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ESSENTIAL STABILITY FOR LARGE GENERALIZED GAMES

SOFIA CORREA AND JUAN PABLO TORRES-MARTINEZ

ABSTRACT. We address essential stability properties of Cournot-Nash equilibria for generalized
games with a continuum of players, where only a finite number of them are atomic. Given any
set of generalized games continuously parameterized by a complete metric space, we analyze the
robustness of equilibria to perturbations on parameters. As an application of our results, we show
that essential stability can provide a rationale for electoral participation of politically engaged

individuals.

KEYWORDS. Essential equilibria - Essential sets and components - Generalized games
JEL CLASSIFICATION. C62, C72, C02.

1. INTRODUCTION

In this study we focus on stability properties of Cournot-Nash equilibria for large generalized
games. We analyze how the set of equilibrium allocations changes when some characteristics of the
generalized game are perturbed. We allow for any kind of perturbation, provided that it can be
defined through a continuous parameterization over a complete metric space of parameters.

The concept of essential stability has its origins in the mathematical analysis literature, where
it was introduced as a natural property for fixed points of functions and correspondences. In a
seminal paper, Fort (1950) introduces the concept of essential fixed point of a continuous function:
a fixed point is essential if it can be approximated by fixed points of functions close to the original.
In addition, a continuous function is essential if it has only essential fixed points. Considering the
set of continuous functions from a compact metric space to itself, Fort (1950) ensures that the
set of essential functions is dense. He also proves that continuous functions that have only one
fixed point are essential. These concepts have natural extensions to multivalued mappings and
analogous properties hold, as shown by Jia-He (1962). However, not all mappings are essential

and, therefore, it is natural to analyze the stability of subsets of fixed points. Thus, Kinoshita
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2 CORREA AND TORRES-MARTINEZ

(1952) introduces the concept of essential component of the set of fixed points of a function: a
maximal connected set that is stable to perturbations on the characteristics of the function. He
proves that any continuous mapping has at least one essential component. Jia-He (1963) and Yu
and Yang (2004) extend these results to multivalued mappings. They prove that compact-valued
upper hemicontinuous correspondences have at least one essential component, although fixed points
of these correspondences may not be essential. These results are complemented by Yu, Yang, and
Xiang (2005) that also analyze how essential components change when mappings are perturbed.

This literature motivates the study of stability of equilibria in games. Indeed, since in many non-
cooperative games the set of Nash equilibria coincides with the set of fixed points of a correspondence,
techniques described above allow to analyze stability of solutions in games when payoffs and action
sets are perturbed. In this direction, essential stability of Nash equilibria for games with finitely
many players is studied by Wu and Jia-He (1962), Yu (1999), Yu, Yang, and Xiang (2005), Zhou,
Yu and Xiang (2007), Yu (2009), and Carbonell-Nicolau (2010).

More precisely, Wu and Jia-He (1962) address the stability of the set of Nash equilibria for finite
games. They ensure that any game can be approximated arbitrarily by a game whose equilibria
are all essential. Yu (1999) formalizes and extends these results for convex games with a finite
number of players, analyzing perturbations in payoffs, in sets of actions, and in correspondences of
admissible strategies. Jia-He (1963), Yu, Yang, and Xiang (2005) and Yu (2009) supplement these
results to analyze the existence of essential components of the set of Nash equilibria for games and
generalized games. Zhou, Yu and Xiang (2007) study the notion of essential stability for mixed-
strategy equilibria in games with compact sets of pure strategies and finitely many players. They
also compare the concept of essential stability with strategic stability, a notion studied by Kohlberg
and Mertens (1986), Hillas (1990), and Al-Najjar (1995). Recently, allowing for discontinuities on
objective functions, Carbonell-Nicolau (2010) analyzes the essential stability of Nash equilibria for
convex games with finitely many players.

We contribute to this growing literature by addressing essential stability properties of Cournot-
Nash equilibria in large generalized games. We consider generalized games with two types of players:
(i) a continuum set of non-atomic players, characterized by continuous objective functions, compact
sets of actions, and continuous correspondences of admissible strategies; and (ii) a finite number
of atomic players, with quasi-concave and continuous objective functions, compact and convex sets
of actions, and continuous and convex-valued correspondences of admissible strategies. We assume
that the profile of actions of non-atomic players is codified, and induces messages that may affect
decisions of any player. Thus, while the actions of an atomic player may directly affect the decisions
of other players, the decisions of non-atomic players only affect others participants through messages.
These messages are obtained by the integration of codes that reveals information about the action
of non-atomic players.

Results of essential stability for games with finitely many players take advantage of the fact that
the set of (pure strategy) equilibria is compact and non-empty. Actually, with these properties, to
obtain some of the main results of essential stability it is sufficient to ensure that the correspon-

dence that associates games with equilibrium allocations has closed graph. In our case, under mild
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conditions on the characteristics of the generalized game, a Cournot-Nash equilibrium always exists,
as was proved by Schmeidler (1973)—for the case of large games—and by Balder (1999, 2002)—for
the case of generalized games. However, the set of pure strategy equilibria is not necessarily com-
pact (see footnote 4). Therefore, the traditional analysis of essential stability can not be directly
implemented in our context.

Nevertheless, associated to any Cournot-Nash equilibrium of a large generalized game there is a
vector of messages (generated by the actions of non-atomic players) and a vector of optimal actions
of atomic players. These vectors of messages-actions constitute all the relevant information that
any player takes into account to make optimal decisions. Furthermore, when there is a compact
set of non-atomic players with compact sets of actions, the set of equilibrium messages-actions
coincides with the fixed points of a compact-graph correspondence and, therefore, it is a compact
set too.! Hence, we will analyze the stability of equilibrium messages-actions to perturbations on
the characteristics of the generalized game.

We depart allowing perturbations on objective functions, sets of actions, and correspondences of
admissible strategies. In our first result, we ensure that for a dense set of generalized games, any
Cournot-Nash equilibrium induces messages and atomic players’ actions that are essentially stable
(Theorem 1). Also, uniqueness of equilibrium messages and actions for atomic players is a sufficient
condition for stability. We also analyze the stability of subsets of equilibrium messages and actions.
We obtain results analogous to those ensured for convex games with finitely many players: for any
generalized game there are essential connected subsets of Cournot-Nash equilibria (Theorem 2).

We also extend these results of stability to allow specific perturbations, that we capture through
parameterizations of the set of generalized games. We assume that the set of parameters constitutes
a complete metric space, and that the mapping which associates parameters with generalized games
is continuous. The stability results previously described still holds (Theorem 3) and, also, we prove
that essential sets varies continuously (Theorem 4). As particular cases, we obtain stability results
for large games and convex (generalized) games with finitely many players, extending results of the
literature to allow for a great variety of admissible perturbations.

To obtain most of our results about essential stability, we prove that the correspondence that
associates generalized games with sets of equilibrium messages-actions, referred as Cournot-Nash
correspondence, has closed graph. To guarantee this property, we use the fact that the set of non-
atomic players has finite measure and their actions are transformed into finite-dimensional codes
(which are integrated to obtain messages). Indeed, under these conditions, we can ensure the closed
graph property of the Cournot-Nash correspondence applying the multidimensional Fatou’s Lemma
(see Hildenbrand (1974, page 52), Theorems 1 and 2).

Essential stability of equilibrium messages and atomic player actions have relevant implications in
applied game theory. Our results ensure that in models based in large generalized games, small errors
in the estimation or calibration of some parameters does not necessarily affect player’s decisions. In

addition, essential stability can also be used as a refinement criteria in the presence of multiplicity

IThis property was proved by Riascos and Torres-Martinez (2012), which extend to generalized games and sepa-

rable metric spaces of actions the proof of equilibrium existence in large games due to Rath (1992).
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of equilibria. We illustrate this last possibility through electoral games, with the aim to give a
rationale for electoral participation of politically engaged individuals.

The rest of the paper is organized as follows: In Section 2 we describe the space of large generalized
games. In Section 3 we prove stability results for generalized games, when perturbations on objective
functions, sets of strategies, and correspondences of admissible strategies are allowed. In Section
4 we extend these results to perturbations induced by continuous parameterizations over complete
metric spaces, and we also analyze the stability of essential sets and components. In Section 5 we

apply our results to an electoral game.

2. THE SPACE G(Ty, Ty, (K, (K¢)ier,, H)) OF GENERALIZED GAMES

In this section we introduce large generalized games, as those studied by Balder (1999, 2002)
and Riascos and Torres-Martinez (2012). Through our model we fix some characteristics of the
generalized game, which are summarized by a vector (77,7s, (I?, (I?t)teTQ,H)). The set T3 is a
non-empty and compact metric space of players, whose Borel o-algebra is denoted by B(T};). For
some o-algebra A which contains B(T}) there is a measure u such that, (77,4, ) is a finite and
complete atomless measure space. 15 is a non-empty and finite set of atomic players, K is a non-
empty, compact and separable metric space and, for any t € T, I?t is a non-empty, convex and
compact metric space. We denote by B(I? ) the Borel o-algebra of K. Finally, H : T1 x K > R™is
a continuous function with respect to the product topology induced by the metrics of T and K.

In a game G = G((K¢, Ty, ut)teryur,) among players in Ty U Ts, each ¢ € T7 has associated a
closed and non-empty action space K; C K , while each t € T has a closed, convex and non-empty
action space K; C IAQ. A profile of actions for players in T} is given by a function f : T} — K such

that f(t) € K3, for any t € Ty. Any vector a = (as;t € Ta) € [] Kt constitutes a profile of actions
teTy
for players in T. For each i € {1,2}, let F'((K¢)ter,) be the space of profiles of actions for agents

in T;. In addition, for any t € Ty, let F2,((K;)jer,\{¢}) be the set of vectors a_; € Ijer, (1} K.
Each participant considers aggregated information about the actions taken by players in T;. Thus,
if non-atomic players choose a profile of actions f € F'((K;)¢er, ), then the relevant characteristics
of this actions are coded by the function H. Also, each player only take into account, for strategic
purposes, aggregated information about these available characteristics through a message m(f) :=

J H(t, f(t))dp. For this reason, we concentrate our attention only on those action profiles for which
T

messages are well defined. That is, we only consider actions profiles f € F*((K;)er,) such that

H(-, f(-)) is a measurable function from 7} to R™.?
Therefore, M((Kt)ier,) = [H(t, f(£))du: f€ F((Ki)er,) N H(, f(+))is measurable} is
T

the set of messages associated with action profiles of non-atomic players.

Let M = M((R)ier,), ' = FU(R)er,), F2 = FA(Ro)ier,), and F2, = F2(R,)ser1))-
Messages and profiles of actions may restrict players admissible strategies. Indeed, the set of
strategies that are available for a player ¢ € T; is determined by a continuous correspondence

J M x F?2 - K, with non-empty and compact values. Analogously, the set of strategies that

2That is, for any Borelian set E C R™, the set {t €Ty : H(t, f(t)) € E} belongs to A.
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a player t € T, can choose is determined by a continuous correspondence I'; : M x ]-A'Et — K,
which has non-empty, compact and convex values. We assume that, for any (m,a) € M x ]?2,
the correspondence that associates to any non-atomic player ¢ € T the set of admissible strategies
I'y(m,a) has an A x B(K)-measurable graph.

Given a metric space S, let U(S) be the set of continuous functions u : S — R endowed with the
sup norm topology. We assume that each player ¢ € T has a objective function u; € U (IA( x M x F 3,
while each atomic player ¢ € T5 has a objective function u; € U (]\/4\ x F 2) which is quasi-concave in its
own strategy a; (for convenience of notations, we refer to this subset of ¢ (J/M\ x F2) as Ut(ﬂ x F 2)).

Finally, we assume that the mapping U : 71 — U (I? x M xF 2) defined by U(t) = u; is measurable.

DEFINITION 1. A Cournot-Nash equilibrium of G((K¢,Tt,ut)teyur,) 18 given by action profiles
(f*,a*) € FU(Ki)eer,) x F2((Ki)eer,) such that,

ut(f*(t)7m*7a*) > ut(f(t),m*,a*), vt € Ty, Vf(t) € Ft(m*7a*)a
ug(m*,a*) > w(m*,as,a*,), Vi€ Ty, Ya, € Ty(m*, a*,),

where the message m* := le H(t, f*(t))du.

Riascos and Torres-Martinez (2012) ensures that, for any G((Kt, I't, ut)ter,ur,) that satisfies the

assumptions described above, the set of Cournot-Nash equilibria CN(G) is non-empty.

The Cournot-Nash Correspondence. We want to analyze stability properties of Cournot-Nash equi-
libria of a generalized game G((Ky, Ty, ut)ter,ut,) When parameters (K, Ty, ut)ter,ur, change. To
attempt this objective, we introduce the Cournot-Nash correspondence, which associates the pa-
rameters that define the generalized game G with the set of messages and actions (m*,a*) € M x 72
such that, for some f* € F', we have m* = m(f*) and (f*,a*) € CN(G).

Notice that, given any Cournot-Nash equilibrium (f*,a*) € CN(G), the pair (m(f*),a*) contains
all the information that players require to take their decisions. However, since action profiles are
coded using the function H, there may exist several Cournot-Nash equilibria that induce a same mes-
sage. Despite this, to analyze stability of equilibria we concentrate in messages and actions of atomic
players, since the set of Cournot-Nash equilibria is not necessarily compact,® a required property to
analyze essential stability. Notice that, given any Cournot-Nash equilibrium (f*,a*) € CN(G), the

pair (m(f*),a*) contains all the information that players require to take their decisions.

3For instance, consider a large electoral game with a continuum of non-atomic players, 71 = [0, 1], which vote
for a party in {a,b}. Let x; be the action of player ¢ € T1, and assume that his objective function, u¢, only takes
into account the benefits that he receives for any party {v:(a),v:(b)} weighted by the support that each party has
in the population, i.e. us = vi(a)p({s € T1 : s = a}) + ve(b)(1 — u({s € T1 : s = a})), where u denotes the
Lebesgue measure in [0, 1]. That is, his own action does not affect the utility level of a player ¢t € Th and, therefore,
any measurable profile of actions z : [0,1] — {a,b} constitutes a Nash equilibrium of the game. As a consequence,
the set of Nash equilibria is not compact. However, if we consider that each player receives as a message the support
that party a has in the population, m = u({s € T} : zs = a}), then the set of equilibrium messages is equal to [0, 1],

which is a compact set.
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Given a metric space S, let A(S) be the collection of compact and non-empty subset of S and
Ac(S) C A(S) the sub-collection that considers only convex sets. Denote by dp the Hausdorff
metric induced by the metric of S. If S is compact (resp. compact and convex), then (A(S),dm)
(resp. (A.(S),dm)) is a complete metric space.? Let Z(S) be the collection of correspondences
T : M x F2 — S that are continuous, non-empty and compact valued. In addition, denote by
E:(S) the subset of E(S) composed by convex valued correspondences. Consider the multivalued
mapping Bg : A(S) - Z(5) (resp. Bs,c : Ac(S) — Z.(5)) that associates to any S; € A(S) (resp.
Sy € A (9)) the set of correspondences I' € Z(S5) (resp. I' € Z.(5)) whose values are in Sj.

With the notations above, we can recast a generalized game G((K,I's, ut)te,ury) by a vector
(U, F, (n¢)ter, ), where U : Ty — U(K x M x F2) is a measurable function, F : Ty — Graph(Bj) is a
function and, for any t € Ty, 0y := (ug, K3, T't) € L{t(]\//fx ﬁz) x Graph(Bg, ). Thus, any non-atomic
player t € Ty is characterized by a vector (U(t), F(t)) = (ug, Ky, Ty) € UK x M x F2) x Graph(Bg).
Following this notation, we also assume that, for any (m,a) € Mx F 2 the correspondence that
associates to any ¢t € T} the set I';(m, a) has a B(T}) x B(I?)—measurable graph.

Let G = G(T1, 1>, (K, (I?t)teTQ, H)) be the collection of generalized games.

Given two generalized games G; = (UY, F, (n!)ier,) and Go = (U?, F2, (n?)ieT,), we define the
distance between G; and G by

p(G1,G2) = max max __ |uf(z,m,a) — ui(z,m,a)]

t€Tr (g,m,a)e K x M xF?

+max  max dy (T} (m,a),T2(m,a)) + max dy (K}, K?)
teTy (111,(1)61/\/I\><.7/-:2 teTy

+ max max luf (m, z,a_;) —ui(m,z,a_)]
teT> (m,z,a_)EM XK, ><]-'Et

+ max max. du(Ti(m,a_s), T (m,a_;)) + max dy (K}, K7),
teTs (m,a_f,)GMX]A:Et teTs

where, given i € {1,2}, (U(t), F'(t))ier, = (ul, (K{,T9)ier, and (0i)ier, = (ui, K}, T%)eT,. Since
(T1, (K, (K;)ier,)) are compact sets, T, is finite, and Misa non-empty and compact set (see Riascos
and Torres-Martinez (2012, Theorem 1, Step 1)), it follows that (G, p) is a complete metric space.’
For any G = (U, F, (n+)ter,) € G, consider the correspondence ®g : M x F2 - M x F2 defined

by ®g(m,a) = (Qg(m,a), (Bf (m,a_t))teT2) where

Q% (m,a) = H(t, BY (m,a))dy;
T
BY(m,a) = argmax wu;(x;,m,a), VteT;
z1 €0t (m,a)
Btg(m, a_y) = argmax  wi(xy,mya_y), VYt e Th.

zi €l (m,a_¢)

4Since S is a compact metric spaces, it is complete. It follows from Ok (2005, page 227) that A(S) is a com-
plete metric space under the Hausdorff metric induced by the metric of S. When the space is restricted to A.(S5),
(Ac(S),dy) remains a complete metric space, since the Hausdorff limit of a sequence of compact and convex sets is
still a compact and convex set.

5Since Ty is a measurable space and Z/{(I? x M x fQ) is a metric space, if a sequence of games
{U™, F*, () ter, )}nEN € G converges to a game (U, F, (j;)teTy, ), it follows from the definition of p that {U"},en
uniformly converges to U and, therefore, U is measurable (see Aliprantis and Border (1999, Lemma 4.28, page 139)).
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It follows from Riascos and Torres-Martinez (2012, Theorem 1) that, (f*,a*) is a Cournot-Nash
equilibrium of G if and only if (m*, a*) € M x F? is a fixed point of ®g, where m* = le H(t, f*(t))du.
We denote by FP(®g) the set of fixed points of ®g.

DEFINITION 2. The Cournot-Nash correspondence of G(Ty,Ts, (IA(, (IA(t)teTz,H)) is given by the
multivalued function A : G — M x F? that associates to any G € G the set FP(®g).

Since for any generalized game G € G the correspondence ®g is closed, it follows that A(G) is a

compact subset of M x F2.

3. ESSENTIAL STABILITY OF EQUILIBRIA IN G(TY, Ty, (K, (K;)ien,, H))

We analyze how the set of Cournot-Nash equilibria of a generalized game changes when the
parameters that define the game are modified. Our analysis is based in the concept of essential
stability, that was introduced in the literature by Fort (1950), for single valued mappings, and by

Jia-He (1962), for the case of correspondences.

DEFINITION 3. An equilibrium (f*,a*) € CN(G) is essential if for any open set O C M x F?
such that (m(f*),a*) € O, there exists € > 0 such that A(G')N O # 0, for any G' € G that satisfies

p(G,G") < e. A generalized game G € G is essential if all its Cournot-Nash equilibrium are essential.

Hence, G is an essential generalized game if, and only if, for any (m*,a*) € A(G) and for each
§ > 0, there exists € > 0 such that, if p(G’,G) < ¢, then d((m*,a*), A(G")) < .5 In other words, G is
essential if, and only if, messages and atomic players actions associated to a Cournot-Nash equilib-
rium of G can be approximated by equilibrium messages and actions of generalized games that are

close to G. Unfortunately, as the following example illustrate, not all generalized games are essential.

EXAMPLE. Consider the generalized game G characterized by Ty = [0,1], Ty = {a}, K = {0,1},
Ko = [0,1], for any t € Ty UTy, (K¢, Ty) = (K¢, K,), and H(-,x) = z. In addition, uq(m,z) =
—|lm — z||? and, for any t € Ty, (u(0,m, ay), us(1,m, a,)) = (0.5,0.5).

Then, there is a continuum of Cournot-Nash equilibria and A(G) = {(A\,\) € R? : X € [0,1]}.
On the other hand, given € > 0, let G. be the generalized game obtaining from G by only change
the objective functions of non-atomic players to (ug(0,m, aq), u$(1,m,aq)) = (0.5(1 + ¢€),0.5), for
any t € Ty. It follows that G. has only one Cournot-Nash equilibrium and A(G.) = {(0,0)}. Since
p(G,G.) < €, we conclude that G is not essential. O

The following results shows that, despite the example above, essentiality of equilibrium is a
generic property on G(T4, Ty, (K, (R)icrs, H)).

6Given a metric space (S, 0), fix a € S and E C S non-empty and compact. Then, we define d(a, E) = mi]ré o(a,z).
£aS
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THEOREM 1. Given a generalized game G € G, for any € > 0 there exists an essential generalized

game G' € G such that p(G,G") < €. Moreover, if ®g has only one fixed point, then G is essential.

PROOF. The proof of the theorem is a direct consequence of the following steps.

Step 1. The correspondence A : G — M x F2? is upper hemicontinuous with compact values.

Since M x F2 is compact and non-empty, we only need to prove that Graph(A) is closed in G x M x
F2, where Graph(A) = {(Q, (m,a)) € G x M x F2. (m,a) € FP(@g)}. Let {(Gn, (Mn,an))}nen C
Graph(A) such that (G, (M, an)) — (G, (M,a)) € G x M x F2, where G, = (U™, F™, (n%)ie,)
and (U™(t), F™(t)) = (up, (T}, KJ*)). To prove that Graph(A) is closed is sufficient to ensure that
(m,a) € FP(®g).

Since (my, an) € g, (Mn, an), for any t € Ty there exists f,(t) € I'}(my, an) such that,

m, = H(t, frn(t))dp, up (fn(t), My, an) = max  up(z, My, an),

T TELY (Mn,an)

and the function g, (-) = H(-, fn(:)) is measurable.

Claim A. For any t € Ty there exists [(t) € K such that T = Iz, H(t, f(t))dp.
Proof. Since H is continuous, 77 is compact and, for each t € Ty, f,,(t) € K, it follows that {g, }nen is
a uniformly integrable sequence (see Hildenbrand (1974, page 52)). In addition, {le gn(t)dp}nen C
R™ converges to m as n goes to infinity. Therefore, as a consequence of Fatou’s Lemma in m-
dimension (see Hildenbrand (1974, page 69)), there is an integrable function g : 77 — R™ such
that, 7

(1) lim [ gn(t)dp = [7, g(t)dp

(2) There exists Ty C Ty such that, for any ¢t € Ty, g(t) € Ls(gn(t)), where Ls(g,(t)) is the set

of cluster points of {g,(t)}ney and Ty \ 71 has zero measure.

Fix t € T;. Then there is a subsequence {n;}ren C N such that g,,(t) — g(t). Since
{fn,(®)ren C K , taking a subsequence again if it is necessary, we can assure that there exists
f(t) € K such that both f,, (t) — f(t) and g(t) = Jim H(t, f, (1)) = H(t, f(1)).

Let f:T) — K such that

{£(t)} if te T,
f(t) e argmax 7 (z,m,a) if t¢ Ty,
z€T:(m,a)
where G = (U, F, (1,)ter,) and (U(t), F(t)) = (s, (Ty, K¢)). Thus, m = Jim Sy H(t, fu(t))dp =
Jr, H(t, f(t))dp. ]

Claim B. For anyt € Ty, f(t) € T(m,a).
Proof. The results follows by definition for any ¢ € Ty \ T1. Thus, fix t € Ty and let {fn, (t)}ren the

sequence that was obtained in the previous claim and that converges to f(¢). We known that, for

7Although functions {gn}nen can take negative values, they are uniformly bounded from below (since H is
continuous and {I?, T1} are compact sets). Thus, as T1 has finite Lebesgue measure, we can apply the Fatou’s

Lemma.
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any k € N, f,,(t) € I{*(my,, an,) and, therefore,
d(?(t)’ ft (m7 a)) < &\(?(t)r fnk (t))+d(fnk (t)v F?k (m"k ) Any, ))+dH (F?k (m"k ) a”k)7ft(mnk ) Any, ))
+dg (ft (mnk y Any, )v ft (mv E))

~

S d(?(t% fnk (t)) + p(gnk ’ G) + dH(ft(mnk ) ank)a ft(ma a)),

where d denotes the metric of the compact metric space K. Since T; is continuous, by taking the

limit as k goes to infinity, we obtain the result. O

Claim C. For anyt € Ty, f(t) € argmax uy(x,m,a).
z€T(m,a)
Proof. As in the previous claim, the case t € T} \ T1 follows from definition. With the same notation

used in the previous claim, we have that, for any ¢ € Ty,

A (CF* (M an, ), Te(,@) - < p(Gny, G) + du (Te(ma, , an, ), Te(m, @)).
Then T'}* (my,,, an,) — L¢(M,@). Since u}'* converges uniformly to 2, it follows from Yu (1999,
Lemma 2.5) and Aubin (1982, Theorem 3, page 70) that,

ug™ (foi (8), My Gny,) =  ax up™ (@, My s Ay, ) —k max U (z,m,a)
wertk(mnk;ank) Iert(m,a)

On the other hand,

|u?k (fﬂk (t)’ Mpys ank) - ﬂt(?(t)vma a)' < p(gnk7§) + |ﬂt(fnk (t)v Mnys ank) - Et(?(t)’mv a)l
Taking the limit as k goes to infinity, we conclude that u}*(fn, (t),Mn,,an,) — W (f(t),m,a).

Therefore, as a consequence of Claim B, we conclude that f(t) € argmar , v, a)m(x,m, a). O

Claim D. For anyt € Ty, @y € Ty(M,a_4).
Proof. We known that, for any (¢t,n) € To x N, a,,; € T} (my, ap,—;) and, therefore,

d(a, Ty(m,a_y)) < iz(ﬁt, ant) + d(ant, IF (Mpy an —1)) + dag (TF (Mp, an,—¢), Te(ma, an,—¢))

+dpg (Te(mp, an,—1), T (T, a—))

< dy(@s, ant) + p(Gn,G) + d (Ty(map, an, 1), To(,a_r)),

where c?t denotes the metric of the compact metric space I/(\'t. Taking the limit as n goes to infinity,

we obtain the result. O

Claim E. For anyt € Ty, a; € argmax (M, z,d_¢).
x€T (M, a—t)
Proof. Following the same arguments of Claim C, we have that

da (T} (mp, an,—¢), Te(m,a—y)) < p(Gn, G) + du(Ti(mn, an,—¢), Te(m,a_y))
and, therefore, T (my,, an, ) converges to I'y(, @—¢) as n goes to infinity. Hence, Yu (1999, Lemma
2.5) ensures that,

n _ n — —
up (M, ap) = max up (Mp, @, 0, —¢) — max W (M, z,a_y).
€LY (Mn,an,—t) €T, (,a—¢)
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Since lim  u?(mp,a,) = (M, a),t it follows that @; € argmax (M, z,a_¢). O
noo 2T (f,a_y)
It follows from Claims A, C and E that (7,a) is a fixed point of 5. Thus, we ensure that A is

an upper hemicontinuous correspondence with compact values.

Step 2. There is a dense G set QQ C G such that A is lower hemicontinuous at every point of Q.
As (G, p) is a complete metric space, G is a Baire space. Since the correspondence A is compact-

valued and upper hemicontinuous with A(G) # @ for all G € G, it follows from Lemma 6 in Carbonell-

Nicolau (2010) (see also Fort (1949) and Jia-He (1962)) that there exists a dense G5 subset @ of G

in which A is lower hemicontinuous.

Step 8. If G is a point of lower hemicontinuity of A, then G is essential.

Fix a game G; that is a point of lower hemicontinuity of A. We know that for any open set
O C M x F2 such that A(G1) C O we have A(Gy) N O # () and, therefore, the set A=(0) :=
{GeG: A(G)NO # 0} contains a neighborhood of G;. Then, there exists ¢ > 0 such that, for
any G € G such that p(G,G1) < €, we have that A(G)NO # 0. That is, all Cournot-Nash equilibrium

of Gy are essential.

It follows from Steps 2 and 3 that any generalized game in the dense set @ is essential. Therefore,
we can found essential generalized games arbitrarily near of any G € G.

Finally, suppose that for a game G € G, the correspondence ®¢ has only one fixed point. Then, A
is upper hemicontinuous and single valued at G and, therefore, it is continuous at this point. Using

Step 3, we conclude that G is an essential generalized game. Q.E.D.

We continue with the characterization of essential stability proving that, even unessential gener-
alized games may have subsets of Cournot-Nash equilibria that are stable. To do this, we introduce
concepts of stability for subsets of equilibrium points. Indeed, we adapt to our context the concepts
of essential set and essential component that were introduced, in the context of stability of fixed
point of multivalued mappings, by Jia-He (1963) and Yu and Yang (2004), These concepts were
also addressed by Zhou, Yu, and Xiang (2007), to study stability of mixed strategy equilibria in

non-convex games with finitely many players.

DEFINITION 4. Given G € G, e(G) C A(G) is an essential set if it is non-empty, compact, and for
any open set O C M x F2 with e(G) C O there is € > 0 such that, for any G’ € G with p(G,G") < e,
AG)NO # 0. An essential subset of A(G) is minimal if it is a minimal element ordered by set

inclusion.

8Tt is a direct consequence of the fact that, for any n € N, we have

[uf (mn,an) —w(m, @)l < p(Gn, 9) + [e(mn, an) —w(m,a)|.
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DEFINITION 5. Given G € G, a set A, is a component of A(G) if there exists (m*,a*) € A(G) such

that, Ay is equal to the union of all connected subsets of A(G) that contains (m*,a*).

Since A is upper hemicontinuous, for any generalized game G € G the set A(G) is essential. Also,
given A C B C A(G), if A is essential and B is compact, then B is essential too. Also, as for any
G € G the set A(G) is compact, it follows that any component of A(G) is non-empty, connected and
compact.

Notice that, if (f*,a*) € CN(G) is essential, then {(m(f*),a*)} is an essential subset of A(G).
Thus, it follows from Theorem 1 that there exists a dense collection of generalized games G € G
for which A(G) has at least one minimal essential subset that is connected. Furthermore, for any
(f*,a*) € CN(G) the component associated to {(m(f*),a*)}? is compact and, therefore, it is an
essential subset of A(G). In other words, for a generic set of generalized games, there exists at least
one essential component of the set of equilibrium messages and atomic players actions.

The following result ensures that these properties hold in fact for any generalized game.

THEOREM 2. For each generalized game G € G, there exists a minimal essential set of A(G). In
addition, every minimal essential set of A(G) is connected. Therefore, for each G € G, there exists

at least one essential component of A(G).

Proor. We will adapt to our context the arguments used by Yu and Yang (2004, Theorem 3.3)
and Zhou, Yu and Xiang (2007, Theorem 2).

Fix G € G. Let S be the family of essential sets of A(G) ordered by set inclusion. Since A(G) € S,
S # 0. As any element of S is compact, any totally ordered subset of S has a lower bounded
element. By Zorn’s Lemma, S has a minimal element, and by definition of S, its minimal element
is an essential set of A(G).

Fix a minimal essential set of A(G), denoted by m(G). We want to prove that m(G) is connected.
By contradiction, if m(G) is not connected, then there are closed and non-empty subsets of A(G),
A; and As such that m(G) = A; U Ay. Also, there are open sets Vq, V, such that A; C Vi, Ay C V3
and V; N'Va = (. Since m(G) is minimal, neither A; nor As are essentials.

Fix ¢ € {1,2}. Tt follows that there exists an open set O; such that A; C O; and for all € > 0
there exists G; € G such that p(G,G;) < € and A(G;) N O; = 0. Since A; is compact, there exists an
open set U; such that A; C U; C U; C V; N O;. Therefore, the essential set m/(G) C Uy U Us.

Thus, there exists v > 0 such that for every G’ € G with p(G,G’) < v, we have A(G")N (U, UT,) #
(. On the other hand, given i € {1,2}, as U; C O;, there exists G; € G such that p(G,G;) < ¥ and
AGHNU; = 0.

Define a correspondence G : M x F2? — G such that

G(m,a) = Am,a)G; + (1 — A(m,a))Gj, V(m,a) € M x F?,

9That is, the set obtained by the union of all connected subsets of A(G) that contains {(m(f*),a*)}.
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where A : M x F2 — [0, 1] is the continuous function given by,

dgm,a),ﬁg) _
d((m,a),U1) +d((m,a),Us)

A(m,a) =

Notice that, (m,a) € U; if and only if G(m,a) = G.. In addition, for any (m,a) € M x 72, we have
that,

p(G(m, a)’ gi) = p()\(m,a) gi + (1 - )‘(mva)) géa )‘<m7a) gi + (1 - )‘(m7a)) gi)
< p(GhGY) < p(G5,0)+ (6.6 < 5,

which implies that,
p(G,G(m,a)) < p(G,G1) + p(G1, G(m,a)) <v,
and, therefore, for each (m,a) € M x 72, A(G(m,a)) N (U UUy) # 0.

Claim. There exists (m,a) € Uy such that, (m,a) € A(G(W,a)).
Proof. Let /~11 C U; be a compact, convex and non-empty set. Define © : 1211 X 1211 —» fll X 1:11 by
O((m1,a1), (ma,asz)) = (‘I’C;(ml,al)(mg, as) N 1211) x{(m1,a1)}. If we ensure that the correspondence
O;: A x Ay - Ay given by ©1((m1,a1), (ma,a2)) = Pa(m,,a,) (M2, a2) N A; has closed graph, then
the correspondence © is upper hemicontinuous and has non-empty, compact and convex values.
Thus, applying the Kakutani’s Fixed Point Theorem we can find (7,a) € A; C U, such that,
(m,a) € A(G(m,a)).

Thus, let {(z7, 2%, (m™,a"™))}nen C Graph(©;) a sequence that converges to (21, 2o, (M, a)) €
Ay x Ay x A;. We want to prove that (m,a) € ©1(21, 22).

Fix t € T, and let v; : (]/\4\ X ]?Et) x Ay —» K; the correspondence characterized by

vie((m,a_y),z) = argmax  ve(x, (Mm,a_¢),2),
z€V((m,a_y),z)
where
U((m,a_0),2) = AETHm,a )+ (1 — AT (m, o)
ve(x, (m,a_¢),z) = )\(z)utl (myz,a_¢) + (1 — /\(z))uf(m,x,a_t),

and, for each i € {1,2}, G/ = G/((K}, T, ul)ier,ur,). Since G1,G, € G and X is continuous,
it follows that +; is upper hemicountinuous with non-empty and compact values. Therefore, the
correspondence 7 : (]\/Zx .7?2) x A; — T, K, given by v((m,a), z2) = Wier, e ((m,a_t), z) is upper
hemicontinuous with compact and non-empty values. In particular, v has closed graph. Therefore,
as for any n € N, (27, 28, a™) € Graph(v), it follows that a € v(z1, Z2).

On the other hand, for each n € N there exists f, : 7y — K such that, m, = le H(t, fn(t))dp
and, for any t € Ty, fu(t) € pi(27,25) = argmazcy(zr .p)ve(, 27, 25 ), where we use analogous
notations to those described above. Thus, as in the case of ¢, the correspondences (p;;t € Ty) have
closed graph.

Since m™ — 7, analogous arguments to those made in Claim A ensure that, applying the
multidimensional Fatou’s Lemma (see Hildenbrand (1974, page 69)), there exists a zero-measure set
Ty C Ty and a function f:T— K such that,
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(i) For any t € T, f(t) € pi(Z1, Z2);
(ii) For any ¢ € Ty \Tl, there existence a subsequence of {f,,(t)}nen that converges to f(t);
(if) 7 = fp, H(t.F()dn.
As for any t € Ty \ 11, the correspondence p; is closed, it follows from item (i) above that
f() € pi(31,7). By items (i) and (iii), jointly with the fact that a € v(Z1,22), we have that
(m,a) € ©1(21, 22). This concludes the proof. O

The claim above ensures that G(m, @) = G| and, therefore, A(G(m,a)) NU; = A(G)) N Uy = 0.
A contradiction with the fact that (m,a) € A(G(m,a)). Thus, the set m(G) is connected.

We proved that there exists at least one minimal essential connected subset m(G) of A(G). Fix
(m,a) € m(G) and consider the set A(s 5)(G), defined as the union of all connected subsets of A(G)
that contains (m,a@). By definition, Az 4)(G) is a component of A(G). Since Az 5)(G) is compact
and m(G) C A¢,a)(G), the component A 4)(G) is also an essential subset of A(G). Q.E.D.

4. ESSENTIAL STABILITY FOR PARAMETERIZATIONS OF G(T1, T3, ([A(, (IA(t)teTz, H))

We know that G(Ty, Ty, (K, (K¢)ier,, H)) has a dense subset of essential generalized games.
Moreover, for any generalized game there exist a minimal essential set and an essential component.
To obtain these results, was assumed that all of the characteristic of the generalized game, namely
(K4, T4, ut)teyuTy, can be perturbed. However, it is interesting to discuss stability of Cournot-Nash

equilibria when only some of the characteristics that define the game are allowed to be perturbed.

DEFINITION 6. A parametrization T = ((X,7), k) of the space of generalized games G is character-

ized by a complete metric space (X, 7) and a continuous function k : X — G.
DEFINITION 7. Given a parametrization T = ((X,7), k) of the space G, fix X € X.

(i) A Cournot-Nash equilibrium (f*,a*) € CN(k(X)) is T -essential if for any open set O C M x F2
such that (m(f*),a*) € O, there exists € > 0 such that A(k(X"))NO # 0, for any X' € X that satisfies
T7(X,X') < e. The generalized game k(X) € G is essential with respect to the parametrization T if

all its Cournot-Nash equilibrium are T -essential.

(ii) A subset E C A(k(X)) is T-essential if it is non-empty, compact, and for each open set
O C M x F2 there exists ¢ > 0 such that, for any X' € X with T(X,X') <€ AKX)NO #0. A

T -essential subset of A(k(X)) is minimal if it is a minimal element ordered by set inclusion.

Note that, given a parametrization 7 = ((X, 1), k) with X C G, for any X € X, the generalized
game k(X) is T-essential if and only if X is essential in the sense of Definition 3. Moreover, if
a generalized game G € G is essential, then G is essential with respect to any parametrization
T = ((X,7), k) such that, for some X € X, G = x(X).

The following result describes stability properties of Cournot-Nash equilibria when we allow for

changes only in those variables that characterize a parametrization 7 of G.
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THEOREM 3. Given a parametrization T = (X, 1), k) of the space G, for any X € X we have that,
(i) For each € > 0, there exists X' € X such that, k(X') is T-essential and 7(X,X') < e.
(ii) Given X € X, if A(k(X)) is a singleton, then k(X) is T -essential.
(iii) There exists a minimal T -essential subset of A(k(X)) and any of such sets is connected.
(iv) Given a T -essential and connected set m(X) C A(k(X)), there exists a T -essential compo-
nent of A(k(X)) that contains m(X).

PRrROOF. Since k : X — G is continuous, (X;7) is a complete metric space, and A is a closed
correspondence that has non-empty and compact values. Thus, it follows that the correspondence
Ap: X — M given by A, = A ok has closed graph with non-empty and compact values. Therefore,
items (i) and (ii) follow from identical arguments to those made after Step 1 of Theorem 1.
Furthermore, items (iii) and (iv) follow from the same arguments of the proof of Theorem 2,
changing (G, p, A) by (X, 7, A,). Q.E.D.

From Theorem 3 we can obtain stability results of Cournot-Nash equilibria when some but not
all the characteristics that define a generalized game are allowed to change. For instance, when only
the objective functions or the sets of admissible strategies can be perturbed.

More formally, fix a game G = (U, F, (n:)ter,) € G. Given i € {1,2}, let T, T2, T# C T; be,
respectively, the subset of players in T; for which we allow perturbations in objective functions,
perturbations in strategy sets, and perturbations in correspondences of admissible strategies.

Let Gg((T7", T3, T{" )icf1,2y) € G be the set of generalized games G= ((7, F, (ﬁt)ten) such that:
(1) For any t € Ty \ T, U(t) = U(t).

(2) Given t € Ty, F(t) = (K;,T}) and
(2.1) for any t € Ty \ T, K; = K,
(2.2) for any t € Ty \ T%, Ty = T,.

(3) Given t € Ty, ¢ = (U, K¢, T) and

(3.1) for any t € To \ T4, U = uy;

(3.2) for any t € Ty \ T3, K; = Ky;

(3.3) for any t € Ty \ T, I, = T,.

It follows that (Gg((T3, T}, T )ieq1,23), p) is a complete metric space. Also, since the inclusion
I: Gg — G is continuous, ((Gg, p), I) is a parametrization of G. Hence, results of essential stability

when only some perturbations are allowed follows from Theorem 3.

As a particular case of our analysis, we can obtain stability results for non-atomic games. Indeed, a
non-atomic game is a generalized game where (i) there is only non-atomic players; and (ii) admissible
strategies are independent of the actions chosen by the other players. Therefore, we can identify
a non-atomic game with a generalized game where there is only one atomic player, whose actions

have no effect on the decisions of the other players. This identification induce a parametrization of
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the space of generalized games and, therefore, the properties of essential stability can be obtained
as a consequence of Theorem 3.1°

Analogously, if we fix a generalized game where actions chosen by non-atomic players have no ef-
fect on other agents decisions, then the equilibrium actions associated to atomic players are Cournot-
Nash equilibria of a convex generalized game with finitely many players. That is, stability properties
of equilibria in convex generalized games with a finite number of players can be obtained as a par-
ticular cases of our approach. Thus, we ensure that the properties about essential stability studied
by Yu (1999), Yu (2009) and Yu, Yang and Xiang (2005) hold for more sophisticated types of ad-

missible perturbations.

To complete our analysis, we state a result about stability of essential sets and components,
which characterize how the components and minimal essential sets move when we perturb a gen-
eralized game. For convenience of notations, given ¢ > 0 and A € M x .7?2, let Ble, A] =
{(m,a) eMxF?: 3 (m/,a’) € A, 5((m,a),(m',a")) < e} , where & is the metric associated to the
product topology of R™ x [[,cr, K.

The following properties are a direct consequence of Theorem 3 jointly with the results of Yu,
Yang and Xiang (2005, Theorems 4.1 and 4.2).!!

THEOREM 4. Fiz a parametrization T = ((X,7), k) of G(T1, Ty, (K, (K¢ )ter,, H)) and let X € X.

(i) If m(X) is a minimal T -essential set of A(k(X)), then for any € > 0 there exists 6 > 0 such that,
for any X" € X with 7(X,X') < 0, there is a minimal essential set m(X’) of A(k(X")) for which
m(X') C Ble,m(X)].

(i1) Suppose that A C A(k(X)) is an essential component and there is m > 0 such that Blm, A] N
Blr,A(k(X))\ A] = 0. Then, for any € > 0 there is 6 > 0 such that, for any X' € X with
T(X,X'") < d, there exists an essential component A’ C A(k(X")) such that A" C Ble, A].

Note that, when A(k(&X)) has a finite number of components, there always exists = > 0 such
that, B[m, A] N B[r, A(k(X)) \ A] = 0 for any component A C A(k(X)). Thus, in this particular

case, Theorem 4(ii) constitutes a generic result of stability for essential components.

5. APPLICATION: ESSENTIAL STABILITY AS A RATIONALE FOR ELECTORAL PARTICIPATION

In a recent paper Barlo and Carmona (2011) introduce the refinement concept of strategic equi-

libria in large games. Intuitively, a Nash equilibrium of a large game is strategic if it is the limit

101y particular, the existence of equilibria in non-atomic games is a consequence of the existence of equilibria in
large generalized games. It is not surprising, since the results of equilibrium existence of Balder (1999, 2002) are a

generalization of the results of Schmeidler (1973) for large games.

111 the context of essential stability of components for some non-linear problems—which include convex (gener-
alized) games with a finite number of players—Yu, Yang and Xiang (2005, page €2417) impose a technical condition,
named condition (c), to ensure that the set of solutions of the non-linear problem has a minimal essential sets and
at least one essential component. In Theorem 3, we proved that in our context these two properties hold for any

parametrization.
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of equilibria in abstract perturbed games, where players believe that have a positive impact on the
social choice. As an application of their results, they give a rationale to explain why electors vote for
their favorite candidate. Introducing a large game with proportional voting, they show that there is
a continuum of Cournot-Nash equilibria, but only one strategic equilibrium: that in which electors
vote by their favorite party (see Barlo and Carmona (2011, Example 2.1)).

Inspired by this result, we will analyze a large generalized electoral game where electors have
different degrees of political interest. The Cournot-Nash equilibrium where only political engaged
players vote and support their favorite party appears as the unique 7-essential equilibrium of our

electoral game, for some parametrization 7.
Given a set of parties P = {1,...,p} and a parameter p > 0, consider an electoral game
5,u(T1, 15, (IA(, (I?t)teTQa H), (Kt, Iy, Ut)teTluTQ),
where the action space is the same for any player t € T} := [0, 1], and is given by
Ki=K:={ze€RP:3peP, (z,=1) A (z, =0, Vr #p)} U{0}.

The actions of other players do not affect the set of admissible allocations, i.e., I'y = K , Vt € T1.
Thus, any non-atomic player ¢ € 17 can vote for some party p € P by choosing = € K; such that
xp = 1, or he can not vote by choosing z = 0. Each ¢ € T; gives an importance v(p) to party
p € P and has a favorite party p; € P, ie. v(p;) > v(p) for all p € P\ {p;}. His objective
function is given by the weighted average of the utilities that she gets from individual parties, and
a component that reflect the private level of satisfaction associated to her action, that is, for any

x = (zp;p € P) € Ky,

uf (z,a) =Y viplap +p | D vz, —m Y x|,
pEP peP peEP

where a,, is the probability that party p has to win the election, and the coefficient 77; > 0 measures
the electoral engagement of player ¢. Indeed, as greater 7, less interested in the election would be
player t. We assume that for any ¢ € Ty either n; > v(py) or n: < vi(p;). The set of politically
engaged players is defined as Ty = {t € Ty : n: < ve(pf)}, and we assume that it is a subset of T
with positive measure.

There is one atomic player, denoted by e. His objective is to determine a vector of probabilities

(ap;p € P). Thus, K, = K, = {(Zp)pep ERL : Yz, = 1}, I'. = K, and
peEP

2

ue(mva):_z %Zmp/_mp J

peP p'epP

where m = (mp;p € P) is the message obtained from non-atomic players votes, assuming that

H(t,z) = z. Thus, when a positive portion of players vote, i.e. > m, # 0, the probability that
peP
party p has to win is given by the proportion of issued votes that it party receives.
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In any generalized game &,,, with u > 0, the decision taken by a non-atomic player does not affect
the societal choice. However, the vote of ¢t € T} may affect her utility level when she gives a private
value to her actions, i.e., when p > 0.

On the one hand, given a measurable action profile = : Ty — K and a strategy a € K e, the vector

Tf“‘p(t)dt
v\ = T @ L [y a(t)dt #0;
peP

p'€PTy
(x,a), if [, x(t)dt =0

constitutes a Cournot-Nash equilibrium for &. Thus, when electors do not give any private value
to electoral participation, there is a continuum of equilibria. On the other hand, for any p > 0,
the generalized game &£, has only one Cournot-Nash equilibrium. Indeed, any player ¢t € T} votes
for his favorite party, while any player in 77 \ T} does not vote. As 77 has positive measure, the
equilibrium vector of probabilities is well defined. Hence, it follows from Theorem 1 that &£, is an
essential generalized game for any p > 0.

Since the space ([0,1],] - |) is complete and « : [0,1] — G given by x(u) = &, is continuous,
T =(([0,1],] - ), &) is a parametrization of G, in the sense of Definition 6.

Therefore, we conclude that &—the electoral game where players do not give any value to their
private actions—has a unique 7T -essential Cournot-Nash equilibrium, where only politically engaged
players vote, supporting their favorite party. That is, we obtain a rationale for electoral participa-
tion of politically engaged agents using essential stability as a refinement concept of Cournot-Nash

equilibria.

6. CONCLUDING REMARKS

In this paper we analyzed essential stability properties of Cournot-Nash equilibria in large gen-
eralized games. Departing from the ideas of Rath (1992) and Riascos and Torres-Martinez (2012),
that reduce the proof of equilibrium existence in non-atomic (generalized) games to find fixed points
of correspondences, we use the stability theory of fixed points developed by Fort (1950) and Jia-He
(1962) to address the essential stability of equilibria in non-atomic games.

We guaranteed that essential stability is a generic property in the space of generalized games.
Also, even unessential generalized games have essential components of the set of equilibria, which
ensures that we always have local stability in a connected subset of Cournot-Nash equilibria. These
connected subsets of essential Cournot-Nash equilibria are locally stable too.

Our results are compatible with general types of perturbations on the characteristics of generalized
games. Indeed, stability properties still hold when (i) admissible perturbations can be captured by a
continuous parametrization of the set of generalized games; and (ii) the set of parameters constitutes
a complete metric space. This generality about the type of admissible perturbations allow us to
obtain, as byproducts of our analysis, extensions of the results of essential stability for non-atomic

games and convex games with finitely many players.
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