuals is given by
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where

F = B*(1)a)n,(1—71,) + B?(1)E[vovs] + Qaye + B* (1) (Qroav + Q2.0ner)
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The variance covariance quantities are defined as follows:
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Also note that covariance quantities, 23,«, Qhpes Q1uaws Qowawss Q1pape, and Qo yay+, vanish

when the time lag, s, approaches infinity.

Proof. The proof is presented in the appendix.

O

It is worth noting that, if there are no structural breaks in the means, in view of the previous

theorem we obtain

=5 oz, AY(1)BY(1),

22, a, A" (1),

a.s

— o, B*(1).



And if z; has structural breaks whilst y; does not, we obtain

T
T_l Z$tyt g aacay(l - Tx)A*(l)B*(l)v
1

T

TN ES (1= n)agAN(),
1
T

T Zyt == B(1)ay,.
The above limits imply that B 2%, 0. Hence, no spurious regressions occur.

3 Spurious Regression with Structural Breaks in Trend

Let us consider the following DGPs:

A(L)xy = oy + pgt + pop(t — [T7])1{t > [T} + w,

B(L)y: = oy + pyt + pyp(t = [T'7,])1{t > [T'7]} + vy, (3.1)

where lag polynomials, A(L) and B(L), have roots outside the unit circle. And 7, < 7, with the
innovation terms u; and v, satisfying Assumption 1.

A BN decomposition of the inverse lag operator A*(L) and B*(L) yields

vy = A(Dag + p (A" + A1) + o (A (E = [T7]) + A°(1) 1{t > [T7]} + A" (Vg + Ay,

v = B (Way + py (B (1)t + BD) + o (B* )¢ — [Tr)) + B (W) 1{t > [T7,]} + B* (Vs + Av,

where uy, vy, A°, and B® are defined in Section 2.

Now we can formulate the following regression equation:

Y = A1 + Yot + By + 1y,



where the OLS estimates are given as
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The limiting behaviors of regression statistics are stated in Theorem 2 below.

Theorem
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with A is a nonsingular symmetric matriz, defined as

1 a2 a3
A= a1 Q22 Q23

a31 a32 a33

and

B’ = [bh b27 b3]7

(the definitions of A and B will be given in the proof.)
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At
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(the notation L;) denotes the vector in which the i-th element is 1 and the other elements are 0.)

The limit of the coefficient of determination is given by
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The limit of the sample autocorrelation of residuals is given by

im) 2 i im im im im
by + B g, — 2{ pUM)p, — Vél 'by — %l by + g0 Wf’ Jars

im lim lim lim 1 lim)2
r. = Zl{—l—s wt—swt a.s. +6(l )’Yé )(123 + ’yf )ryé )fO SdS} + 7% )

= —
S T A V2
> s

Note that, if z; has structural breaks whilst y; does not, the results in Theorem 2 still hold, with



b1, ba, b and by being replaced by

1
by = ,uyB*(l)/ sds,
0

1 1 1
by = A"(1)B*(1) (,uxuy/ s%ds + Lgbfly </ s?ds — Tx/ sds)) ,
0 Tx T

1
by = uyB*(l)/ s%ds,
0

1
by = ,uiB”(l)/ s2ds.
0

4 Simulations

In this section, we present some small simulations to confirm the above theoretical findings. In the
sequel, we run two regressions

Ye = + Py + wy (4.1)

and

Ye = + et + By + wy, (4.2)

where x; and y; follow AR(1) processes with structural breaks in the means and the trends, as
defined in Eq. (3.1). First, we consider the case with structural breaks in the mean (cf. (4.1)). Then,

we consider the case with structural breaks in the trend (cf. (4.2)).
Structural Break in Mean

We generate the two following processes:

Ty = Gurq + o 1{t > [T'7,]} + wy,

Yy = (byytfl + ayl{t > [TTy]} + U, (43>

where 7, = 04, 7, = 0.8, o, = 1.0, oy = 2.0, ¢, = 0.8, and ¢, = 0.75. In this simulation,

we assume that the processes u; and v; are independent white noises for illustration purposes.
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This is unfortunately because simulations for general weakly dependent innovations may be quite
complicated to implement.

The processes (4.3) are initialized with zyp = 10 and yo = 10. In order to show the conver-
gence of the estimates of the regression coefficients 4 and B, their t-statistics ¢, and t5, and serial
correlation coefficient 7, to their limiting values, we simulate data with increasing sample size,
T = 1,000 to 2,000,000, from the processes x; and y,;. The true limiting values, the simulated mean
values of the OLS statistics, and their 95% confidence bounds are presented in Table 1 and Figure
1.

Structural Break in Trend

To illustrate the case with structural breaks in the trends, we simulate the following two processes:

Ty = (ﬁxxtfl + Ay + ,u:rt + ,u:r,b(t - [TTI])l{t > [TTI}} + ut7

Yo = OyYi1+ oy + gt + pyp(t — [T7])1{t > [T7,]} + v, (4.4)

where 7, = 0.4, 7, = 0.8, o, = 1.0, ooy = 2.0, ¢, = 0.8, ¢, = 0.75, p, = 0.2, pipp, = 0.1, p, = 0.3,
typ = 0.05, with u; and v, are, as before, independent white noises. Using the same initializations as
in the previous simulation, o = 10 and yo = 10, we run the regression (4.2) with the data simulated
from (4.4) and estimate the OLS statistics. We repeat the simulation 1,000 times to compute the
mean values and the 95% confidence bounds of the OLS coefficients 41, 42 and B, their t-statistics,
the autocorrelation coefficient of the residuals, and the determination coefficient R?. The results are

provided in Table 2 and Figure 2.

5 Discussion and conclusion

Although the specification we adopt in this paper may omit some potential features of the data, such
as ARCH effects, we find that using this fairly standard AR(p) framework allows us to successfully
address the questions whether spurious regressions occur in the presence of structural breaks. In

summary, the main contributions in this paper are 1) to show the evidences of spurious regressions

11



in the presence of structural breaks by proving the limiting properties of the standard OLS statistics
and 2), more importantly, to prove new SLLNs with minimum necessary conditions as the tools to

tackle the stochastic limits of the OLS statistics.

12



Tables and Figures

Table 1: Simulation result: structural breaks in the mean

This table presents the simulation results for the OLS statistics convergence under a structural break
in the mean. We perform this exercise to demonstrate the convergence of the mean of OLS statistics to
their limiting values, computed from Theorem 1. First, two independent AR(1) processes, defined in Eq.
(4.3), are simulated, given 7, = 0.4, 7, = 0.8, a, = 1.0, oy = 2.0, ¢, = 0.8, ¢, = 0.75, ¢ = 10, and
yo = 10. Then the OLS coeflicients, their t-statistics, and the serial correlations of regression residuals are
estimated from these simulated data. This procedure is repeated 1,000 times to generate standard errors
of the mean of estimates and their 95% confidence bounds. Standard errors are given in parentheses.

T y B ty f/j Ts, 8 =1
1.000 0.373060 0.484633 0.330414 0.101586 0.935153
’ (2.1583-1073) (7.7631-1073) (2.0393-1073) (1.6321-1073) (1.9975-10~%)
10.000 0.364988 0.503534 ‘ 0.321041 0.105044 0.942552 )
’ (6.6433-107%) (2.3915-1073) (6.2668-10~*) (5.0854-10%) (6.0014-10~°)
50.000 0.364193 0.506336 0.320185 0.105572 0.943115
’ (2.9574-10~%) (1.0741-1073) (2.7739-10~%) (2.2595-10~*) (2.6024-107°)
100.000 0.364738 0.505706 0.320596 0.105434 0.943121
’ (2.0771-107%) (7.3285-10~*) (1.9269-10~*) (1.5498-10~%) (1.8258-107°)
900.000 0.364592 0.506516 0.320566 0.105626 0.943150
’ (1.5281-107%) (5.5929-10~%) (1.4125-107%) (1.1764-107%) (1.2725-1079)
500.000 0.364675 0.506062 0.320572 0.105514 0.943178
’ (9.3489-107°) (3.34453-10~%) (8.6915-107°) (7.0744-107°) (8.2400-107°)
1.000.000 0.364507 0.506276 0.320415 0.105554 0.943182
U (6.7257-107°) (2.4530-10~*) (6.3082-107°) (5.1475-107°) (5.7439-107°)
9.000.000 0.364501 ) 0.506574 0.320435 ) 0.105625 ) 0.943186
N (4.9601-10~°) (1.7977-10~%) (4.5505-10~°) (3.8107-10~°) (4.1485-1079)
5.000.000 0.364515 0.506203 0.320436 0.105540 0.943183
e (2.9319-107°) (1.0745-10~%) (2.7841-107°) (2.2555-107°) (2.5422-107°)
%/gﬁllz 0.364557 0.506329 0.320468 0.105564 0.943194
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Figure 1: Convergence of the OLS statistics: structural breaks in the mean

This figure shows the plots of the mean OLS statistics (black line) and their 95% confidence bounds (red
lines) of the regression y; = v+ ¢ +w;. The processes y; and z; are independent AR(1) processes, defined
in Eq. (4.3), with 7, =04, 7, = 0.8, ap = 1.0, oy = 2.0, ¢ = 0.8, ¢, = 0.75, ¢ = 10, and yo = 10. As
the number of observations, T', increases, the OLS statistics converge to their limiting values (blue dashed
line), computed from Theorem 1.
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Figure 2: Convergence of estimates: stuctural breaks in trend

This figure shows the plots of the mean OLS statistics (black line) and their 95% confidence bounds (red
line) of the regression y; = v + fx; + w;. The processes y; and z; are independent AR(1) processes, as
defined in Eq. (4.3), with 7, = 0.4, 7, = 0.8, oz = 1.0, oy = 2.0, ¢ = 0.8, ¢, = 0.75, 1 = 0.2, pupp, = 0.1,
fy = 0.3, pyp = 0.05, g = 10, and yo = 10. As the number of observations, T', increases, the OLS statistics
converge to their limiting values (blue dashed line), computed from Theorem 2.

0.007 o 1.057

0.006 \ r}fl \ IAJ,Q
\ 1056 k

0.005 \

0.004 \
\ 1.055
2o T k

0.002 T T T T T T T 1 1.054 T T

0126 prrororrooozoo o4
0.1255 r/ \ -
/ 0.3
0125

0.1245
/ " k
0.124 /

0.1235 T T T T T T T — 1 0.1 T T T T T T T 1
) ® © o
@QQ .\c@ ‘,,QQ & 000@ Q&'ﬁ) & Qé"@
N 3 B & S
1475 0126
01255
1455
0125
1455
01245 -
1445 0124 .
4435 : 01235 T T T T T T —
o ® ® ® o o o
R T ¥ éPQ & &
¥ @ N & B 5 o
0.0189
1.001

0.0187 . /_—'
/ 0.995

0.0185

0991
0.0183 - A
R? / N

0.0181 T T T T T T T 1 0.986 T T T T T T T 1

16



Appendices: Proofs

Useful lemmas

Proofs of Theorems 1 and 2 are based on the lemmas, which we shall state below.

Lemma 1 (SLLN for strictly stationary processes). Let X; denote a strictly stationary process.

Suppose that

and

Z%(p) < oo for some p > 2,
=1

(5.1)

where v(p) = HE[Xt\}"O]H#. (The notation || X||, = [E[|X|"]] Y7 stands for Holder’s norm.) Then

Proof. Let us define the following random sequences:

e = ZE[XS‘EL

s>t

G = Y {EXJF] - E[X.|F]}.

s>t
Then,
1 « 1 « m—n
. 1~ 141
EOITE YRR
t=1 1
First, we need to show that

M — Nr41 = 0as.(T).
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By Holder’s inequality and (5.1), we have

Il = 1S BIXAFl 2, = 1S E[EXF IR,
s>0 s>0

p—1

< (S BIEXIFL)TT) T <o

s>0

Hence, in view of Lehmann and Romano (2005, Prob. 11.29), we obtain ling_,oo{E[min(ml -

nr+1l, h)] — Elm — nry1|} = 0. Then, an application of the Markov inequality yields (5.2).

Next, because E[(;|Fi—1] = 0, ¢; is a martingale difference sequence (mds). We need to show
that
1 I
n > G0, (5.3)
t=1

By the SLLN for mds (see, e.g., White (1980, p. 58)), we only need to verify that F|(;|* < oo, which

is straightforward in view of the following equality:

E|G® = E[X5] +2)  E[XoX/,

t>1

which is the standard formula for the variance of a strictly stationary stochastic sequence. O]
Let us recall definitions of the mixing coefficients ¢, oy, and p; (see, e.g., White (1980)).

1. The uniform strongly mixing coefficient:

¢¢=  sup |P(BJ|A) - P(B)|, (5.4)
AeFl, BEFX

t+1

where F! = o{ X, Xs41,..., X}

2. The strongly mixing coefficient:

a= sup |P(A[|B)— P(A)P(B)|. (5.5)

AeFE, BEF,

18



3. The maximal correlation coeflicient:

pr = sup Cov(X,Y)

XeF§, YeFzs,

Corollary 1. Let E|Xy|P < 0o. Suppose that one of the following assumptions holds:

X, bt
Zgbtp < oo for some p > 2.
t=1

° p—1
Z&t” < oo for some p > 2.
t=1

o0

S < oo

t=1

Then

1 T
TZ)Q&O.
t=1

Proof of Corollary 1. The proof follows from Lemma 1 and the following inequalities:

p-1
() < 26,7 || Xo||, for some p > 2,
p=2
%(p) < 2(21/p + 1oy, " || Xo||, for some p > 2,
w2 < p%

(See, e.g., McLeish (1975).)

(5.7)

(5.8)

(5.9)

(5.10)
(5.11)
(5.12)

]

Corollary 1 is the same as the SLLN established by McLeish (1975). Nevertheless, the absolute

moments condition (5.1) is much weaker than the mizing coefficients conditions (5.7) - (5.9). This

is because the conditions (5.7) - (5.9) implies the condition (5.1), and the converse is not so true.

Corollary 2. Let one of the assumptions stated in Corollary 1 hold. Then, we have

T

1 a.s.

T E XtXt+s — E[XOXS]
t=1

19



In addition, suppose that ||A(1)|]y < oco. Then, we have
LI
72 XX 55 A(L)E[X0X.),
t=1

where X = A(L)X,.

Proof of Corollary 2. Let us define

1 T

Sp = T Z{XtXt-‘rs — BE[Xo X},

t=1

where, by strict stationarity, E[X;X;is] = E[XoX;]. For the first part, in view of Lemma 1 we need

to verify the following two conditions:
E[XoXs — E[XoX|]P < o0 (5.13)

and
oo

S i) < oo, (5.14)

where 77 (p) = || E[XoX,|Fi] — E[XoX.]

le..
p—1

First, by Minkowski’s inequality, we obtain
|1 XoXs — E[Xo Xl < E[XoX,] + || Xo X[
Holder’s inequality yields
[ Xo X[, < ||X§||p < oo for any p > 1.
Hence, Eq. (5.13) is proved.

Next, by the inequalities for mixingales in (McLeish, 1975), we obtain

S BXoX|Fomi] — B[XoX,] < 20"F (FF*, F5H||XoX,]|, for some p > 2,

t=1

|
p—1

p—

° p=2
D EXoX | Fod] — B[XoX,] < 2027+ 1)a, 7 (FS, FOXo Xl

t=1

|| 2
p—1

20



Because X, is F; measurable and XX is a finite stretch of X, the product process XX, is also
F, measurable. Hence, the mixing coefficients ¢ — 0 and ap — 0 imply QAST — 0 and ar — 0,
respectively. As a result, the summability of ¢, and & holds. Eq. (5.14) follows.

For the second part, let A(L) = Zf:o A,L*. The second part follows by applying the first part
K times. The condition ||A(1)|]2 < co purports to ensure that Zf:o A LPE[ X0 Xy < 0. O

Corollary 3. Let all the assumptions in Lemma 1 hold. Then

T

]- a.s.

T 5 XX s — 0, as s — 00.
t=1

Proof of Corollary 3. We need to show that

Zﬂ‘ < 00, as § — 00. (5.15)
t=1
Eq. (5.15) can be rewritten as
Z’yt*(p) < Z ||E[X0Xs|fs—t] - E[XOXS]HP% + Z ||E[X0Xs|fs—t] o E[XOXs”lp—fl(E)lG)
=1 =1 t=s+1 )
1 it

By strictly stationarity, The first term, I, can be rewritten as
I< HXUHﬁ Z HE[XOU:—th
t=1

Noting that, under the assumptions of Lemma 1, it is straightforward to verify that E[Xo|F_] =
limy_ o |E[Xo|F-7| = 0 a.s.. Accordingly, we obtain

I <ooass— oo
An application of Minkowski’s inequality yields

|EXXFodl] 2, < [[EIX0XFo ] 2, + EXoX..
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Furthermore, by Holder’s inequality we have
P p=1 1
E[X0X5|~7:s—t] < {E[|X0|p71 |~7:s—t]} P {E [|E[X8|f0]|p|}_s—t] }p>

for t > s and p > 1. Hence

1

p—
=2 pg

2 p—=
P } P

IEXoXIFo il 2, < BRI B | BIXo|771 7]

for some p > 2. By a similar argument, we have
E[XoX,] = E[XoE[X,|Fo]] < || Xo|_2, [[E[X|Fo][lp.

It follows that the second term, II, satisfies

1< (T = )| Xoll 2, 1B 17l + [BIXIFN Y {B |BIX #1777 } 7

_p_
p—1
t=1+s

By strictly stationarity condition and the assumptions of Lemma 1, we obtain F[X|F_ ] =
E[X}|Fo] = 0. Accordingly,
II1=0

Therefore, (5.15) is proved. O
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Proof of Theorem 1

The OLS estimates of the regression coefficients can be rewritten as

Tt ZlT TeYy — XY

b= TS T (0, — 72 (5.17)
y = y- /=, (5.18)
T T
=T (-9 =T (w2 —7) (5.19)
1 1
TPty = g (5.20)

71/27
s (11 (w0 - 72)

1/2

(775 (- 2)2)

1/2

(7% =3)
T A A

~ Zl+8 W Wi—s (522)

rs = )

T -
21 th

TV = (5.21)

I

w> | O

where
T —
TN (w3 =2 - (@)
1
1.
T [T72] (Try] T [T72]
T e = T 4 >+ Y awme=T"Y (A" (D, + Aw))(B* (v, + Avy)
1 1 [T7e]+1  [T7y]+1 1
(T'ry) T
+ T ) (A (Do + A" (Du + Auf) (B (Vv + Av)) + T Y (A (D
[T7z]+1 [Try]+1

+ A"(Du + Avy)(B*(1)oy + By + Avy) =1 + 11 + 111.

Since u; and v; are independent, ||E[utvt|f0]||ﬁ = ||E’[ut|.7-"0]||ﬁ||E[vt|fo]||p%1. Thus, As-

sumption 1 implies that u,v, satisfies Condition 5.1, i.e. 7! ZlT vy == 0. Similarly, we have
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T-' ST AupAv; 255 0. This results in

I — 0,

I =% A*(1)B*(1)agoy, (1 — 7).

Thus,
T
T w =5 A(1)B* (1o (1 — 7). (5.23)
1

A similar argument yields

T x2S (1-7)A'(Day, (5.24)
Ty g 25 (1-1)B"(1ay, (5.25)

2. Since
2 = A(1)a21{t > [T7,]} + A (1)u? + A%}
+ 24720, 1{t > [T7,|}uy 4+ 24" (1) Au1{t > [T7,]} + 24" (D) u,Au}
and
T
71 Z uf N O’Z,
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by Corollary 1 and 2, we have

T Z:ﬁ =2 A (1)o7 4 Qawe + (1 — 72) A (1) + 24 (1) Quaws (5.26)

A similar argument yields

123/2 =2 B2 (1)02 4+ Qaus + 75(1 — 1) B (1)a2 + 2B*(1)Quaes- (5.27)
T T
TN b, = T° Z v =P s =)+ FPT Y (1= F) (20 — )
s+1 s+1 s+1
R T
- ﬁT_l [Z(?/t J7t s + Z yt s _ _)]
s+1 s+1

= [+11—p3III+1V).

First, we have

T T T
I = 77! Z YilYi—s Y (T_l Z Y + T Z yt—s) ;

s+1 s+1 s+1
T T T
I = 7" wm,—7 (T—l w+T yt_5> ,
s+1 s+1 s+1
T
1 = Ty a g -7
s+1
T
IV = T ay—T7
s+1
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An application of Corollary 2 yields
T
T thvt+s 2 Elvgvs],
1
T
T_l Z AU:AU:—&-S E) Q*Av*7
1
T
T_l Z UtAU;_S & Ql.UAv*a
1
T
T_l Z Ut—&-SAU: o QQ.UAU* .
1
Therefore, we have
I =% B*Q(l)afﬁy(l —7,) + B*(1)Evgus] + Qe + B* [Qoner + Qovaw-]. (5.28)
A similar argument and Corollary 2 yield

II 225 A2(1D)a2(1 = 7,) + B (1) Elugus) + Qage + A% (1) [Q1uaw + Qouaws] (5.29)

1 == A*(1)B"(1)away (1 — 1) — (1 = 7) (1 — 7 )z, A*(1) B*(1), (5.30)
IV S A 0B (a1 - ) - (- 7)1 - 5o, A (1) (1), (5.:51)

Substituting (5.23)-(5.31) into (5.17)-(5.22) yields the main results.
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Proof of Theorem 2

Eq. (3.2) is equivalent to

T _T O |
o1 =0 of |5
Yo 0 LI |72
0 0 T STy T 0
= T 0 ZlT Ty ? 2 St 0 T2
\ 0 TSIt STt 7] o0 0
T 0 ST v
T3 0| | 2w
0 T3 | STty
' 1oyt roste| [roesty
= |12 e TR TN | (TP aw
T2 T T3ty T2 T3 3T ty,
Moreover, we have
- 4 -1
1 T2 Ta, T30t
T, {720 |72 2, T3 a7 T3 ta| oy
T2t T3ty TR
[ T2 T, TT2Y0t 1
To} (T2 ey |72 2, T3 e} T3 ta| o
T2 Tt T3 Tty TN
! T2 T, T30t 1
Tof, = {17 (T2 e, TP T35 tw| Ly,
T2t Tty TN A
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(5.33)
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(5.35)



T T A T
Z Yelrs + 3 Z TiTips — B (Z TeYp—s + Z -’Et—syt>

I+s I+s 1+s 1+s
T T T T T T
Y2 <Z LYrts + Z(t — S)Z/t) - (Z Ye + Z yts> + %8 (Z Ty + Z $t5>
1+s 1+s 1+s 1+s 1+s 1+s
T T T
328 (Z(t — sty txt_s> + 9192 Y (2t — 8) + T4%, (5.36)
1+s 1+s 1+s
T
. A 5 N2
) =2 (o =5 =t = )" (5.37)

1

By applying Corollary 1 and Corollary 2, the terms involving the time averages of u;, vy, Au; and

Av; when t = 1,..,T converge almost sure at rate O(1). Therefore, we obtain

T 1
T_QZ.fct &5 MIA*(l)/ 3d8+A*(1)(,ux+uxb)/ sds (= aja), (5.38)
0 Tx
T 1
T_3Z$f 22, uiA*Z(l)/ SQdS—I—A*Z(l)(uijuwb)Q/ s%ds
0 Tz
1
— beA*(l)Tw/ sds (= asa), (5.39)
1
T_2Zt &% /sds (= a3), (5.40)
0
T To 1
T’?’Zta:t &5 uxA*(l)/ szds—l—A*(l)(uz—l—,uxb)/ s*ds
0 Tz
1
- /,beA*<1)Tx/ sds (= asg), (5.41)

T 1
T3 Z 2% / sds (= ass), (5.42)
T 0

Ty 1
Y S B ) [ sds B+ ) [ sds (=), (5.43)
0 Ty

28



T Ty Ty
T3 Z Ty = / s%ds + iy (pe + prop) A*(1)B*(1) / §%ds — fiappty T, A (1) B*(1) / sds
0 Tz T

1 1

s = iy A° (VB () s + )y [ s

Ty

AT)BL) (e + 1)ty + 100) /

Ty

A (DB W)y )7 | sds (= o), (5.44)
S B [

Ty 1
1Y ) [ Sds s By ) [ s
0 T

Y

T

Y 1 1
s*ds + B*(1)(u, + ,uyb)/ sds — ube*(l)Ty/ sds (= bs)(5.45)

Yy Yy

- ,ube*(l)Ty/ sds (= by). (5.46)

Y

By substituting (5.38)-(5.46) into (5.32)-(5.37), we obtain the results stated.
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